MA2001 Vector Integral Calculus

1. Line Integrals
1.1 Line Integral of The First Kind

The line integral of the first kind is

I=_[f(x,y,z)ds,

C

where f (x,y,z) isa scalar function and s is arc length along C. If C has the parametric representation

[x(1),y(t),2(t)], t <t<t,,we have that ds = /(dx)’ +(dy)’ +(dz)’ and hence

| :j £[x(1). y (1), z(t)]\/[%f +(%)Z +(%)2dt .

Example

Find the mass of an ideal wire with density p(x,y,z)=kz if it has the shape of the helix,

X =3cost
y=3sint, 0<t<r.
=4t

Solution:

Mass = [ pds =k [ 4t9sin’ t +9cos” t + 160t = k [ 20tdt =10k’
0 0

Example
Let the line density of the curve C: x* +y? =ax,a>0be f(X,y)=+/x*+Yy* . Find the mass of the curve

C:x*+y?=ax,a>0.
Solution:
dy dy a-2x

X*+y?=ax= 2x+2y—>=a=>->=
dx dx 2y

2 2 2 2 2 2 2
ds— (%} +(ﬂj dxe o] 372X g [AY *2 —ézlax+4x dx — 4ax+a2—4ade: a_ 4
dx ) " Ldx 2y 4y 4y 2ly|

2 2
For the upper part of the circle x* + y* = ax < (x—%) +y? = aT,a >0, we have

ds=idx: a

2y 2+/ax — x?

dx,0<x<a



. a a a _1
mass of the line = [ /x* + y2ds = 2[ Vax ———dx=2va & [ . [—X —dx =ava d(a—x
o 2 onnlis | a2 atan
__ayaa

—X

1
2

(Note: the mass of the upper part and the lower part of the circle

a 2
o =24

a) a’
x> +y? :ax<:>[x—§) +y? =T,azo are equal.)
a . . : h a .
(Note: v/ax ————— is not defined at x=0 and x=a so the integral [+/ax ————— dx we get is in
2+Jax — x? !,. 2\Jax —x*
the sense of improper integral.)
i

Example

x?+y?+z2=a’

Let the line density of the curve C: { be f(x,y,z)=x.Find the mass of the curve C:

X+y+z=0

{x2+y2+22:a2

X+y+z=0
Solution:

We observe that x* + y* +z? = a’ is a sphere of radius a with center at (0,0,0)and x+y+z =0 is plane
passing through (0,0,0). So, their intersection C is a circle with center at (0,0,0) and radius a.
From the property of symmetry, we know that szds = I y’ds = Jzzds ,that is, if (p,q,r)eC then

C C C
(-9,—p,—r)eC (symmetry property). At (p,qg,r) we have value pdsat (p,q,r)e C for the integral
szds and at (—g,—p,—r) we have value p’dsat (—q,—p,—r) too for the integral Iyzds. Since Cisa
C C

close path and the orientation of the line integral of the first kind is insignificant, we have Ixzds = j y’ds .
C Cc

Thus.cfxzds =§.[(x2 +y?+ 22 s = %Iazds

C C

_a’2m  2m’
3 3




1.2 Line Integral of The Second Kind

Consider a vector field F = F,(x,y,z)i+F,(x,y,z) J+F,(x,Y,z)k and a smooth curve C. Let A and B be

two points on the curve C.

Divide AB into n small segments. Let the i segment be from P,(x;,y;,z;) (Position vector r;) to

P.1 (X1 Yints 21y ) (position vector F f+§r) AtP, let the vector field assume the vector

—

F=FR(xY.2)+F (% ¥.2)i+F(x,y,2)k. LetP:{éﬁ:lsi } |P|_max{

i I<i<n

sr|:1<i<n},

The line integral of the second kind of F along C is defined to be j IE dr=1imY F .or.
C

Remark:
A major difference between Line Integral of The First Kind and Line Integral of The Second Kind is:

For Line Integral of The Second Kind , the orientation of the integration along the curve is significant and

_[E dr= —I F -dr, however, for Line Integral of The First Kind , the orientation of the integration
C

along the curve is in significant and we have J fds = I fds.
-C

Example

If E is an electric field and a unit charge moves from A to B along C, E, - 6t = ‘EHéﬁ‘cosH represents

the work done by the field in moving the charge from P, to P,,, (approximately). Hence j E-dr

represents the total work done in moving the charge from A to B, that is, the potential difference between

A and B.



The curve C is called the path of the integral. If the two end-points coincide (that is, A= B) we say we

have a closed path and usually write §. F - d7.

By convention we go anticlockwise around a closed path.

Usually a curve is given in parametric form x=x(t), y =y(t), z=z(t), t, <t <t, and we write

r(t)=x(t)i+y(t)j+

z(t)k, t, <t <t,, where t may be the arc length.

Example

x(t

)=acost
t) asint , where 0 <t < 27 describes the circle x*> + y*> =a” lying in the plane z =1 in positive
1

sense (anticlockwise). Note that t is not the arc length here.

We may then evaluate the line integral as

E.d Fzm F m[ l(x,y,z)T+Fz(x,y,z)]+F3(x,y,z)|q [d ~+dy]+dzkj

) dt dt°

dx d dz
[Fl(X, y,z)a+ Fz(x, y,z)d—¥+ Fs(x, y,z)a}dt

Il o—
ot—h



Example
Determine the work done by the force

F=F(xy2)i+F(xy,2) j+F(xy.2)k=(x*-y)i+(y*~z) j+(2* —=x)k in moving a particle from

2
A(0,0,0) to B(1,1,1) along (i) the straight line C,: x =y =z, (ii) the curve C,: {y_xa :
Z=X
Solution:
dx_
X =t gt
(i) Choose the parametric representation< y=t, 0<t <1, then d—i/:l
z=t %_
dt
[Fear=[F-2a
g, & dt
- = =\ (dx- dy- dz

= I( Y (). z() i+ F [ x (1), y(t).z(t)]i+ Fg[x(t),y(t),z(t)]k)-(al it kjdt

C,

d dz

=I( ] Fz[x(t),y(t),z(t)]d—y+F3|:x(t),y(t),z(t)]— t

3 t dt

1 1 1
= [[(£ 1) <1+ (£ =t) 2+ (£ —t) <Lt = [3(£* ~t)dt=—=

0 0

dx_
x=t dt
(i) Choose < y=t*, 0<t<1,then %zZt.
43
- & _gp
dt

= - = d dx- dy- dz- dx dy dz]
F-dr=[||F-—dt= F|+F +Fk)-| —i+ +—k |dt = Z0F =24 F = |dt
Eﬁ Cj( J )(dt ot j Qj( tdt fdt Pt

29
(3t +25—2tt -3t )dt——%
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Note that the value of the integral in this case depends on the path taken (but not the parametric
representation chosen).



If we had integrated from B to A the results would have been % and % respectively, that is,

J' F-dr =—I F -dr along the same path
AB BA

B(LL1)

4(0,0,0)

X

Hence, if C is the close path from A to B along C, and then back to A again alongC, , the result is

And this result is independent of the starting (= finishing) point.

An alternative notation for line integrals is

jE-dF:j(Flh Fj+ FSE)-(de+dy]+dz|Z):jFldx+ F,dy + F,dz
C C C

Remark:

X

x(t)
y(t), t,<t<t, then one of the parametric

2(t)

If the parametric representation for Cis C:qy
z

x=x(t,-t+t)
representation for —Cis -C:{y=y(t;-t+t), t, <t<t.
z=12(t,-t+t,)



Example

Evaluate j(yzh 2xy])-(dx7+ dy]):jyzdx+2xydy from the origin (0,0,0) to the point (4,2,0) along
C C

the paths:

(i) astraight line,

(i) the parabola y* = x,

(iii) part of the x-axis and then the line x=4.

This is equivalent to evaluating _[E .dr , where F = y%i+2xy] .

Solution:

(i)

C:y= 1x 0<x<4 then dy_1 therefore dy:ldx
2 dx 2 2

é[yzdx+2xydy=£( jdx+2x(2) dx = J.(—+—]dx j.STXZ _2

(i)

C,:y?=X, 0<x<4 then 2ydy = dx.

, 4 4 24
Iy dx+2xydy:J‘xdx+xdx:J.2xdx:x 0:16.
C, 0 0

(iii)



we have dy =0, for

J'yzdx+2xydy: J. y’dx + 2xydy = J' yzdx+2xydy+j y’dx + 2xydy = I y’dx + 2xydy
Cs

Cy1+Cyp Cay Cs Cap

2
=16
0

2
= j8ydy =4y®
0

Is this just a coincidence? Unlikely!

If a field F is such that j F-dr is independent of the path from A to B, then F is said to be a
AB

conservative field.

P
C

Consider mf -dr around any closed curve in a conservative field. Then
C

fIF-dr=
C

conservative field.

F.dr= j F-dr+ j F.dr= j F.dr— j F.dr= j F.dr— j F.dr=0ina

APBQA APB BQA APB —BQA APB AQB

If F =V, where ¢ is some scalar field, then



F.di jv(p.df:j(%ﬁ—("]ﬁ—%j.(d_xhd_f o j(a(ﬂdx Sy, awdzjdt
A

AB :AB s\ OX 0oy o1 dt  dt ox dt oy dt oz dt
d

= —(:)dt :¢(B)_¢(A)AZ(X131’21) (B(Xz, yz,Zz)—gp(xl, yl,zl)

A8 B=(X;.Y2.2,)

, independent of the path from A to B. Hence if F =V¢, F is conservative.

Example
Show that E(x, y,z)=F (XY, Z)T+ F (XY, z)]+ F(xy, Z)R =yZi+2xy j +0k is a conservative field

and hence evaluate [F-dr along any path C from (0,0,0) to (4,2,0).
C

Solution:
F(x,y,2) is conservative if E=V¢=a—¢’7+a—¢]+a¢k Then (i) y? % (ii) 2xy:a—¢ and (iii)
ox oy oz OX oy
0=-22.
oz

Integrating (i) we have ¢(x,y,z)=y’x+ f (y,z), where f (y,z) —an arbitrary function of v,z

Then % _ 2yx+2—f Matching with (ii) shows that %:O
y

So f =g(z) and ¢(x,y,2)=y’x+d(z) . From (iii), 0268—(2029'(2) and g(z)=

It follows that ¢(X,y,z)=y*x+C . HenceJ.CE-dF =¢(4,2,0)-¢(0,0,0)=16.

Note that [[LE .dr is the circulation of F around C and so an alternative definition of curlF is

ULF dr ) fl Fedr), L F-dr)
i+| lim—=——|j+| lim——— |k, where C,,C, and C, are curves
A,—0 A2 A—0 A3

curlF = I|m

parallel to the yz-plane, xz-plane and xy-plane respectively around a point (x,y,z) and A, A, and A, are

the areas enclosed by these three curves respectively. But Ujf .dr=0if F is conservative, and hence

curlF =0 if F is conservative.



In fact it is also true that if curlF =0 everywhere, then F is conservative (and F may be written as Vo)

and this is sometimes taken as an alternative definition of a conservative field.

This gives us a very convenient test for deciding whether F is conservative or not. We see if curlF is
zero vector or not.

Hence the following are all equivalent:

Theorem
Let F be a vector field defined over the whole space.

(i) F isconservative.
(ii) JE-dF is independent of the path.
AB

(iii) mf -dr =0 around any closed path (circulation is zero).
C
(iv) F =V for some scalar field ¢.

(v) [F-dr=¢(B)-gp(A).

(vi) curlF =0 (F is irrotational).

Example
T . . . = Q' Q 1
The electric field E and potential ¢ due to a point charge at the origin are E = — and ¢ = -
Arg, 1 Arey 1

where E =-Vg =V(—¢p). Hence E is a conservative field. This is consistent with the work done in

moving a unit charge from A to B being the potential difference ¢(A)— ¢(B) between the points and
independent of the path taken between them.

Example

Show that F = yzi +(xz+2y) j+xyk is a conservative field and find a scalar function f (x,y,z) such

that F = Vf .

Proof:

10



[

arlE<l@ 0 9]_|o(y) o(xe+2y)l: 1o(yz) (%) i o(xa+2y) o(v) i _s
ox oy o oy oz oz X ox oy
yz Xz+2y Xy

Thus F(x,y,z) is conservative and a scalar function f exists such that F = Vf .

— - = ~ of - of = of - .. of
Let F=vyzi+(xz+2 +xyk =Vf =—i+— j+—Kk, then. (i) — = vz,
yzi +( y)j+xy ™ ayJ po ()ax y

.. of . Of

) —=xz+2y, (ll)) —=xy.

()ay Y, ( )az y

Integrate (i) we have f (x,y,z)=xyz+g(y,z). Match with (ii) we have %: Xz +%g =Xz +2Y . Hence,

g(y.z)=y?+h(z)and f(x,y,z)=xyz+y?+h(z).Match with (iii) %:xy+h'(z):xy.

Hence h'(z)=0, therefore h(z)=c, cisaconstant. And f(x,y,z)=xyz+y*+c.

11



2  Surface integrals
2.1 Surface Integral of The First Kind

Consider integral of the form ” g (x, Y, z)dS , Where ¢ (x, Y, z) is a scalar field, which is known as the
S

surface integral of the first kind, and can also, arise in its own right.

Example
(i) If g(xvy,2)=1, then Hlds is the surface area of S.
S

(i) If g(x,y,z)=electrostatic charge density, then HldS = total charge on S.
S

To evaluate this integral suppose we project S onto one of the coordinate planes where the surface integral

becomes a double integral. Suppose the surface is given implicitly by ¢(x,y,z)=0and we decide to
project S onto the xy-plane, where its projection is the region o, . Let  be the angle between the normal

nto §S and k, that is, cosy =n-k . Now 5x3y = &S |cos;/|:58‘ﬁ-ﬂ, therefore 55 = 2XY and in the

n-k‘

limit, we have J'J'g(x, y, z)ds :J.J‘g(x, y,z)idxdyzﬂg(x, y, z(x, y))—mdxdy.
S S oy

n-K .|

12



gl +1
If the surface is given explicitly by z = (X, y), then dS = dedy = 1+ ¢ + ¢ dxdy and

i
Hg x,y,2)dS = [[ g (x,y, 2)\fL+¢2 + 4 dxdly .

O-Xy

Example

Compute ” ydS where S is the part of z=z(x, y)=x+ y?whose projection onto xy-plane is the region
S

0,  0<x<10<y<2.

Solution:

The projection of S onto xy-plane is the region o, 0<x<10<y<2.

So dS = [1+2] +z2dxdy = w/1+1+(2y)2dxdy =/2+4y’dxdy .

Therefore

”yds (J;_[y 2+4y? dxdy:l‘[iy«/2+4y ddex :[E%J +4y?d (2+4y )}
| 180 2§j —[21(242)-242] -2 52[ 12

|+~

3
2+4 dx
( j y ‘o 3

Il
O e
|_\
r\J|'—‘
/ N\ o
o
(e¢]
N w
|
N
N w
N—
o
x
|
[EEN
|\>|H
7\

Example

Compute ”(x+ y+2)dS over the surface S: x* + y* + z* =a®, 2> 0.
S

Solution:
Since we are going to project the open surface S: x*> + y* + z> = a®,z > 0 onto xy-plane, we will use the

formula _Ug x Y, Z dS J]g x Y, z)—wdxdy.

Oxy | Z|

The projection of x* +y* +z* =a®,z >0 onto xy-plane is o, which is x* + y*> <a’.
proj y xy

(% y.2)=

z>0

0
Let ¢(X,y,z)=x*+y?+2°—a’, then the surface S is just the equation :{ , that is,
x* +y%+1z° =a, z>0and this equation defines z as an implicit function of x, y. Also,
% 6¢ =2y,— o =2z . And
x oy oz

13



N AX* +4y? +47° Jaa’
dS:Wd dy—\/ X" +2y 4z dxdy = ga dxdyz?dxdyzgdxdy
: z z z z

-2 dxdy

Or you can figure out in the following way, of course, the following method requires more being able in
mathematics:

_ hafe) (e KV (Y gy o @
dS_\/1+(aX) (ay} dxdy = \/ (zj J{zj dxdy \/mdxdy

So

jsj(x,y,z)ds:g(x+y+«/32_x2_yz)ﬁ

_ 222 a
_L__Ja;!__xz(x+y+w/a X y) '—az—xz—yzdy}dx

BN 2 2 _E 2 _y2 _ 2
a| va?-x a(X+y)dy a| +a?-x aXdy Zd(a X y)

_L e —+ady}dx_.|; JJ._XZ oy

dxdy

+ady dx

a_\/m a 2 —d Z_xr_y? a| Jai-x?
AT ) T2 e T
—a| _aZe a —-xXx -y —a| a2 a —X y —a| _Ja?x?
Observe that
a( va?-x? axdy a I ( y JJaZ_)(Z ]
L[Ja!—waz—xz y* }d ;ﬂa}*lzjaax Iﬂ ] ﬂﬂ Lax arcstaz =

N

—arcsin

Vo N e

ax{z—(—zﬂdx: j arxdx = 0
2 2 arx is odd

—a

ax[arcsm ] jax[arcsml arcsin (- 1)]dx

9')0-.9, mt—,g,

Ja?-x2
e dx

— dx=i(a\/a2—x2—y2)




I I addex=T2a\/a2x2dx = 4aI\/a — x%dx

“a 2a a?-x? iseven

_JaZ_y?

o o ]

.[ aZ—x%dx==] [x«/a -x%+a arcsmﬂj

a 0 T
= 2a’arcsin——a’arcsin—=2a’x= = ra®
a a 2

Assume a>0

Therefore,

[ FE gy a mgd(az—xz—yz) 2 [ ot
Lf(x+y+z)dsL{J};_Xz,—azxzyzldx.[{é_xz Ty x+:[1 Ja.[_xzady dx
=ra’

Or

”(x+ y +2)dS :”(x+ y+\/a2—x2—y2)—,az_i—z_y2

I . 2 @ racosd
= rcoséd+rsind++/a%—r? )ere}dr ( rasin a@] 2rdy
e ID | Jar-r? | Wi °
xdy=rd&dr

Assume a>0

3

= TZnardr =(zar®)|s

=ra

15



2.2 Surface Integral of The Second Kind

Consider a vector field F and a surface S in the field. Divide the surface into N small area elements

o S, (Approximately flat). Define §§i as the vector whose magnitude is S, and whose direction is

normal to the element of surface &S, (usually outwards if S is closed). Then 5§i =35S.n

where n; isa
unit vector normal to the region & S, . Let F, be the vector field evaluated at some pointon & S, . Then

F-6S,=F -65n = H&Si cos & represents the flux of F through the element of surface & S, . We

define the total flux of F through S to be the surface integral of the second kind

N

ijE-d§=yan§Ei.5§i

Example

(i) If v is the velocity field of a fluid, ”\7 .d S represents the total volume of fluid crossing S in a unit
S

time. Replacing v by pv (p= density) gives mass flux.

(i) If J is an electric current vector, ”3 -d S represents the rate at which electric charge crosses S.
S

(iif) If E is an electric field vector, [[E-dS represents the electric flux through S.
S

(iv) If g is a heat conduction vector, ”ad§ represents the rate at which heat flows through S.
S

16



Example
Evaluate ”E .dS where F = x% +xyj +z%k and S is the surface of the cube bounded by
S

x=0,x=2,y=0,y=2,2=0,z2=2.
Solution:

: F
D (o
OE 2
PR e E Y
5.
A B

We observe that the surface S of the cube is a close surface. A close surface S is a surface which divides
the space into two parts, one has finite volume and the other has infinite volume. For a close surface S the
normal to S is always assumed to be the outer normal which is directed from the part with finite volume
to the part with infinite volume.

If a surface S is not a close surface then it is called an open surface.

We integrate over each face in turn and sum the results.

For the face ABCD:
dS = dydz , the outward normal n =i ,x=2.

H F.dS= ” (x i+xyj+z k) idS = H x°dS = IUZZdy}dz =16
ABCD ABCD ABCD

For the face BEFC:

—

dS = dxdz , the outward normal n=j,y

[[ F-dS= [[ (xT+xyj+2’k)-jds = [[ xyds = J'{J.Zxdz}dx [ axdx=8

BEFC BEFC BEFC

Similarly, H F.dS =16 ” F.dS= jj F-dS= [[ F-dS=o0.

OABE

Hence [[F-dS =40
S
If part of S is not parallel to one of the coordinate planes, we proceed as follows:

17



If the surface S is written as ¢(x, y, z) = constant then V¢ = +grade is normal to the surface and hence

the unit normals are

—6¢+]8£+k8¢

oot OX oy : 0z
(T GG
OX oy oz

If the surface is given in the formz = o (

x,y), define ®(x,y,z)=z-¢(x,y), then

O(x,y,2)=2-¢(X,y)=0< z=4¢(x,y), the unit normals are

FREAC N 99 _5% ¢
nO OX oy oz n OX oy

o0 (00V %= (oo} (o)
+ ] +( ] &_& ((p) +(¢j +1
oy 0z gg) EY OX oy

|
g
VR
(@)}
%’\e
N
N
M/
II ||

0z

Let C: r(t)=x(t)i+y(t)j+z(t)k, —5 <t <5 bea curve in the surface S: ¢(Xx,y,z)=0, that is

#[ x(t),y(t),z(t)]=0, —s<t<5,and r(0)=x(0)i+y(0)+2z(0)k =X+ Y,]+2K. We would like

to show that £V ¢ (X,, Yo, Z, ) is perpendicular to the tangent to C:r(t)=x(t)i i k

=x(t)i+y(t)j+z(t)k,
—6<t<at (Xy Yo Z,) , thatis, £V (X,, Yo, Z, ) is perpendicular to the tangent plane T to S at
(X1 Yo 2o ) » that is, £V (X, Yo, Z,)is perpendicular to S at (X,, Yo, Z,)

o[ X(1),y(1),2(t)]=0, -5 <t<s where 5>0:>%¢[x(t),y(t),z(t)]:0
38{0 dx ago dy 8(0 dz op  dx op dy op  dz

= ——|x=xg —
OX dt oy dt oz dt OX

T, oot e
Y=Yo dt ‘t 0 ay Y=Y dt ‘t:O 82 -
=7,

— =0
y=Yo dt‘tzo
dx - dy - dz =
=+Vo(X,, V.2, )| — I1+— +— k=0
(0( 0 yo O) (dtt—o dt\t 0J dt\to j

7=1,

There are two normals to the open surface at each point which are of the same magnitude but are of

18



opposite directions. The ways to decide the required normal are explained through examples:

Example

Consider the surface S: (X, y,z)=x*+y*+z*=a’,z >0 (the upper sphere).
At the point (x,y,z), there are two unit vectors (normals) which are perpendicular to the surface S:

#(x,y,z)=x>+y’+z*=a’, where z>0. They are the vectors

iv¢_i@ﬁ+@]+@ﬁ)_+ R T O S _x(2xd+2y]+22k)
N N N W R N R SN R s 2a
Xe Y= Z- s - -

=4 —i+=J+—k |=%|(cosa)i+(cos +(cosy )k

XY 2K | <] (cosa)i+(cos )+ (cos7)K
,where « is the angle between % and the positive direction of x-axis (or the angle between V¢ and
the positive direction of x-axis ), A is the angle between % and the positive direction of y-axis and y
. V¢ e .
is the angle between W and the positive direction of z-axis.

So cosine of the angle between the normals and the positive direction of x-axis is

iCOSa=i—2 ¢X2 =
NC R

So cosine of the angle between the normals and the positive direction of y-axis is

tcosy =+ 4
&+ + 4
2 2 2 2
: X“+y“ +z°=a
We observe that the outward normal at the point (X, y,z) to the upper sphere { 0 makes
z>

an acute angle € with the positive direction of z-axis, so cosé@ > 0, therefore the normal we need is
X7, Y50 2%,
a a  a
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2

2 2 2
X +y +z°=a
y makes an obtuse

As for the inward normal at the point (x, Y, z) to the upper sphere { 0
z>

angle @ with the positive direction of z-axis, so cosé < 0, therefore the normal we need is
—[Xh Yi,z Ej
a a a

2
Similarly, the outward normal at the point (X, y,z) to the lower sphere {

2 2 2
X“+y +z°=a
y makes an

z<0

obtuse angle @ with the positive direction of z-axis, so cosé <0, therefore the normal at the point

2 2 2 2
X"+ +Z72"=a . X7

y we need is —|+X
z<0 a a

j+=k (note: z is negative).

(X, Y., z) to the lower sphere { z
a

2

X*+y°+2°=a
makes an acute

As for the inward normal at the point (x,y,z) to the lower sphere { 0
z<

angle 6 with the positive direction of z-direction, socosé >0, therefore the normal at the point (x, y,z)

2 2 2 2
X"+ +Z"=a . - - - . .
y we want is —[EI + Y i +5kj (note: z is negative).
a a

to the lower sphere { "

z<0

We call the normal to a surface S: which makes an acute angle with the positive direction of z-axis an
upper normal. Also we call the normal to a surface S: which makes an obtuse angle with the positive
direction of z-axis a lower normal.

If the surface S given is an explicit function z = ¢(x, y), then the normals to surface S at the point

i(CDXT+d)y]+CDZR)_i(—¢xf—¢y]+ﬁ)
\/(DX2+CI>y2+CDZz - \/¢X2+¢y2+1

(x.v.2)=(xY,0(x,y))is®@(x,y,2)=2-¢(x,y)=0=

Once the normal to the open surface has been decided, we have

= = = = — 4V
F-dS=|[F-ndS=(|F-—~-dS
(765 - [[F s - - ¢
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Now we are going to make a few concluding remarks on the ways of computing the surface integral of

second kind, that is, compute HE(X, y,z)-dS, where F(x,y,z)is a vector field defined on S.
S

Suppose the surface is given implicitly by ¢(x,y,z)=0and we are going to project S onto xy-plane with

the projection, the region o, . Assume we have chosen the normal n to S at the point (x,y,2) by

considering the cosine of the included angle between the normal and the positive direction of z-axis.

+V Vo |V _ 1
Thenij .dS = ”F nds = ijF ‘”ds ”F ;|’||¢Z"|dxdy:£jp.(iv(p)mdxdy

Whether the positive sign or the negative sign is chosen is depending on the problem raised.

In addition, if the surface is given explicitly by z = ¢(x, y)=0and still we are going to project S onto xy-

plane with the projection, the region o, , then

xy !

3 \/¢X +¢y +1
o+ k 2 2
e SR
Example

Evaluate ”E .dS where S is the closed surface of the region bounded by the cylinder x* +z? =4 and
S

the planes x=0,y=0,z=0 and y =4, and I—f:zT+z]—yE.

Solution:
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Consider first the integral over the curved surface BCED which is the level surface ¢ = x*> +z° = 4. The

curved surface is projected on xy-plane with the projection o, which is the rectangle OADE bounded by

y=0,y=4,x=0,x=2. p=x*+2>= Vo =2xi+2zk, ¢, =2z

[ Fds= [f (zT+z]—yR)-(2x7+22R)%dxdy::[H(x_y)dy}jx:_g

BCED AOED

The other surfaces are all planes and give the results ” F-dS=-8, ” F.dS =16, J'J' f-d§:—%,

OABC OADE OEC

” F.dS =3 with sum ”E-d§:0.
S

ABD 3
U
Example
Calculate ”E -dS where F(x,y,z)=-2i—2] -2k, the open surface S is the part of the plane
S
X + 2z =1 which is enclosed by the cylinder x*> + y* =1 and the normal to S is pointing to xy-plane.
Solution:
Let ¢(x,y,z)=x+2z, then v¢=8_¢7+8_(/>]+8_(p—k— =i+kand % =1,8—¢ = O,a—¢ =1.
ox oy oz OX oy 0z
Since the normal to S makes an obtuse angle with the positive direction of z- axis, we choose = Vo
~[Vol
or the direction —Vp =—i -k .
And we are going to project S onto the xy- plane and the projection, say, o, .
The following formula will be used:
.”ﬁ-d§=.”ﬁ_|v—(|pdxdy:.”—ﬁV¢ dxdy (note that |g,|=1)
S Oxy ¢Z Oxy
. _ - - o 1| 27
=[[-F -Vgodxdy:H(Zi +2] +2k)-(i +k)dxdy: [[ 4dxdy :j@ﬁrde}dr:%
Oy Oy x2+y?<1 oL o
U

Example
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Find ”'E-d§ ,where F(x,y,z)=x"yi—3xy?j +4y°k and S is the part of z=z(x,y)=x"+y*-9
S
whose projection onto xy-plane is the region o, :

0<x<20<y<1.ThenormaltoSat (x,Y,z) we choose is the lower normal, that is the normal which

makes an obtuse angle with the positive direction of z-axis.
Solution:

The direction of the normal is the same as the direction of —(—ZXT— 2y + R)

since the normal to S at (X, y, z) makes an obtuse angle with the positive direction of z-axis.
If(x2y7—3xy2]+4y3E)-d§ = If(x2y7—3xy2]+4y3R)-(2xT+ Zy]—IZ)dxdy
S Oxy

= ”(2x3y—6xy3 —4y?® )dxdy = i{j-(2x3y—6xy3 —4y3)dy} dx = i(x3y2 —gxy4 — y4j cl)
oLo 0

ny

2 4 2
:J(x3—§x—1)dx: X, ‘(2) =4-3-2=-1
5 2 4 4

dx

Example
Find ”'E-d§ where F(xy,z)=(y—-2z)i+(z—x)]+(x—y)k, Sis the close surface which is bounded
S

by x* +y? =2z &z=hwhereh>0.

Solution:

For a close surface if the direction of the normal is not specifically mentioned, then it is understood that
the normal is assumed to be outward.

2 2 S h2
S consists of two parts, say, S,: X*+y* =2°, where 0<z<h&S,: {X -y

[[F-dS=[[F-dS+[[F-dS

For [[F-dS, there are two directions which are perpendicular to S, , they are = gradient, i.e. £V :
S

#(xy,2)=2"-x" -y’ :iV¢=J—F(%T+ a¢]+%¥

™ E e j:i(—ZxT—Zy]+22IZ)
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Since the question requires the direction which makes an obtuse angle with the positive direction of z-

axis, —Vg=— (25 85] ?R]=—(—2x7—2y]+22§):2xT+2y]—22E is the direction we want.
z

We project S, : x* +y? = 2%, where 0 < z < h onto xy-plane, we have o, whichis o, : x* +y? <h®.

Then

[[7 05 = [Py = [0+ 20T+ oy
=] X(y =X +y") | (o x] ~(x
g \/x +y? \/X +y°

27| h - _ . _
_ ID[rcosH(r:mH r)+ rsin 49(rr rcosé) —rCOSt9+rsin9err}d9
0|0

(2X|+2yj—22k)dxdy

—y) |dxdy

(rcosesin d—-rcos@+rsin@d—rcos@sin@—rcos@+rsin Q)rdr}de

Il
o'—.'g’
O e >

ote—Y o—3%

win 7

—_—

2
(—2r? cos 6+ 2r*sin H)dr}dez J.(—gr%OSHJr%FsSin 9}‘3 deo
0

27 _
o =0

h®(—cos@+sing)do :ghs(—sin 6 —cos0)

2

= = . [x*+y*<h . .
For ”F -dS, S, is ) whose projection of onto xy-planeis o, 1 x* +y® <h .
Z j—

Since the outward normal to S, makes 0 radian with the positive direction of z-axis so k is chosen.
The projection of S,onto xy-plane, is o, : x* +y® <h?.

So

HF dS = HF kdxdy = H (x—y)dxdy = j } (rcos@—rsin@)rdr do

Oy Oy 0
:T(cosé’—sin 0)§r3‘3d9: f

0

(cos@—sing)dg=0

OOII—‘

Finally we have ”SE-dgz'UE-d§+”E-d§=OD
s, S,
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3 Surface Given Parametrically by Three Equations (Optional)

Let a surface S be given in space. The surface S can be represented parametrically by equations

x=x(u,v),y=y(u,v),z=2(u,v), where uand v vary in a region R,, of the uv-plane.

Let r=x(u,v)i+y(uv)j+z(uv)k,then the surface area element dS is given by dS =

-~ 01- — X+ oOy- o1

where E:§T+—j+—k, L=—i+=j+—K .
ou

ou~ oau o oV~ oV

r,du x rvdv‘ :

Observe that

2

2 |—
I

\

r

I, xr, U

2 — —
sinz(the angle between r, and rv)

2 2 2

—

r

u

—_—

r

\

—Ir

u

r

\

IGEEERICAREC)

2dudv:\/EG—FZdudv,WhereE:(%j +(QJ +(@j : G:(ﬁ_x] +(Qj +(@j ,
ou ou ou

= 4[|t ¥,

F_OXOX Oyoy oror
ouov oOuov oOuov

2 — —
cosz(the angle between r, and rv)

rduxr,dv|= \/(Edu xrav ) {r,duxrdv) = \/(F <1, J(1y <1, Jdudv =, [l ;[ dudv.. And

i [l—cos2 (the angle between r; and 6)}

_(E.g)z
%%+@@+@5_ij
ouov oOucov ouov

ov

The area of the surface then is given by S =>"dS = ” VEG —F?dudv .
R,

Example

Find the area of the part of the upper hemisphere {

x> +y?=1.
Solution:

Using spherical coordinates, the upper hemisphere {X

2 2, 52
xTyre= 4which is enclosed by the cylinder

4 .
can be represented parametrically by

X =2sinpcosd, y =2sinpsing, z=2cose where 0< 0 <2r, OS(pS%.
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X*+yi+2°=4

The part of the upper hemisphere { which is enclosed by the cylinder x* + y*> =1 can be

z>0
represented parametrically by x =2singcosé, y =2singsiné, z=2cos¢e , where
0<0<27, 0<p< % . And % is found by the following way:

X +y>+2°=4 N
2>0 — 72 =3 = 7 =+/3. Therefore Z=ZCOS¢)=\/§:COS¢=73:>¢=

oy

X +y*=1

2 2 2
E = X n % + o = 4c0s” pcos’ @ +4cos’ psin® @ +4sin“p =4
op op op

xY oy *(aY S22 .2 2 .2
G=|—| +| = | +| =—= | =4sin“psin“@+4sin” pcos” 6 =4sin° ¢
00 00 00

F= QG_X+QQ+QQ =4singpcosdcosesing —4singpsindcospcosd =0

9900 090 ¢ 90
So

S= ”\/EG - deq)de:jrfrw/min%d@}dgp
Ry oLo

= 27ri«/16sin2 pdop = 27r_|6.4sin pdo = (8—4@)7:
0 0

Let the surface S be represented parametrically by equations x = x(u,v),y =y(u,v),z=2z(u,v), where u

and v vary in aregion R,, of the uv-plane, the surface integral of the first kind for f (x,y,z) which is

defined on S is given by ﬂ f(xy,z)dS =J'J' f (x(u,v), y(u,v), z(u,v))\/EG — F2dudv, where
S R

2 2 2 2 2 2
E:(ﬁ_xj +(gj +(@j ’Gzia_xj +(gj _}_(gj , F:%a_X_FQQ_FQ@
ou ou ou ov ov ov ouov ouov ouov
Example
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2 2 2
Let the density p (X, y,z)of the upper hemisphere {X Ty _4at (x,y,2) is p(Xy,z) =X +Yy>.

z>0

X +y*+2° =4

Find the mass of the part of the upper hemisphere { which is enclosed by the cylinder

z>0

x?+y?=1.
Solution:

Mass = ” f(x(u,v),y(uv),z(u,v))VEG - F?dpde

II
o'—.m\:\

: 7
sin’ pdg =167 jl cos2¢ =167r(%—¥j€=167z[£—£}
0

Suppose the surface S is represented parametrically by equations x = x(u,v),y =y (u,v),z=z(u,v),
where u and v vary in a region R, of the uv-plane.

Then the unit normals to S at (x, y,z) is

(ayaz_ay&j +(52@<_3z@<jj+(@<@y_@<5yj
. rxr ouév  ovaéu oudov ovéu ou v ovéu

_FU.XFV. X \/EZF\;Z—(E-F\;)Z
a(y,z)i 8(z,x)]+a(x,y)R
o(u,v) a(uv)” o(uv)

(azjz (6x6x oy oy 6282]2
+H = || =+ ——
ov ouov oOuov ouov

@)

The normal chosen is decided by the included angle between the normal and the positive direction of
some axis. For instance, if the normal is making an acute angle with the positive direction of z-axis , then
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o(xy)

we have + a(u v) > 0 and whether the + sign or — sign chosen is depending on the inequality, say if
a(y. z)T+ d(z,x) i a(x.y) "
o(xy) . _ - (uv)  o(uv)” o(uv)
is negative, then n=—
o(u,v) JEG-F?

Example
Let F =i .Find HE .ndS where S is the portion of the sphere x? + y? + z2 =4 enclosed by the planes
S

z:1,z=—J§,{

y=0 X-y=0 - . ) L .
and , N is the unit normal to S pointing to the origin.
x>0 x>0

Solution:
Using spherical coordinates, S, the portion of the sphere x*+y® + z> = 4 enclosed by the planes z =1,

B y=0 X-y=0 .
z=-/3, {xzo and {xzo be represented parametrically by
X =2singcosd, y =2singsiné, z=2cos¢ where OSQS%, %S(DS%Z.
a(y,z)T d(z,x) - G(x,y)R
e 2(0.0)  o(p.0)) " 5(p.0)
[[F-nds = [[F[x(¢.0),y(0.0).2(9.0)]- + —— EG’ = ) JEG-Fdgpds
S Ry -
_ o(y,z)- 9(z,x)- a(x,y)qJ
=||F|X(0,0),Y(0.0),2(p,0)| % I+ j+ k |[dpd&
FDsto0) im0y ato ol G0 S0
%=2COS¢COSQ, %:—ZSin(osiné’
. 1) 06
X=2singpcoséd
y=2singsinfd = ﬂ:2c05(psin6’, ﬂzZSingocosH
1) 00
Z=2c0s¢@
0z . 0z
— =-2sinp, — =0
1) 00

28



d(y,z) [2cosgsingd 2singcosd

= =4sin® pcos@,
2(p.0) | -2sing 0 v
o(z,x -2sin 0 . .
( ): ¢ . |=4sin*psing,
d(p,0) |2cospcosd —2singsind

d(x,y) |2cospcos@ 2singsing
0(p,0) |2cosgsing  2singcosd

= 4sin ¢ cos ¢ cos” @ —4sin ¢ cos gsin® @ = 4sin pCcos .

Observe that the normal n to S makes an obtuse angle with i and

Mz Zcos?sme 2singcosd =4sin*pcosd >0 for 0<o<Z, £<(/)<5—7[
o(e.6) —2sing 0 4" 3 6
therefore, choose {a(y, Z)T+ o(2.x) i+ o(xy) R} as the normal to S .
o(p,0) 0(p.0)" 3(p.0)

As a result,

N _ a(y.z)- 0(z,%) - a(x,y)q}

F-ndS=||F|X(@,0),y(0,0),2(0,0) || — I+ j+ k||dpd8
[F 5= [[F D001 0.0 - 2205, 20 200

o(y,2)- 9(z,x)= a(xy)-

F 0 ,0 I+ + k ||dpdd
] ete o} S el

x(5x

4 6#
:J. jl [ (4sm @ C0s 0 + 4sin? ¢SIH9]+4SIH(/)COS(0K)}d(0 do

\3

z (5% z(57 z

4| 6 4] 6 4 57
='[ '[ —4sin* pcosOde |dO = j IZ cosZgo 1c050d(p dog= jSIﬂZ(p 2(/) 5 cosgdo

of = T 0 3

3 3

T
:_[ sin5—ﬂ—5—ﬂ—sin2—ﬂ+2—)cosed9 (sm5—”—5—ﬂ—sin2—ﬂ+2—”jsin0
0 3 3 3 3 3 3

Z
4
0
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4. Divergence Theorem (Gauss’s Theorem)

The net outward flux of a vector field v through a closed surface S isH\7 .dS. If we take a point P and
S

surround it by a surface S enclosing a volume V we have

Average flux per unit volume = \%”\7 .dS
S

Now let V — 0 so that the volume shrinks to the point P. The limiting value of the average flux per unit
volume is then the divergence of v at P. This gives an alternative definition of divv

= (L1 =
d|vv:\I/|Lrg£\7.gv-de

Divergence Theorem (Gauss’s Theorem):

For any closed surface S, enclosing a region V in a vector field F , _mdivfdxdydz = ”E .dS, that is, the
\Y S

total divergence of F from a volume V = total outward flux of F through S.
Proof:
Divide the volume V into N small blocks 8V, with surface &S,

For each small volume, We have approximately divF = éViJ‘J.E .dS or divFoV, = HE-d§ , that is,
i S;

i 55,

divFéV, = total outward flux of F across &S,. Summing over all blocks and letting N — oo as 8V, — 0

we have LHS = _mdivfdxdydz . For the RHS we observe that flux out of a face of one block equals the
\

flux into the face of an adjacent block, unless that face is part of the surface S. Hence for all internal faces

the flux cancels, leaving RHS = ”E .dS and the theorem is proved.
S
Example
Verify the divergence theorem for F (x,y,z)=xi+y ]+ zk and the region bounded by z = 4-x* -y’

and the plane z=0.
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Solution:

divF =3.
[[[ divFaxayez = H[”jy 3dz] . H(SZ) Y [fa(a- -y oy
\% 51
i 23 rdr do = 3 2ri —— de 3 4d6? 247
X= rcosH 4 0

y= rsmH

Now consider ”E .dS . For the circular “base” we have

”(XT+ yij+ zR)-(—E)dxdy = ”—zdxdy =0asz=0o0n§,.

S S

For the curved surface @ (x,y,2)=z+x*+y> =4, Vp=2xi+2yj+k, ¢, =1

”F .dS = ” (Xl+yj+2k) (ZX|+2y] E)%dxdy: ” (2x* +2y? + 2 Jdxdy

X’ +y?<4 X2 +y?<4

” 2x +2y +4-x° —y dxdy J%r =24r
K +y?sa y= rsm&0

f(4+ rz)rde}dr = 27r(2r2 +%J é

Hence ” F.-dS= _m divFdxdydz
S \%

Example
Calculate ”f .dS where F(x,y,z)= ny+(y2 +e )]+sin (xy)k, S is the close surface which is
S

bounded by z=1-x%,z=0,y=0 and y+z=2
Solution:
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i
i
]
|
|
|
H
|
|

It is difficult to compute ”E .dS directly, by Divergence theorem we compute
S

_ oy +e® i
[[] divFdxdydz = [[] o) , ( )+a(s'”xy) dxdydz instead, where V is the solid enclosed by
v vlooXx oy 0z

S.

The projection of V onto xz-plane is o,, which is bounded by z =0,z =1-x*. So

[ Jj divFdxdydz = Q [ 3ydxdydz = [ D 3ydy}dxdz _ j(lf h 3ydy} dZ]dx ) j (1

N | w

oL 0 -1\ 0 -1\ 0

(2- z)2 dz]dx

X = —%H(xz +1)3 —8}dx = —%j[xe +3x* +3x° —7]dx = —j[[x‘3 +3x* +3x° —7}dx
1 - 0

1

If you prefer to project V on xy-plane, m'divfdxdydz should be as follows:
\Y

2

i : z=1-Xx
We observe that the surface z =1— x*and the plane y + z = 2 intersect at the line { and the

y+z=2

projection of the line on xy-plane is y +1—x* =2 < y — x* =1. The projection of V onto xy-plane is Oy

which consists of two parts, say, o,, =0, +0,, . 0'_Xy is bounded by x=-1, x=1, y=0,y-x*=1 and

o, isbounded by x=-1, x=1, y—x*=1, y=2.And over a_xy the upper surface of the solid is

z =1-x”and the lower surface is z=0. Over O-_xy the upper surface of the solid is y+z =2 and the

lower surface is z=0. Thus
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(fovires - H{ j 3ydz}dxdy+ ﬁ{ i 3ydz}dxdy jﬁ {ngydz]dy]dﬂju[Tgydzjdy}dx

O oy L 0 1l o \ o0 -1

[ Tavtaosos e ] o

-1 0 -1 1+x?

, dx

3y(2- y)dy}dx J'[2(1+x2)2(1—x2)jdx+.|'(3y2—y3)2

1+x
-1

j.g(l—k x2)2 (:I.—)(Z)dx—l—j.(4_3(1+ X2)2 +(1+ Xz)s)dx

3(1+2x" +x* ) (1-x*)dx + 2Jl‘(4—3(1+ 2x% +x* )+ (1+3%° +3x* + XG))dX
0

1

]

0

1 1 1
:_"3(1+x2—x“—x‘s)dx+2'[(2—3x2+x6)dx:j(7—3x2 —3x4—x6)dx

0

Example — Gauss’s Law

Gauss’s law for an electric field states that the total displacement flux (of SOE ) through a closed surface
equals the total charge within the volume enclosed by the surface, that is,

” goﬁ dS = _mp dV , where E is the electric intensity and p is the charge density.
S \Y

Proof:

Applying the divergence theorem to the LHS gives ” &E-dS = m'godivﬁdv = _mp dV . Since the
S \% \%

region V is arbitrary, it must be true that godivE = p, thatis, divE = £ one of Mxwell’s equations of
&y
electromagnetism. Since E =—V¢ where ¢ is the electrostatic potential, —div grade = ~P or
&
P ¢ 0* 0
V-Vp=V’p=—L, V?=—+—+— which is Poisson’s equation. In a region of no charge
& ox® oy- oz

(p =0), the electrostatic potential satisfies Laplace’s equation V*p = 0. These are important equations in
electromagnetic field theory.
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5  Stokes’ Theorem

Stokes’ Theorem:

For any open surface S, having a closed curve C as its edge, in a vector field ”curlf .dS = mE .dr that
S C

is, the flux of curl F through an open surface S = the circulation around the boundary curve C.
Proof:

Divide the surface S into N small patches &8S; with edge 8C; and normal . . For each small area 5S; we

. - = 1 = - - — = =
have approximately curlF, -n, =S Dj F-dr or curlF -noS, = []j F-dr.

i 6C; 5C;
Summing over all patches and letting N — o as &S, — 0 we have LHS = ” curl F -dS . For the RHS we
S

observe that the flow along an edge of 8C, is equal and opposite to the flow along that edge of an
adjacent element, unless that edge is part of the boundary C. Hence for all internal edges the flow cancels

leaving RHS = [ﬁf -dr and the theorem is proved.
C

N-—>w as &5, >0

Example

Verify Stokes’ theorem for F = 2xyi + x? j — xk where S is the hemisphere x* +y? +22 =1, y>0

i j k
vxF=| 2 2 27

oX O 0z

2xy  X* =X
Solution:

We project S onto the xz-plane where S, is the disc x* +z® <1. We choose the outward normal which

makes an acute angle with j . Thus for ¢(x,y,z)=x*+y*+z*=1 we choose
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Vo= 2Xi + Zy] +2zk, p,=2Y.

[Joun-as= [[ ] ZX'+2yJ+22k dz= [[ 1oxdz=r

x2+22<1 x2+22<1

C is the circle x* +z? =1 in the xz-plane. According to Stokes’ Theorem, looking from the positive
direction of y axis the direction of the line integral along the circle x* +z? =1is anticlockwise. Let the
parametric equations of C be z =cost,x=sint,y=0,0<t<2xn

Ujf-d?:T(nyT+x2]—xR) (%H%J %kjdt_ jsinztdt:ﬁ
C 0

Hence the theorem is verified.

Note the positive direction of C taken in the zx-plane, relative to the normal of S,

c (T

Example

) ) XZ + y2 — a-2
Compute g:j drwhere F =(y- z)|+(z—x)j+(x—y)k and C is the ellipse §+£=1, where a.h>0

a h

The direction of the path C is anticlockwise when looking from the positive direction of x-axis.
Solution:
For Stokes’ Theorem, the index finger of the right hand represents the direction of the line integral along
the curve, the middle finger of the right hand points to the interior of the open surface which is enclosed
by the curve, that is, the boundary of the open surface and the thumb finger of the right hand represents
the normal to the surface which is closed the boundary. Notice the three vectors form a so called positive
triple.
According to Stokes’ Theorem we instead compute the corresponding surface integral rather than the line

integral. By Stokes’ Theorem mf dr = chrlE .dS , where S is the open surface with C as its
C S

boundary.
i ] k
curlE=det| & 2 92 =-2i—-2j-2k
oX oy oz
y—2z Z—X X-—Y
X Z a¢ @ 1- 1=
ThenormaltoS: @(x,y,z)=—+—=1Vd(X,y,z)== K |=+] —i+-k
¢(y)ah ¢(y)(ax azj(ahj
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Since the direction of the line integral along the path C is anticlockwise when looking from the positive
direction of x-axis and we are going to project the surface onto xy-plane according to Stokes’ Theorem,

we have to choose +V ¢, that is, ET+%R . S0
a

[C[]E.dF:jsjcur|E.d§=jsj(—27—2]—2k).d§= ] (—ZT—ZT—ZR)-MO'XO'Y

x2+y?<a’ ‘1
h
_U ( —2i— 2]—2k) (gwk]dxdy— ” (—zh—Zjdxd =-2 J'J- dedy
x2+y?<a? x2+y?<a® x2+y?<a®
:_zwz—zna(Ma)

Example — Green’s Theorem in the Plane

If the region S lies completely in the xy-plane, and F = F17+ in , thencurl F = [ﬁ —

IR, ds = Kaxdy
ox oy

and we have

= = oF, OF |- = oF, OoF — - ~
J.S'[curIE-dS='|-§[(8—X2—Eljk~dxdyk= I[a—;—ﬁjdxdyﬂpF-d @(FI—FF J) (dX|+dyJ)

= []j Fdx + F,dy
Cc

giving o _HK dxdy = F dx + F,dy , which is known as Green’s Theorem in the Plane.
S El El

Example

Faraday’s Law for a time-varying electric field states that the tangential component of E, the electric
intensity, measured around a closed curve C equals the negative rate of change with respect to time of the
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total magnetic flux through any surface bounded by C, that is, mE dr = —%H B-dS, where B is the
C S

magnetic flux density.

Solution:
Applying Stoke’s theorem to the LHS gives mE dr = ” curlE -dS.
C S

Hence, H curlE-dS = H—% .dS and since the surface S is arbitrary we have curlE = —%—? :
S S

This is another of Maxwell’s equations.

Example

(a) Let E=(y2 —22)T+(22—x2) j +(x2 - yZ)R.

Find a vector field H = h, (x,y,2)i+h,(x,y,2)j +hy(x,y,z)k with hy(x,y,z)=0such that

F=VxH.
(b) Compute mﬁ .dr where C is the path which is the intersection of the plane y+z =1 and the faces
C

y=1

2
of a surface formed by y=x and
-1<x<1

. The direction of the line integral mﬁ'dF along
-1<x<1 C

the path C is clockwise when observing at the point (0,2,0).

Solution:

(@)

F=(y*-2)i+(2"=x*)j+(x*~y*)k . Observe that V-F =0.

i j k

V xH = det o 0 0 |_ oh, oh, T+(5h1_5hs)]+ oh, oh K
oXx oy oz oy oz 0z  OX ox oy
h ~h, h
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F=VxH andh,=0=(y*—2*)i+(2" —x*) j+(¥* -y’ )k =- oy oh JJ{Q_%);

oz oz oX oy
oh
2_,2__Yh
y 0z
That is, zz—xzzﬂ
0z
2 yz_ahz_%
ox oy
3
3
ey ML o) X
ox oy ox 3
Thus, h —2—3—y22+x—3—><y2
y 1 2 3 )

3 3 3
So, H :(%—xzz]i+[%+%—yzz—xy2J j. (Notice that H is not unique.)

(b)
According to the Stokes” theorem, we have[f|H -dr = [[VxH-dS = [[F-dS, where S is the surface
S S

Cc
lying in y+z =1 with C as its boundary.

According to the right hand rule, the normal to S makes an obtuse angle with k .
#(X,Y,2)=y+2=>£tVg= i(] + R). We choose V¢ = —(] + R) and observe that |¢,|=1.

The projection of S onto xy-plane is the region in xy-plane bounded by y =x*, y=1.

:ﬂ[(yz—zz)T (22 =x*)j+(x* -y )R}-_(]T@dxdyzﬂ(xz—22+y2—x2)dxdy

Oxy

:g( ~ 2% Jdxdy = ﬂ[ ~(1-y)" iy = ﬂ 2y —1)dxdy = I{I 2v—1)dY}dX=_jl(y2‘y) xlz
:j'l(xz—x“)dx:jZ(XZ—X“)dX [%—%j

dx

1 2 2 4

0 3 5 15
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