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What is a Complex Number?
e To start with, we consider the following quadratic equations

x*+2x+2=0.

e One can use quadratic formula to find

—24/22-4(1)(2) -24+V-4
X = 5 = > :

e One cannot use any real number to represent v—4 since the square of any real
number is always non-negative and there is no real number u such that
u® = —4,
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e One would like to extend the current number system (real number) so that it can
include the square root of a negative number.

e To start with, we define i to be the number satisfying the equation

i2=—1 or i =+v—1.

Definition (Complex Number)

We say a number z is complex number if and only if it can be expressed in the

following form:
Z =a + bi (or z=a+b\/—1)
where a and b are both real numbers.

We also denote the set of these numbers to be C.
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Different from the classical number system you have learnt before, a complex

number is the sum of a real number a (real part) and multiple of i = vV—1
(imaginary part).

Z =a+ bi
Real Part Imaginary Part
a=Rez b=Imz

Equality of two complex numbers
We say two complex numbers are equal a 4+ bi = ¢ + di if and only if
a=c and b =d.

In other word, two complex numbers are equal only when both real part and
imaginary part are the same.
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Some Examples of Complex Numbers

e V=9 =+/9v/—1 = 3i is a complex number.
e 4 — 3i isacomplex number.

e 3i =0+ 3i isalsoacomplex number.

(Remark: We call this complex number to be purely imaginary since its real part
is zero)

e Any real number (e.g.: 8 = 8 4 0i) is also a complex number.
(Remark: We said this complex number to be purely real).

In order words, the complex number is an extension of real number R by

introducing a new imaginary number i = v—1.
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Basic Operation of Complex Number

For consistency, the operation of complex number must be same as that of real
numbers since the complex numbers includes all real numbers.

Let z; = a+ bi and z, = ¢ + di be two complex numbers, we then have

Operation of Complex Number (Addition, subtraction and multiplication)

(1) z,+z,=(a+bi)+(c+di)=(a+c)+ (b+d)i.

(2) zy—z,=(a+bi)—(c+di)=(a—c)+ (b—d)i.

(3) z;z, = (a + bi)(c + di) = a(c + di) + bi(c + di)
= ac + adi + bci + bdi?
=ac+adi+bci+bd(:i)

i2=—1

(ac — bd) + (ad + bc)i.
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) ... A a+bi
Question: How to do division = = - ?
Zy c+di

Objective: Express the fraction into a complex number, i.e.

Zl_a‘l'bi_a‘l'b\/_]._

Zz_c+di_c+d"_1_ Target!-

We can eliminate the v—1 in the denominator by rationalization: multiplying both
numerator and denominator by a common factor ¢ — di.

21_a+bi_a+bi(c—di>_ac+bci—adi—bdi2
z, c+di c+di\c—di/ c?+cdi—cdi— d?i?
_(ac+bd)+(bc—ad)i_ac+bd+(bc—ad)
B c? + d? 2442 c? + d?

Remark: There is no need for you to remember this formula. Just need to know how it

L.

is derived.
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Example 1

Express the following in the form of a + bi, where a and b are real numbers.

3+1i

(@7, () 4+ D2 =30, ()7

©Solution of (a)
i2013 — i2012i — (i2)1006i — (_1)1006i =i
©Solution of (b)
(4+i)(2-3i)=8—-10i —3i? =8—-10i — 3(—1) = 11 — 10i.

©Solution of (c)

3+i_3+i(1+i)_3+4i+i2_3+4i+(—1)_2+4i

— — - — 1+ 2i.
1—i 1—i\l+i 1— 2 1—(-1) 2 el
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Example 2 (Power of complex number)
Compute (1 + 2i)* and (1 — 3i)~3
©Solution

Using Binomial Theorem, we get

(1 + 20)* = CAHD* + CHD3Q20) + CHD2(20)? + CX(1)(20)3 + CA(2D)*
=1+ 8i + 24i% + 32i3 + 16i* = 1 + 8i + 24(—1) + 32(=i) + 16(1)

= —7 — 24i.
(1-30)3 = ! . .
(1 — 3i)3 Cg’(l)3 + C13(1)2(—31) + C23(1)(—31)2 + Cg’(—3l)3
1 1 1

T 1-9i+27i2—27i3 1-9i+27(=1) - 27(=i) —26+ 18i
1 (—26 - 18i) . -26-18i -26-18i —13-09i
T 226+18i\—26—18i) 676 —324i2 676 +324 _ 500

MA1201 Calculus and Basic Linear Algebra |l
Lecture Note 5: Complex Number

9




Example 3 (Square Root of a complex number)

Similar to the case for real number, we define the square root (v/z) of a complex
number z = x + yi as a complex number a + bi satisfying

(a + bi)? =z=x+yi.
Using this definition, find the value(s) of V3 + 4i.
©Solution:
According to the definition, we have to find a complex number a + bi satisfying
(a + bi)? = 3 + 4i.

To find the unknowns a and b, we expand the equation and get

a2+2abi+b2ij =3+ 4i = (a® — b?) + 2abi = 3 + 4i.
~1
Comparing the real part and the imaginary part, we have

a’—b*=3, 2ab=4.
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: 2
From the second equation, we have b = -

Substitute this into the first equation, we have

9\ 2
az—(a) =3=2a*—-3a%2-4=0

= (a>—4)(a*+1)=0

>@—-2)(a+2)@*+1)=0

=>a—2=0ora+2=0or a’?+1=0 (rejectedas a is real)
=>a=20bB=1)ora=-2 (b=-1).

Therefore, we conclude that

V3+4i=a+bi=2+ior —2—.i

Similar to the case of real number, the square root of a complex number has more
than one value.
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Question: How to compute (a + bi)™ or Va + bi in general?

e Although we can use the previous method to do the computation, it is not

efficient when n islarge (say n = 10, 100 etc.). One has to seek other
alternatives in order to reduce the computation cost.

e In order to develop a better method, one has to represent a complex number

(a + bi) in other ways: polar form z = r(cos 6 + i sin#) and Euler (or
exponential) form.
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Geometric Representation of a Complex Number

e Recall that every real number can be represented by a point of a straight line
(real line from —oo to +o0).

®
a
e Using similar logic, one can represent a complex number a + bi by a point P

(with coordinate (x,y) in a 2-D plane (also called a complex plane):

imaginary axis
N

> real axis
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In MA1200, we knew that every point in 2-D can be expressed using polar
coordinates (7, ).

imaginary axis
N

P =(a,b) = (rcosf,rsinf)

> real axis

0 a
e r =+a?+ b? > 0 represents the distance between O and the point (a, b). It
is called modulus of z = a + bi and is denoted by |z|

e O (inradian) represents the angle between the line OP and the positive real
axis. Itis called argument of z and is denoted by argz. Usually, 8 is taken to

be within —m < 8 < m. Such 8 is called principle value of argz.
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Polar form of a complex number
Recall that the parameters r, 8, a and b are related by
a=7rcosf and b =1rsinb.
Then the complex number z = a + bi can be rewritten as
z=1rcosO + (rsin@)i =r(cosf +isinf) ...... (%)

This is called polar form of the complex number.

Remark:

One has to be careful that the complex number is in Polar form only when it is
expressed in the form of (*).

Example of polar form

0 . . 6\ . . : 6
1.z =2 (cos§+ lsmg) is in polar form with |zy| = 2 and argz, = 3
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Example of non-polar form

2. 21 = cosg — ising is NOT in polar form since there is a “—" between cos? And
sin?.

3.z = cos 20 +isinf is NOT in polar form since the angles inside the cosine and
sine function are not the same

4. z, = —2 (cosg + i sin g) is NOT in polar form since —2 is negative.

5. z3 =sin6 4+ icos B is NOT in polar form since the real part is not of the form
cos??.

6. i(cos@ +isin@) is NOT in polar form since r = i (1* term) is not a real
number.
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How to express a complex number a + bi in polar form?
Step 1: Given z = a + bi, one can find r (modulus of z) by

r =|z| =V a? + b2

Step 2: Next, we need to find the argument of z (argz). The whole process is
divided into two main steps:

e Draw the diagram (xy-plane) and locate the position of z = a + bi. Identify
the appropriate valueof 8 (—m < 0 < m).

e Use this diagram to obtain the value of 6 using geometric method.
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Example 4

Express the complex number z; =1 + V3i and z = 2+/3 — 2i into polar form.

©Solution

A CLV3)

2 =
Note that r1:|zl|:\/12+(\/§) — 2 1+V3i 9
T, > X

0 &

Then 6, = tan~1¥3 — g IR
(2V3,-2)

Thus, z; =1r(cosf8; +isinf;) =2 (COS% + ising).

2
Note that r, = |z,| = \/(2\/5) + (—2)2 =4

— —tan~1-2=_T
Then 6, = —tan NG -

Thus, z, = 1,(cosf, +isinb,) = 4 (cos (— %) + i sin (— %))
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Example 5

Express the complex number z = —1 — i into polar form.

©Solution:

Note that r = |z| = \/(—1)2 + (=12 =+/2.
To find the argument argz, we consider the figure

on the right, it is easy to observe that

)

4 (=1,-1)
(Note: m(rad) = 180°)

Hence, z = V2 [cos (— %n) + i sin (— %n)]

o | o

v
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Example 6

Express the complex number z = —1 4+ +/3i into polar form.
©Solution:

Using similar method, we have (—=1,v3)

r=J(—1)2 +(V3) =va=2 -1+3

y

/

7

and

9 — . _1\/§_ T 21
= 1T — tan 1—7r 3= 3

Therefore the polar form of this complex is given by

z=—-1+3i=2 (cos (2?”) + i sin (Z?H))

0
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Example 7

Express the complex number z = sin@ + i cos @ into polar form where 0 < 0 < .
What are |z| and argz?

(Be careful: It is not in polar form yet!!!)
©Solution:

Note that sin6 > 0 for 0 < 6 < m, the point lies in either 1*/ 4™ quadrant.

r =+/sin20 + cos26 =+V1=1 and

¢ =tan~! (cosg) = tan™! ( ! ) = tan™! (tan (g — 9)) = % — 6.

sin tan @

Therefore the polar form of z is

sinf +icosf = 1(cos(g—9)+isin(g—0)).

Here |z| =r =1 and argzz%—@.
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Example 8 (A bit harder)

Let z4 = 1+ i be acomplex numberand A be the point in argand diagram
representing the complex number z,. Suppose the line OA is being rotated by 75°
along anti-clockwise direction and is then stretched in length by 3 times (fixing the
endpoint origin 0), we let OB (where O, B are the endpoints) be the resulting
line.

(a) Find the corresponding complex number zg representing the point B.
(b) Find the coordinates of B.

y
B A
A=(11)
755°
baN
> X
0
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©Solution

(a) To find the complex number zg, we need to find the modulus and argument
of zg.
Using the above figure, we get
e Modulus of zz = Length of OB

=3 X Length of 04 =3 x V12 + 12 = 32,
e Argument of zz = a + 75° = tan™1 % + 75°
2T
= 45° 4+ 75° = 120° = 3

Thus the complex number zg is given by

2m 2m 3v2 3V6
— 37 am e AT 3
Zp 3\/_(COS 3 + i sin 3) > + > }
(b) Since B is a point representing the complex number zg, hence the
coordinate of B is seem to (—322,%8).
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Multiplication and division of complex numbers in polar form

In fact, the polar form can greatly reduce the computational cost in doing
multiplication and division of complex numbers.

Let z; = r;(cosB; +isinf;) and z, = r,(cos B, + isinB,) be two complex
numbers expressed in polar form. The product of z; and z, is given by

z,Z, =1 1,(cos B, + isinf;)(cos B, + isinb,)

= 1y1,(cos @, cos 0, + i sin 8, cos B, + i cos B, sin O, + i? sin B, sin §,)
= ry1,|[(cos 6, cos 8, — sin B, sinB,) + i(sin B, cos 6, + cos B, sinb,)]
= ry1,(cos(6; + 0,) + isin(6; + 6,)).

The last inequality follows from compound angle formula:

{COS(A + B) = cosAcosB —sinAsinB
sin(A+ B) =sinAcosB + cosAsinB’
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On the other hand, we consider the quotient i—l and get
2

z;y _ri(cosb; +isinf;) n (COS 6, + isin 91)

z, T1y(cosB@,+isinf,) 1,\cosf, +isinb,

N (cos 0, + isin 01) (cos 6, — i sin 92)

75, \c0s 8, +isinf,/ \cosf, —isinb,

11 [ cos 8 cos B, + isin B, cos B, — i cos B sinB, — i*sinf; sin b,

Ty cos? 6, + sin? 6,
=1

T
= r_l [(cos 8, cos B, + sin B, sinO,) + i(sin 6, cos B, — cos B, sinG,)]
2

T
= r_l (cos(6; — 6,) +isin(6; — 6,)).
2

Again, the last inequality is due to the compound angle formula.
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We summarize the result in the following theorem:

Theorem: (Multiplication and Division of complex numbers in polar forms)
Let z; = r;(cosf; +isinf;) and z, = 1r,(cos b, + isinf,), then

z,Z, = 111y(cos(0; + 6,) + isin(6; + 6,)),

Z1 7"1 . .
— = —(cos(6; — 6,) +isin(6; — 6,)).
Zy &)

Corollary: (Properties of modulus and argument of complex numbers)

Zq

Zy

L |24 |

— 5 _
r, |z

1212, = riry = |24]]2,],

arg z,z, = 6, + 0, = argz, + arg z,,

Z
argZ— =60, — 0, =argz; — argz,.
2
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Example 9
Compute (1 +1i)3 and (1 +1i)?
©Solution:

It is not good for you to do computation by expanding. It may be better for you to
transform the complex number 1 + i in polar form first.

]

Note that r = V12 + 12 = /2 and 9=tan_1%=tan_11=% SO

14+i= \/i(cos%+ isinz).

4
Then
(1+1i)3 = [\/f (COS% + isin%)r
= [\/f (cos% + i sin %)] [\/E (COS% + i sin %)] [\/f (COS% + i sin %)]
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2T 2T T T 31 31
= 2\/_ (cos— + Lsm—) (COS- + isin—) = 2\/5 (COS- + isin—)

4 4 4 4 4 4
= 2+/2 —\/75+i(\/7§> = —2 + 2i.
(1+i)2= . > .
(1+l) [\/_(COS4+lSIIl )] [\/_(cos +lsm4)]
B 1 B cos0 +isin0
2(cos%+isin%7n) 2(cos%+isin%)
= %[cos (O —%) + i sin (O —g)] = %(cos (—%) + i sin (—%)) = %i(—l)
1
:—El.
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Example 10

Compute
1+ /3i
(3-v3)"
©Solution
Note that (left as exercise)
1+v3i=2(cosz+ising),  3-3i=2v3(cos(—z)+isin(-7))

(3 =30)’ = [243 (cos (=) + isin (=) [2v3 (cos (= 5) + isin (7))

- 2o (-5) 252
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1++3i
(3 -3’

2 (cos% + i sin %)

"o (B v o (D)

1 2 2m
=—(cos—+151n—)

6 3 3
_1( 18N 1 V3
"6\ 272 T T2 12"
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Exponential Form (or Euler Form)

Euler (1707-1783) established an important formula which provides a deep
relationship between the trigonometric functions and the complex exponential
function. The formula states that

el® = cos@ + isind.

Given the polar form of a complex number z = r(cos8 + i sin 8), one can use Euler
formula to express the complex number into following form

z =re'?,

This is called Euler form (or Exponential form) of a complex number.
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Rough Proof of Euler relation (e'® = cos 8 + isin 6)

Recall that the Taylor’s of e* is given by

X
=l+x+— o+t

Substituting x = i, we have

" N L o* . 0° 6°
e =1+i0+i>—+3—+i*—+i>—+i—+--

2! 3! 4! 5! 6!
07 93 @4 0> g°
——1'+l9—-ET-lgTi'——'FlgT—'gT4'

82 94 06 93 95
:(1_ 211l +'">+l<9_§+§_"'>

= cos @ +isinéb.
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Using the theorem in P.26, one can obtain the following theorem
Theorem: (Multiplication and Division of complex numbers in Euler form)

Let z; = rye'1 and z, = r,e!%2, then
. zZy 1 .
Z1Z2 — rl'rzel(91+02)’ _1 — _1€l(01_02)-
Z T

Take Example 10 as an example, we have
T

1++3i=2 (cosg+ ising) = Zei%,
3 —+/3i =23 (cos (— %) + i sin (— %)) = 2+/3e7's.

T

L 1+V3i 25 163 1 Iy _1 2
5 = 7 == _T[_—QB 3/ =—e¢e 3
(3-V3)" (2y3e7%) Ce3 ° 6
1 2T 21
= E(COS?-I_ lSln?).
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Example of exponential form of some complex numbers

1. =1 =—=1+40i = cosm + isinm = e'”.
. . T, . . T iZ
2. l=0+l=COSE+lSIIlE=62
.TT
3. —i=0—1i=cos (—g) + isin(—g) =e 'z,
4. (From Example 4)

T T 1T
1++3i=2 (cos§+ ising) = 2¢e'3,
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Example of non-exponential form

1.z = ie'? is not in exponential form! (There is a complex number i appeared in

front of e'?.

However, one can transform this number into exponential form as follows:

ieie = ei(g)eie = ei(0+%)_

2.z = —e'% is not in exponential form! (The leading coefficient is a negative
number —1). Using similar technique asin 1, we can transform the number
into exponential form:

_elt — (_1)81'0 —  ellpil — pi(6+m)
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Example 11

VA .TT
It is clear that the complex number z = e's + e~ 'z is not in Euler’s form since there

are two exponential terms. Express z in Euler’s form.

IDEA: To express the number in exponential form, one has to combine those

two exponential terms.

©Solution:
T T B T T T T 7]
l<3+(_2)> l-z_i<§+(7)> _l__l<3+(‘7)>
B T 2 3 2 2 2
z=e34+e 2=c¢ e + e
—il L.S_TL' _l.5_7'£ —il 5 5w _i(—l)
=e 12[8 12 + e 12]=e 12[2cos— = 2co0s—e \ 12/,
12 12 T
>0 el

elf 4 o160

The second last equality follows from cos 8 = >
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Exponential Form v.s. Polar Form

e Exponential form is useful in handling the multiplication and division of complex
numbers which involves the trigonometric functions, e.g.
Z;1 =sinf ticos@, Z, =1+ sinf + icos@.

e It is hard to change the above complex numbers into polar form, since their
arguments 6 = argz; is hard to obtain.

e |t is often easier to transform these numbers into exponential form instead of
polar form.
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How to change these numbers into Euler form?

e Let’s recall the Euler relation:
e'® = cos@ +isiné ... .. (1)

e On the other hand, we replace 6 in (1) by -8, we obtain another equation:
e ¥ = cos(—0) + isin(—0) = cosO —isinb ... .. (2)

e (1) +(2) implies

. . elf g0
el + 7% = 2cosO = cosO = >
(1) = (2) implies
. . el — o—it
el® — % = 2isinfh = sinf = 57
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Example 12

Transform the following numbers into exponential form (where 0 < 8 < m). Find
the modulus and the principle value of the argument.

(@) —cosf +isinf
(b) 1 —cosf +isind

©Solution
.. etf4eo—i0 . etf_p—i0
(@) —cosf@ +isinf = — x + i >
plf 4 o=i0  if _ ,—if
= — +
2 2

—i6
_ 2e i

2
— plp—ib — pi(m—6)

Modulus =1 and Argument=m — 0.
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0, ,—i6 i0_—i6
(b) 1 —cos@ +isinf = 1—%+i%

ei@ 4+ e—i@ ei@ _ e—i@

I
o

. 0 g :(m_6
=Zsingel%e_ el<2 2>.
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Example 13

1—cos@+isin @

mpute .
Co P —cosfO+isin@

©Solution:

Using the result in Example 12, we have

n? iz 2)
1—cosf +isinf B 251“79
—cos@ +isinf  eim-6)
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Summary: (Relations between Cartesian form, Polar form and Exponential form
(Euler form))

r=+va2+b%2>0

Polar Form
Z =1(cosf + isin0)
Cartesian Form A
a =r1rcosf

Z=a+ bi b =rsinf e® = cos6 +isinf

a=r1rcos6b

\ 4

Exponential Form

. — i0
elf — o Z =Tre

+i = ei(ig), — 1 =elm
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Power and nt" root of complex numbers

Question: How to compute (a + bi)"™ and Va + bi?

e It is not efficient to do the computation if the complex number is expressed in
the form of a + bi.

e The computation will be easier if we express the complex number into polar
form: r(cos@ + isin9).

Power of complex number

Let z = r(cos 8 + isin ), then for any positive integer n (n =1, 2,3 ...), we have
[r(cos@ +isinB)]" =r"(cosf +isinf)"
=r"[cos(8+0+:-+0)+isin(0+6+--+06)]

= r"(cosnf + isinnf)

This theorem is known as DeMoivre’s theorem.
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DeMoivre’s theorem (Non-negative integer index power)
If n is nonnegative integer, then

(cos@ +isin @)™ = cosnb + i sinnb.
or in more general,

[r(cosB +isin@)]™ = r"*(cosnf + i sinnfh).

Remark:

This theorem only works when the complex number is expressed in POLAR FORM!
We cannot adopt the DeMoivre’s theorem directly to the following:

(sin@ +icos@)™ # (sinnb + i cosnh),

(—cos@ +isin@)™" +# —cosnf + i sinnb.
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Example 14

1 — \/§i)12

C t
ompue( T3

©Solution:
Step 1: Transform the complex numbers into polar form.

One can find that

1—-+3i=2 [cos (—g) + isin(—g)], 1+i= \/E(COS(%) + ising).
. 1 —+/3i B Zlcos (—%) +isin(—%)]

1+i \/E(COS (%) + isin%)
= \/flcos (———z) + lsm(—g—%)] = ﬁ[cos(—i—g) + lSln(‘Z_;)]
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Step 2: Use DeMoivre’s theorem

(L2535 - (v2foos (- 72 s~ 22))

o) ()

= 64[cos(—7m) + i sin(—7m)]
= 64(—1 + 0i)
= —64.
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DeMoivre’s Theorem for negative integer index m

We write m = —n (where n is positive integer), then
1 n
(cosH+isin9)m=(c059+isin9)‘"=( — )
cosf +isinf

(cos 0 + i sin O)"
cosO + isinf
= (cos(—0) + isin(—6))"

cos(—n#) + i sin(—n8b)

= cosm@ + i sin m@.
So we have the similar result

(cos@ +isin8)™ = cosm0 + i sinm0.

where m is a negative integer. Hence, the DeMoivre’s theorem can be applied for
any integer power n!
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Example 15

If n isanintegerand z = cos@ + isin@, show that

zn +—= 2cosnf and z" ——= 2isinn@,

Z Z
©Solution:
Note that
z" = (cosO +isinf)"™ = cosnb + isinnb,
1

pi z7" = (cosB +isinfB)™"™ = cos(—nb) + i sin(—nbh) = cosnf — i sinné.

So by simple computation, we get

zZt+—=2cosnf and z" —— = 2isinnd.
zn zn
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1

th root of a complex numbe r V/z = zn

n

With the help of polar form, one can find a simple way to compute the n" root of
1
the complex number zn.

As an example, we would like to find the value of V2 - 2i. According to the
definition of cubic root, it is equivalent to find a complex number z satisfying

z3 =2 -2i.
To solve for z, first express the complex numbers z and 2 — 2i into polar form.

let z= p (cos ) +isinq§>and 2—2i=\/§(cos(—g)+

()
modulus argument

[ Sin (— %)) Using DeMoivre’s theorem, we have

T [

[p(cos@ + ising)]® = V8 (COS (— Z) + i sin (— Z))

MA1201 Calculus and Basic Linear Algebra |l
Lecture Note 5: Complex Number

49




> pd cos 3¢ +isin3¢ |= V8 |cos (—%) +isin(—%)

Lc'i"-ll am t moﬁﬁlus —_——

modulus argumen

of 23 of 73 of 2—2i argument
of 2—-2i

3

Note that if the two complex numbers z° and 2 — 2i are equal, then we have

T
p3 =18, 3¢=2kn+(—z), k=0,1,2,..
modulus > argument ~
1 2kt m
=>p=(V8)3=v2, ¢= 1 k=012

Thus z = 3/2 — 2i is then given by

\/_[ (an 7'[)+__<2k7'[ n)] k=012
zZ = COS 5 [ sin 3 )| =0,1,2,..

Putting k= 0,1, 2, ..., we have
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Zoz\/i_

le'\/z
ZZ=\/§
Z3:\/§

... (repeated)

T T
cos(—ﬁ)+isin(—ﬁ)]=
2T T o (2m T\
cos(3-13) +isn (3 - 13)
4Tt = (A m ]
os(3-15) +isn(3-13)
6bmr T o /6m TN T o
COS(?—E)-FLSID(?—E)_ \/Elcos(—ﬁ)+151n(
z4=ﬁ[cos(8?n—f—2)+isin(8?ﬂ—%)]=\/§[cos(2?n—1—n2)+isin(23n
Thus, we conclude that
z=\/flcos(2kﬂ—n)+isin(2kn—ﬂ>], k=01,
3 12 3 12

T

2.

12)]
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General Case

Suppose we would like to find the value of ’i/(a + bi) (where n is a positive

integer), one can let z = ’i/(a + bi) and find the values of x and y by solving
z"=a+bi.... (%)

Following the idea of the above numerical example, we first express the complex
numbers z and a + bi into polar forms: Let z = p(cos¢ + isin¢) and
a+ bi =r(cosf +isin0).

From equation (*), we then have

|[p(cosp +ising)]|™ =r(cosf + isinfh),

= p" cos ngy +isinng |= r cos 6 +isin@
— — P —
modulus argument modulus argument
of zn of zn of a+bi of a+bi
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Since two complex numbers are equal, then we must have

p*=r and Zl¢=2k7t+61, k=0,1,23,..

—_— .
modulus argument
1 2kt + 6
>p=rn, ¢p=——k=012,..

n
Since the value of ¢ will be repeated after k = n, n+ 1,.., thus we just need to

concentrate on the values of ¢ for k =0,1,2,...,n — 1. Thus we have the
following result:
Theorem: (nt" root of a complex number)

If z=1r(cosf + isin@) is the complex number expressed in polar form,
then

n — 1 2km+60 2km+6
\/r(c059+151n9)=rn cos—— + i sin—— |,
P 5

We see that the n!" root of a complex number has n_possible values.
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Example 16

Compute V1-i Express your answer in polar form.

©Solution:

Step 1: Write 1 — i in polar

One can find that

1—i=\/§(cos(

Step 2: Do computation

YT

. I T

i=(1-i)4= [\/2 (cos (_Z
1 an—% an—%
= .

cos—4 + 1 Sin 2

)+ tsn (-3))

—%) +isin(——

=

k=0,1,2,3.

54
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Take k = 0, then
Zo = 28 |cos (- 136) +isin (- %)] = 1.0696 — 0.2128i.
Take k = 1, then

1 m 7 .
Z; = 28 [cos (1_6) + i sin (1_6)] = 0.2128 + 1.0696..
Take k = 2, then

1 157 ~ /15m _
Z, = 28 [cos (F) + i sin (F)] = —1.0696 + 0.2128i.
Take k = 3, then

= 2%[ (23n) + i si (2371)1 = —0.2128 — 1.0696i
Z3 = cos | ¢ isin| == ]| = —0. : L.
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Example 17

1
In real number world, we know that /1 = (1)5 = 1. What are the values of /1 in
complex number world?

©Solution
Step 1: Write 1 in polar form

One can find that
1 =cos0+isin0.

Step 2: Do computation

1
VY1 = (cos 0 + isin 0)5

2km+0  2kn+0
=[COS—+lSID ],

— k=0,1,2,3,4.
5 5
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The values of VY1 are given by

Zg =cos0+isin0 =1,

2T 2m _
Z, = COS? + lsm? = 0.3090 + 0.9511i
41t 41t
Zy = cos? + isin? = —0.8090 + 0.5878i
6br 6w _
Z3 = COS—- + isin—-= —0.8090 — 0.5878i
8t = 8m _
Zy = cos? + lsm? = 0.3090 — 0.9511i

Remark:

The number z = V1 (or z" = 1) is also called root of unity and is given by

n 2km 2km
V1 = COST+lSIIlT, k=012:-,n—1.
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Example 18 (Fractional power of a complex number)

2
Find all possible values of (—\/§ + i)5.

©Solution:

The polar form of —V/3 + i is given by —V/3 +i = 2 (cos%ﬂ + i sin 5?”)

Then
5 1
2 5T 5
(—\/§ + i)5 = {[2 (cos— + Lsm?)] }
107 10mps 2 Zk”+5?ﬂ 2km +5?n
[22 (cos— + i sin T)] = 25| cos c + i sin -

2 (cos (2T D)o ton (BT T)), k=01.2,3.
= cos5 3 Lsm5 3)) =0,1,2,3,4.
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Example 19 (DeMoivre’s Theorem for fractional index)

m
Compute (cosO + isinf@)n where m is aninteger and n is a positive integer.

©Solution:

m 1
(cos@ +isinf)n = [(cosf +isinf)™|n

1
= [cosmB + i sinm@]n

2km + m6 2km + mb

COS + i sin ,
n n

where k =0,1,2,...,(n — 1).
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Solving algebraic equations using DeMoivre’s Theorem
Example 20

(a) Solve (1+2)% = (1+1)
(b) Solve (1 +2)8 = (2 —2)8

Express your answer in form of a + bi.

©Solution of (a)

(1+Z)8=(1+i)=>(1+z)=(1+i)%=>z=(1+i)%—1
1

=7z = [ﬁ(cos%+ isin%)]§ —1

1 2kn+% 2kn+%
= 7z = 216 | cos—— + i sin

— -1, k=0,12,..,7.
8 8
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1 2km+y 1 2km+7
=z = 216COST—1 +216sinTi, k=0,1,2,..

©Solution of (b)

1+2\°
1+2°=@-2° = (5—) =
2—2z
1+z 1
= 18 = (cos 0 + lsmO)8
2—z
1+z 2km 2km
=

2_Z=cos?+lsm? for k=0,1,2,...,7.

. . . 2kt . . Z2km
For simplicity, we let w; = COS—— + i sin —~ then

1+z 2w — 1
2—Z Dk z 1+(l)k
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7 =

2km . . 2km
2COST— 1+ 2LsmT

2kt . . 2km
1+COST+lSIHT

_2cos%—1+2isin% 1+cos—zgn—isin%

1+cos%+isin% 1+cos—zgn—isin%
2km . 2km .
1+COST+SSIHT1
2km\” _ 2km\*
(1+COST) +(smT)

1+ cos _Zlén 3 sin _Zlgn
2k | T s |6 k=01,..
2+2cosT 2+2cosT
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Example 21
Solve z6 —z3 —2 =0.

©Solution:
To make your life easier, we first let y = z3, then the equation becomes

yi—y—-2=0
= -2)y+1) =0

>y=2 or y=-1
For y = 2, then z3 = 2. So

3 .. 1 1 2km o 2km
z =32 =[2(cos0+isin0)]3 = 23 (COST-I- lsmT), k=0,1,2.
For y = —1, then z3 = —1. So
1 2k +m 2km +m
z=1—-1= (cosm+ isinm)3 = (COST+ isinT)
Rk+ 1D (Q2k+Dm
= COS 3 + i sin 3 , k=01, 2.
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Example 22 (A bit harder)

Let z be a complex number such that z + 3i isthe 5™ root of unity, find and list
out all possible values of z. Express your answer in the form of a + bi.

©Solution:

Given that z + 3i is the 5™ root of unity, we have

(z+30)° =1
= z+3i=131=3cos0+isin0
, 2km+0  2kn+0
:>Z+3l=COST+lSIHT, k=20,1,2,3,4.
2km ¢ 2knm
:>z=cosT+l<smT—3), k=012 3, 4.

Substitute k = 0,1, 2, 3,4, we then get
Zy =cos0+i(sin0—3) =1 — 3i;
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2T 2T

Z{ = COS? + i (sin? — 3) = 0.3090 — 2.0489i;
41T 41T

Zy = COS— + i (sin? — 3) = —0.8090 — 2.4122i;
6bmr [/ 6w _

Z3 = cos? + i (sm? — 3) = —0.8090 — 3.5878i;
81T 81T

Zy = cos? +1i (sin? — 3) = (0.3090 — 3.9511i;
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Application of Complex Numbers

1. Deriving some useful identities of trigonometric functions

Example 23
By considering (cos @ + isin8)*, show that
cos 40 = 8cos* 8 — 8 cos? 6 + 1.

©IDEA:

One will compute (cos @ + isin8)* in two (or more) different ways and
compare the result obtained.

©Solution:
Way 1: Use DeMoivre’s theorem, we get

(cos@ + isin@)* = cos40 + isin46 ....(1)
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Way 2: Use Binomial theorem to expand (cos @ + isin #)* by brute force

Recall: Binomial Theorem

For any numbers a, b and positive integer n, we have

n
(a+b)" = z Cra™"h" = a™ + Cl'a™ b + Cla™ %b% + --- + B
r=0

n!

where CI' = and nl=nxn—-1)Xxn—-2)X..x3x2x1.

ri(n—-r)!

4
(cos8 + isin)* = z C*(cos0)* " (isinf)"

r=0
=cos*0 +4cos®0sinfi+ 6cos?Osin?0i*+ 4cosfsin30i3 +sin* it
= cos*0 +4cos30sinfi—6cos?Osin?0 —4cosHsin® i+ sin* 6

= (cos* @ — 6 cos? B sin? G + sin* B) + i(4 cos® Bsin@ — 4 cos G sin> 9) ... (2)
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z = (cos@ + isin0)*

Way 1:
DeMoivre’s Theorem

Way 2:
Binomial Theorem

Equal

.z =(cos* 0 — 6 cos* 0 sin” 6 + sin* 9)
i + i(4 cos3® 0 sin @ — 4 cos 0 sin® )

Z = cos46 +isin40 _

We compare the real part of the expression (1) and (2), we get
cos 40 = cos* @ — 6 cos? O sin* O + sin* 6
= cos*0 — 6cos? 0 (1 —cos?8) + (1 — cos? §)?

cos*9 —6cos?0 +6cos*0 +1—2cos*60 + cos* 6

= 8cos*9 — 8cos? 6 + 1.
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Example 24

6
By considering (Z + i) where z = cos 0 + isinf and using the fact that

z +Zin = 2 cosn@ forall n. Show that

1
cos® @ = i(cos 60 + 6 cos 48 + 15 cos 26 + 10).

©Solution:

6
Similar to Example 23, we compute (Z + i) in two different ways and compare the
results again.
Way 1: Using the given fact (put n = 1), we get
6

1
(z + ;) = (2c0s0)® = 64cos®0 ....(1)
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Way 2: Expand the expression by brute force using binomial theorem

N < N o<
(Z-I-—) = E Cezo" (—) = E CPz6=4"
Z Z
r=0 r=0

15 6 1
=z%+ 6z + 152 + 202° + 5 + — + —
Z Z Z

1 1 1
=(z6+—6)+6(z4+—4)+15(ZZ+—2)+20
Z Z Z

Using the given fact with n = 2,4, 6 we get
= 2cos660 + 12 cos40 + 30 cos 260 + 20 ....(2)

We compare the result in (1) and (2), we get

64 cos® 0 = 2 cos60 + 12 cos 48 + 30 cos 26 + 20

1
= cos® 0 = 3—2(cos 60 + 6 cos 40 + 15 cos 260 + 10).
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2. Computation of integral

Sometimes, complex number theory allows to compute some integrals in a easier
way. It can also allow us to compute some integrals which cannot be computed

o _,2
under real number framework (say fo e * dx)

Example 25

Using complex number and compute the integral

f e3% cos 2x dx.

©IDEA:

The Euler formula (e =

cos @ + isin @) in complex number theory allows us
to “transform” the trigonometric functions into exponential function so that
they can “combine” with the exponential function in the integral and simplify
the calculation.
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©Solution:

Using the fact that cos2x = %(ei(zx) + ei(‘zx)), the integral can be computed as
1, . .
J e3¥ cos 2x dx = j e3% [E (ei2¥) + e‘(_zx))] dx

— %J e(3+2i)xdx +%j e(3—2i)xdx

1 e(3+2i)x_|_ 1 e(3-2i).X'+C

" 203 + 20) 2(3 — 20)
1 (3—m
S 2(34+20)\3-2i

_ 3 — 21 e(3+2Dx 4 3+ 21 e(3-20x 4 ¢

26 26

3—2i . 3+ 2 .
— T e3x621x+ o e3xe—21x+C

)e(3+2i)x N 1 (3 + 2i

(3—2i)x C
x3—m)3+zge *
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=~ e3*(cos 2x + i sin 2x) + T

3—2i 3+ 2i
= e3* <gos(—2x2 + i§in(—2x2> +C

COS 2Xx —sin2x

“J

eSx
=E[<3c052x+351n2xi—2c052xi—251n2x i >
=—1

+(3c052x—SSin2xi+2c052xi—23in2xi2>]+C

“
-1

3x

e
=E[(3c052x+25in2x+3c052x+Zsin2x)

+ (3sin2x — 2 cos2x — 3sin2x + 2cos2x)i] + C

3x 3 2

e
_— : — _ p3X 53X
= ¢ (6 cos 2x + 4 sin 2x) 3¢ COSZX+13€ sin 2x + C.
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Complex Conjugate

. - bi :
¢ In doing the division of complex number %, we try to multiply both

numerator and denominator by a common factor (¢ — di). By doing so, the "i"
in the denominator can be eliminated.

e When we solve the quadratic equation such as x? + x + 1 = 0, we find that the

: —1+,/12-4(1 1 3.
roots are given by x = — x @ _ —3 + gl. We observe that

: 1 3. . . 1 3. .
if —E+§l is a root of the equation, then —E—\/z——l is also a root.

e Given a complex number z = a + bi, the complex number a — bi plays an
important role. We call this number to be complex conjugate of z.
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Definition (Complex Conjugate)

The complex conjugate of a complex number z = a + bi, denoted by Z is
defined as

Z =a — bi

Example 26

e The complex conjugate of 4 + 3i is 4 — 3i.
e The complex conjugate of 4 — 3i is 4 — (—3)i = 4 + 3i.
e The complex conjugate of a real number a isalso a.

(Reason: Note that a = a + 0i, then the complex conjugateof a is a = a —
0i = a)
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Geometric Representation of Complex Conjugate

e The real parts of z and its complex conjugate Z are equal and the imaginary
parts are equal in magnitude but opposite in sign.

e Inan Argand diagram, z and Z are symmetrical about the real axis (the x-axis).

imaginary axis

N
r =+ a? + b?

0

z=a+bi =r(cosf +isinf)

s> real axis

0 —6

r =+a?+ b? Z=a — bi = r(cos(—0) + isin(—80))
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Properties of Complex Conjugate
Let z = a + bi be a complex number. Then

(1) If z isreal, then Z = z.

(2) Z=7z
(3) zZ = a? + b? = |z|?
(4) |z] = |z

(5) argz=—0 = —argz
(6) z+ Z = 2a = 2Re(z). (Here, a = Re(z) denote real part of z)
(7) z—2z=2b = 2iIm(z). (Here, b = Im(z) denote imaginary part of

z)

(Operation)
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The complex conjugate allows us to prove various identities about complex numbers
and derive other facts.

Example 27
Prove that, for any complex numbers z; and z,, we have

21 + 2,1% + |21 — 2,1% = 2(|z1|* + |2,]).
©Solution:

Note that

|z, + Zz|2 = (21 + 23)(21 + 23) = (21 + 2,)(Z1 + Z,)

= Z]_Z_]_ ~+ ZZZ_1 + le_z + Z2Z_2

21 — 23|* = (21 — 2,) (21 — 23) = (21 — 2,)(Z1 — Z3)

== Z]_Z_]_ - Zzz_l - le_z + Z2Z_2
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Therefore

21 + 2,1% + |z, — 2,]°

= (2121 + 2571 + 212, + 2,75) + (212, — 2221 — Z1Zo + Z2Z5)
= 27171 + 22,7,

= 2|z + 2|z, |?

Example 28

If |z— 3| =|z+ 3|, showthat z = bi for some real number b.

IDEA: Let play around with the condition given |z — 3| = |z + 3| and see how the
thing evolve.
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©Solution:
z—=3|=|z+3|=|z-3|*=|z+ 3|?
= (z-3)(z-3)=(z+3)(z+3)
=>(z-3)(Z-3)=(z+3)(Z+3)

> z-3)Z-3)=(=z+3)Z+3)
=>272Z—32—32+9=22+32+3Z+9
> 6z+6z2=0
=z+2z2=0>=>2Re(z) =0

= Re(z) = 0.

This implies the real part of z must be 0. So z = bi for some real number b.
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Roots of Polynomials with real coefficient

Recall that if a + bi is a solution of a quadratic equation a,x? + a;x + ay = 0,
then a — bi is also a solution of the same equation.

Question: Does the statement hold for the general polynomial equation?

Apx™ + ap_x" 1+ -+ ayx? + ax +ag = 0.

Theorem

let f(x) =ax™ +a,_(x" 1+ -+ a,x? + a;x + ay be apolynomial
with real coefficients and degree n (n = 2).

If z=a+ bi isarootof f(x) =0, then Z=a — bi isalso aroot of

f(x)=0.
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Proof of the theorem
It is sufficient to show f(z) = 0.
Note that

f(Z_) — anZ_n + an_lz_n_l + ce + a2Z_2 + a1Z_+ ao

=a,z"+a,_1z" 1+ +a,z2+a,Z+ q

=a,z"+a,_z" 1+ +az2+a;z+a,

= (apz™ + ap_1z" 1+ -+ ayz% + a;z + a,)

(2)

|
\'\

|
o o
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Example 29
Solve the equation 2x3 — 7x% + 6x + 5 = 0 given that 2 + i is one of the roots.
©Solution:

Note that 2 — i is also the solution of the same equation.

By factor theorem, (x -2+ i)) and (x — (2 —i)) are “factor” of 2x3 — 7x? +
6x + 5. This implies that (x — 2+ i))(x — (2 - i)) = x%2 —4x + 5 is also a factor
of the same expression.

Using long division, the expression on L.H.S. can be factorized as:
2x3 —7x*+6x+5=0

> (x?—-4x+52x+1)=0

=>x%2—4x+5=0 or 2x+1=0

1
>x=24+10 or x=2—1 or x:_f'
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