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Question 1

Consider the conic section described by the equation 4z% + y? + 24z — 4y + 24 = 0.

(a) Classify its type.
(b) Find its center, vertices, and foci.

(c) Sketch its graph.

Question 2

4r + 3
Let f(z) = e

(a) Show that f is one-to-one in its domain of definition.
(b) Calculate f=1(—2).

(c) Find the domain and range of f~1(z).

)

(d) Sketch the graph of the curve y = f~1(z).

Question 3

(a) Show that sin(3z) = 3sinz cos® z — sin® z.
(b) Find, in radians, the general solutions of the equation

sin(3z) + cos(3z) + 1 = 0.

(Hint: To solve questions (a) and (b), you may use the formulas:

(3 marks)
(5 marks)

(3 marks)

(3 marks)
(2 marks)
(4 marks)
( )

2 marks

(3 marks)

(3 marks)

sin(A + B) = sin Acos B + cos Asin B, cos(A + B) = cos Acos B — sin Asin B

A+B A-B

sin A + sin B = 2sin cos , cos A+ cos B = 2cos

2 2

23 —3
Let = .
(© Let f(z) = o

(i) Express f(z) in partial fractions.
(ii) Find f®(z).

A-B

5)

(3 marks)

(3 marks)



Question 4

Consider the function f(z) = z?Inx.

(a) Find its domain of definition and the interval on which f(z) is positive. (2 marks)

(b) Calculate 1iI(I)1+ f(z). (3 marks)
(c) Find the inflection point of f(z). (3 marks)
(d) Find the minimum value of f(x). (3 marks)

Question 5

1 i/lnz
(a) Compute lim (ﬁ) . (4 marks)
T-+00 xT
(b) Let f(z) = 2] cos(r'/*) for z # 0. How should f be defined at = 0 so that
24+ V2 +3

it becomes a continuous function on all R? (4 marks)
(c) Show that the equation z° + 2% + 2z = 2z* + 322 + 4 has a solution in the open

interval (2, 3). (3 marks)

Question 6

Differentiate the following functions about the variable z:

2%+ 2
(a) 7 (2 marks)
72
(b) sin™? (%—), (3 marks)
6 + sin? )10
(c) In (—(7—_—}_—(:@%3—; (3 marks)

(d) (sinz)®?"=. (3 marks)



Question 7

) r = 5/5 sin®t, . . .
The graph of the equation for ¢ € [0, 2] is one of a family of curves

y = 55 cos’ t,
called astroids; see the following figure.

y
X
dy o dPy .
(a) Find . and e at the point (-1, 8). (6 marks)
(b) Find the tangent line at the point (-1, 8). (3 marks)

Question 8

A farmer has 100 pigs each weighing 300 pounds. It costs $10 a day to keep one pig.
The pigs gain weight at 10 pounds a day. They sell today for $15 a pound, but the price
is falling by $0.2 a day. How many days should the farmer wait to sell his pigs in order
to maximize his profit? (11 marks)



Question 9

Let f(z) = sin(sinh ™" z).
(a) Show that (4 marks)
(1+2%)f"(x) + 2 f'(x) + f(z) = 0.
(b) Let n be a positive integer, show that (5 marks)

(1+2%) " (z) + 2n+ D fO (@) + (n° + 1) f™(z) = 0.

(c) Hence, or otherwise, find the Maclaurin series of sin(sinh™ ) as far as the terms
in z°. (4 marks)



Short Table of Derivatives of y= f(u) with respectto x,where u isafunction of x

Functions, y= f(u)

Derivative of y with respectto x

y=c,where ¢ isa constant. %:0
y =cu,where ¢ is a constant. é}i:cgi
dx dx
. dy 1 du
=u?, where is a constant. — = puf” —
y=u p Ix P .
y=u+v fd:}izgf‘_ dv
dx drx dx
y=uv A
dx dx dx
du dv
u -y
y=—; dy_ dx dx
dx v
y = f(u), where u isa functionof x. 2=m-§y—,the chain rule
dx du dx
dy 1 du
=log,u, a>0. < =Zlog,e—
g £ dx u dx
dy du
=a", a>0 —=qa"log,a—
y I 8. o
yzeu é__):’_zeu du
dx dx
dy vldu v
=u" — =y —+u’ log,u—
y=u = v g, =
. dy du
y=sinu == COSU—
dx dx
y=cosu gy—————sinuil—u—
dx dx
y——-tanu gX:seczu.é}i
dx dx
y=cotu Y = ——coser:?‘ugl'i
dx dx
y=secu fi—},i:secutanu———
dx
y =cosecu Y = —COosecy cotu—c-i—tf
dx dx
- __ 1 du
y=sinu U
-1 (_i)_)_ -1 _d_zf.
y=cos" u & flogt dx
d
y=tan"u &__1 2—3
dv 14y dx




Functions, y= f(u)

Derivative of y with respectto x

=cot™ u A
Y dr 1+ de
o 1 du
y=sec u dx tu’\/uz—-—_ldx
4 __ 1 du
y=cosec u dx !u]\/u_z_jdx
y=sinhu 9—Z=coshu2‘—
dx dx
y=coshu ii2}-==‘si.nhu—(§£
dx dx
y=tanhu Y_ sxachzufl-li
dx
y=cothu EX:—.— cosech’u—
dx
y=sechu éJi:—-sechutanhufl—bi
dx dx
y=cosechu 512}---z--cosechucothu—qz—l—
dx dx
o d 1 du
=§ —_= —_—
r=s ’ dx  144® dx
h—l _S‘_'})_— 1 -(ili
y=cosh™ u o dx
dy 1 du
=1 - = —_—
y=tanhu A 1-u dx
_ dy 1 du
=coth™ —— —_
ymeom dr 1-u’ dx
h—] E’})..—-._______..___..l _C}_I:l_
=t & i &
dy 1 du

y = cosech™u

dx ‘u!\/uz +1—d—;
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