‘ Name: Student ID:

Seat No:
MA2001 Multi-variable Calculus and Linear Algebra
Semester A, 2023-24
Test (CA1) Co LuTIoN
Date: Friday, 3 November 2023
Time allowed: 90 minutes (12:10 — 13:40)
Instructions to candidates:
This paper has 9 pages (including this cover page).
This paper has SEVEN questions.
The questions will begin on page 2.
Write your answers in the space provided under each question.
Answer ALL questions. Show ALL steps to get full mark.
Question Max. mark Your mark

Q1 25

Q2 10

Q3 10

Q4 10

Q5 20

Q6 10

Q7 15

Total mark 100
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Question 1  [25 marks]

4 1 1
Giventhe matrix A=[-2 1 =21

0 0 3
(a) Find the eigenvalues and the corresponding eigenvectors of A. [17 marks]
4-x | t
IA-AL[= | 2 1-x 2
o O 3-X

= @ |3 LAl

= (3-2) QO*-s5x+06)
= —(x-3)" (A-2)
et ANl =0 > A=2,3,3 ae the eigenvalues of A.
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O
O

For A =2+ (A-21)% =3
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{21\ +Xa> =0

O Rl‘Rz<QlO
O+ 7\0 o -

RstRe\ 5 o ©
- =0

let X, =3 . Then X3=0 , Xs=-2%,

Eigenvectors Covrespond(qg 1o A=2 o=

& [
O

For A= 3: (A-31)X =3
[ (A o) Ra+2R, { t ( o)
2 2 -21]0 ? O O O ]o

XX+ =0
lef X=2=s, Xs=%t. Then X;=-¢-t. Page 2 of Page 9




r. Bgenvectors corresPcnd\ra ta N=3 are

%= 9 (}‘) Tt (“é) ) =+t #0.
Q &

b) Is A diagonalizable? If yes, express A in the form PDP~*, where D is a diagonal matrix.

Clearly state the matrices P, D and P~! in your answer. [8 marks]

Since A has 3 (neasly independent e\genveckors |
A & dgonalizdble,

et P-—-(—'z | B’) wd D= @ s g)
O O 3

O O [

T O O Ra+2R, I | O o
(P(D — (-—z ' OjJo + o | T~ o -1 -2 I O
o O | o O | O o { QO O |
Ri+R= I -l ol o 1 Ri-Ra [ | © Of=t =
R, «2Rs O -t Ol I 2|70+ o]a >
o |\ o O | S O (o O |
Rix¢) (1O o=l - -
- o | O /-2 - =2
o © ( O o |
- e —|
P o= -2 - -
O o |
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Question 2 [10 marks]

Determine whether the quadratic form
q = —2x% — 3x% — 2x2 + 2x.%, + 4x,%3

is positive definite, negative definite, positive semidefinite, negative semidefinite or indefinite.

-2 | o0 X, [10 marks]
9= (%1 X2 X5) < Lt -3 2 x>

O 2 -2, X3
-2 | 0
. . - . - I
—HE associated S&mme&ryg materg S P\ o 23_ 2 .

Leadthg Prnhc\'Pa\ Minots  are

Istorder @ -2 <o
20d order ‘“2 "‘ - 5 >0
|
-2
3rd order l ’$3 ol _ ‘l"g 5 _‘\‘ )
O 2 -3 2 -2 0 =2
= 2(6- - (-2)
= -2 L0

% S nhegative definite .
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Question 3 J10 marks]

Does the limit
y 2xy
im =
(xy)~(0,0) 3x2 + y2
exist? If yes, find the value of the limit. If no, show that the limit does not exist. [10 marks]

fs (X.W—(0,0) dlong the x-axis (Y=o,

. 2 .
le“lﬂ__._:}uﬂo:mo

WP =(0,0) X +y* o0 3 xs0 O 9

hs Ly — (g o) dong the line y=x,

2xy . 2
—=_ _ n 2xX* e |
wpse IOy T X9 A= 0T =3
_ 2% . .
Sice =2 (¢ difPerent Lits as (a, P - (0,0)

3 +y*
along d hs o ‘ =
g et paths, the foie v 2
does nok exist .
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Question 4 [10 marks]

Suppose that xy + xz3> =2yz defines z as an implicit function of x and y locally at

2

7] a
(x,y,z) = (—4,2,—1). Compute the values of 53 and 5?2- at (x,y,z) = (—4,2,-1).

P(lrjti(l((‘d dxg?‘?eren’cia‘re b&)fjh Sides O’? X5+XE$:23& [10 marks]
Wwrt. g

X+ Jyxz? =

i QBDLiz 2y > = 27 -3
L 2Z _ 22@@
= 2y A 7> - 2y

At (-4, 2,-1) lé\ - 20D-C4) 2 | L
’ oY 6%z, BN -20) e T8

Pc\r’c(q\\ﬂ dFerentiate, both Sdes F ® w.ol. G

bx z L —~ o 2% 2t Pz
(33) + 3xz? el Zbﬁg“‘" 235+2\35§5

= (3xz*-2y) 2 - "r%“‘é’x_z(%)l

&)
= ————-—-——-—azé = 4 wé‘x%(b‘-!
oY 3)(% -~ ng,
A{ (—Lth-—D J SD_Z}/(__ = 4 ( %) 4)( I) (" ) “g-
U *2-1) 3CGHET - 2(2) = e < é
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Question S5 [20 marks|

Find all stationary points of the function g(x,y) = x3 — 3xy? + 4y> — 3x and determine their nature.

[20 marks]
8x,= 3%2‘53L*
33 = Texy 42y’
R o S e
Qy=0 ,65(2%~1):o x> ‘j =
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811 = bx
gﬂﬂ = —(gx—%lmi

by = -6y
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— - — NG
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o
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(5, & 0 7 = 36 >0 lo B
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Question 6 {10 marks]

Find the directional derivative of f(x,y,z) = 3x? + 4y + xy?z® at (1,—1,2) in the direction of

2T+ 7 - 2k. [10 marks]
£ 6x+yrz3
VF = 1 = 4 +2xyz®
a By
6+8 \4
VF(I)'),Z) = 4___,6 = (,{2>
3x4 12
Uitk vector v the dwechon of 2T +:’§ BLYERS
D, 7 AD 2/3
-ﬁ _ 2(,4-{3() oKk _ [ v
\ —2/3

Dicectiona) docwative of £ ok (1,-1,2) w the diechon of W:

I

VE(1,1,2) X

N %y
..[2 @ [/3
lz “2/3

28 —12-24%
3

Daf(L,-1,2)

—

—

—

8
3
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Question 7 [15 marks]

Evaluate the integral

by changing the order of integration.

OL XL 2
D: 2x\<\(j<4—

For @f@x&a G)é%gfl\,
O<xX<¢d

- End -

[15 marks]

Page 9 of Page 9



