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3.1 Basic Logic Gates

Dr. Ricky WH Lau

* The term gate describes a circuit that performs a basic

logic operation.

Conventional Input Output
numerical / F(x) S
-t 123 _ 1,2,3 ...
Function
Logic operator/ Input Output
function F(x)
1,0,1 .... 10or0

Operator

Binary decision output e.g, Yes/No ; True/False and 1/0 .

All input of logic gate must be connected either “0”, “1”

or an output of another logic device
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Logic Operator

Dr. Ricky WH Lau

OR gate AND gate NOT gate
Binary/Unary Binary Binary Unary
operator ?
1. 1
Symbols 1.+ 2. A 2. ~
2. v 3: absence of an operator 3.~
1 a+b l:a-b 1: &
Examples 2'_ a b 2:anb 2: ~a
-av 3: ab 3a
Logic Gate — ‘/\
Symbol | ‘D”*

Truth table of OR Truth table of AND
ab a+th ab ab
00 o) OO0 o)
01 1 01 o)
10 1 10 o)
11 1 11 1

Truth table of NOT

o
ol |8l
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Logic Operator

Operation | NAND NOR XOR XNOR
a b (aby’ |[(a+by | a®b | a®b
O O 1 1 0 1
O 1 1 0 1 0
1 O 1 0 1 0
1 1 0 0 0 1
Logic Gate R P
smval | > > [

> = D
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3.2 Boolean Algebra

*A set of element S with at least two different
elements (x , y) satisfying binary operations (+)
and (-) .

*For Boolean algebra in which $={0,1}, the
formulation is referred as switching function.
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Basic Postulates

Ifx,y €S,

X+y=y+X

Xy =Vy-X commutative
Ifx,y,z eSS,

K+ (Y +2) = (x+Y) +2

X-(y-2) = (x-y)-2 associlative
Ifx,yzeS,

X-(y+z) = (x-y)+(x-2)
X+ (y-z)=(Xx+y)-(x+2z) distributive
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Distributive Law

oot X yz=(x+Y) - (x+2)

XYz
000
001
010
011
100
101
110
111

<
N
N

X + Y-z X

<
X

(x+y)- (x+2)

R O|OC|O|FL,|O|O| O

RlkRr|[R,|RP|R|O|l|O]| O

RlRr|R|R|[R|R|oO|O]| +

RPlRr|(RP|Rr|RP|O|R,R|O]| +
RP|lRr|lR|R|R|O|O|O
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Duality

Dr. Ricky WH Lau

° If an expression is valid in Boolean algebra, the dual of the

expression is also valid.

* Principle of duality:

0-x=0 1+x=1
1-X=X O0+Xx=X
XX = X+ X=X
X-x'=0 X+x'=1

The expressions are interchangeable by replacing “0” by “1” and “+” by “ . ” .
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Theorem
l[dempotent

X+ X=X X+ X=X
Involution

(x’)’=X
Absorption

X+XYy=X X (X+Yy) =X
Logical adjacency

Xy+xy’ =X
DeMorgan (X+Yy) = X ; x—y = X+ ;

 The complement of sum is equal to the product of the complement
* The complement of product is equal to the sum of the complement
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DeMorgan’s Law

Dr. Ricky WH Lau

XY |X+Y| XY
00 1 1
01 0 0)
10 0) 0)
11 0 0)
XY XY | X+Y
00 1 1
01 1 1
10 1 1
11 0) 0)

Note that X +Y #X +Y and XY =XY , avery common mistake !!

10
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3.3 Logic Circuit and Boolean Expression

For a Boolean function f(x,y,z)=xy’+x’z’ , its logic circuit is:

X — ) Xy’
y ' AN
D [ «—— a2-level circuit

) x'z'

1% level b 2" level

or

L,
=

11
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Analysis of a logic circuit

C — CD
D —

B+ CD
B

A

\— A(B + CD)

* Write down the output expression from all logic
operators
* The Boolean function of this circuit is A (B + CD)
(this is a 3-level circuit)
« Construct a truth table for above logic circuit

12
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Truth table for a logic circuit
(showing the output for different input pattern)

g— cD Completed solution for
1 P a logic circuit design
B must include:
A(B + CD)
A j 1. Boolean Algebra
2. Clreuit scHCt
" Decimal | Hexadecimal | A1 B | C | D | A@:cD) ESEUGEECEE
e o 0o 00 0
0 0 0 1 0
0 0 1 0 0
0 0 1 1 0 For the truth table,
0 1 0 0 0 find the output as a
2 1 2 _ D following:
0 1 1 0 0 .
0 1 1 1 0 1. Wr1t§ doyvn all
1 0 0 0 0 possible input
1 0 0 1 0 combinations
1 0 1 0 0 2. Write down the
1 0 1 1 1 final stage output
1 1 0 0 1 (i.e. A( B + CD))
1 1 0 1 1
1 1 1 0 1
1 1 1 1 1 13
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Boolean function — Truth Table

Example: f(x,y,2)=xy’+x’z’

Input(s) Output
XV z xy’ X'z’ xy’ + X7’
000 0 1 1
001 0 0 0
010 0 1 1
011 0 0 0
100 1 0 1
101 1 0 1
110 0 0 0
111 0 0 0
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Truth Table = Boolean function

Inputs

Output

QD

RIPIPIPIOIOC|IO|O
RP|IPIO|IOCO|FRP|([P|IO|O|T
RPIOCOIRP|IO|IRP|O|FRL[O|O

oO|0|Rr|P|IO|IOC|(FL|O

pe

@
@

Collect the input combination that output a “1” :

f is1if{(a=0)AND (b =0)AND (c = 1)} OR
{(a=1) AND (b =0) AND (c = 0)} OR
{(a=1) AND (b =0) AND (c = 1)}

f(a,b,c) =a'b’c + ab’c’ + ab’c

\ J
|

Is it the simplest form?

15
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Application of Boolean Algebra - simplification

= -
=P &
B +A4C
CD:E} B —) >
(a) (b)

Prove that the above Circuit (a) is equivalent to Circuit (b).

Solution by Boolean Algebra Simplification
AB + A(B + C) + B(B + C)
=AB +AB + AC + BB + BC

=AB+AB +AC + B +BC BB=B Idempotent
=AB+AC + B+ BC AB+AB=AB Idempotent
=AB+AC+B B+BC=B Absorption

=B+ AC AB+B=B Absorption

16
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3.4 Logic Function - SOP and POS

Logic functions are generally expressed with least
number of literals (variables).

* Sum of products (SOP)
f(a,b,c,d) =ab’c + b’d’ + a’cd

® Product of sums (POS)
fla,b,c,d) = (a’+b +c)(b’+c+d’)(a+C’)

17
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3.4.1 Minterm and Maxterm

Minterm :- For a function of n variables, if a product term contains all n
variables exactly one time in its complemented or uncomplemented

form, the product term is called minterm. Complement = 0 and
Uncomplement =1.

f(A, B, C) A B C A’'B’ or AABC

Maxterm :- If a sum term of a function of n variables contains all n

variables exactly one time in its complemented or uncomplemented form,
the sum term is called a maxterm. Complement = 1 and Uncomplement =0.

f(A, B, C) A+ B+ C A+ B’ or A’+B+B+C

Noted that the minterm and maxterm cannot be simplified.
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Minterms and maxterms for 3 variables logic function

Minterms Maxterms
X y Z Term designation term designation
0 0 0 xy'z’ m, X+y+z M,
0 0 1 x'y’z m, x+y+z’ M,
0 1 0 xyz’ m, X+y' +z M,
0 1 1 X'y m; x+y' +z’ M;
1 0 0 Xy'z’ m, x'ty+z M,
1 0 1 Xy’z m; x'+ty+z’ M;
1 1 0 xXyz’ my X'ty t+z M,
1 1 1 Xyz m, x'+ty +z’ M,

The number of minterms and maxterm of a logic function of n variables
equals to 2", e.g. f(a,b,c,d) = 16 minterms (maxterms);

f(a,b,c,d,e) = 32 minterms (maxterms).
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3.4.2 Canonical form

The canonical form of a logic function is a
presentation in either minterms or maxterms.

In minterm form (with logic output “1”):

f (A B,C)=ABC+ ABC + ABC + ABC

A’BC’ 010 m,
ABC’ 110 M,
A’BC 011 m,
ABC 111 m,

f(A,B,C)=my +mg+mg +my
Canonical form f(A B,C) = Z m(2,3,6,7)

Noted for minterm: Complement = 0 and Uncomplement = 1

20
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In maxterm form (with logic output “0”):

f(AB,C)=(A+B+C)(A+B+C)(A+B+C)(A+B+C)

A+B+C 000 M,
A+B+C’ 001 M,
A'+B+C 100 M,
A'+B+C 101 M

f (A B,C)=MoM;M4Ms
Canonical form f(A,B,C)= H M (0,1, 4,5)

Noted for maxterm: Complement = 1 and Uncomplement =0

21
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Canonical SOP representation:

f(a,b,c)=a+hc
=a(b+b)+hc(a+a)
=ab(c+c)+ab(c+c)+bc(a+a)
— abc + abc + abc + abc + abc + abc
=m, +m, +M; +Mg +Mm,
f(a,b,c)=> m(L45,6,7)
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Canonical POS representation:

f(X,V,2)=Xy+ Xz
= (xy + X)(Xy + 2) = (X + X)(y + X)(X + 2)(y + 2)
= (X+Y)(X+2)(Yy+2) = (X+ Y+ 22)(X+ 2+ YY)y + Z + XX)
=(X+Y+2)(X+Y+2)(X+ 2+ Y)X+ Y+ 2)(X+ Y+ 2)(X+ Y +2)

=(X+Y+2)(X+Y+2)(X+ Y+ 2)(X+Yy+2)

f(x,y,2)=MgM>,M,Mg =T1IM(0,2,4,5)
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Conversion between canonical forms

Relationship

maxterm, = minterm, (i.e. M = m))

minterm;, = maxterm, (i.e. m; = M)

e.g. output of M, = "0”
output of M3 = "1" = m,
My’=(@+b +c)
=a'bc
— m3
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Dr. Ricky WH Lau

Canonical form conversion: SOP & POS

For minterm representation (choose all the terms

with output 1):

f(X,V,2) =X YZ+XY Z+XYZ+ XYz

f(X,y,2)=m+my +mg+m; =>m(1,4,57)

For maxterm representation (choose all the terms

with output 0):

f(X,Y,2)=XYZ+XYZ+XyZ+Xyz

XYz f(X,y,2)
000 0
001 1
010 0
011 0
100 1
101 1
110 0
111 1

f(X,y,2)=f(X,Y,Z) =X Y Z+XYZ+XYyZ+XyzZ
= (X+ Y+ 2)(X+ Y+ 2)(X+ Y+ 2)(X+ Yy +2)
f(x,y,2) =M ,M,M,M, =11IM (0,2,3,6)

Noted that for maxterm the uncomplemented variable = 0,
complemented variable = 1
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3.5 Structure of one gate type
Universal gate: NAND gate

—

D

I~
D

B

A+B

st -
353{3’

—

26
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Universal gate: NOR gate

27
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NAND implementation

Modify the Boolean function to get rid
of the “OR” operation

+aC

I
%I

f(a,b,c)
=ab+ac
B -

D

1
-

Note inverter can be implemented using NAND gate.

28
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NOR implementation

Modify the Boolean function to get rid
of the “AND” operation

f (a,b,c) =(a+b)(a+c)

= (a+h)(a+c)

- — a

—a+b+a+c b

>
>

=Y

Note inverter can be implemented using NOR gate.
29
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3.6 Logic gate with “active LOW” input

Most logic gate will use “active high” logic as input, i.e.

Logic “1” = HIGH Logic “0” = LOW
“1” “1” “17 “0”
“0” “0” “0” S
Buffer Inverter

Some logic gate will use “active low” logic as input, i.e.

Logic “1” = LOW Logic “0” = HIGH

0" I > “1” _
u1 ” “O” — 4><%‘>~

DEMORGAN INVERTER
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NOR Gate to AND gate with active LOW input

X+Y=X-Y

il A
: X
. i B >O—_
>O_7

ol

o
~i

XY X Y X+Y X-Y
0 O 1 1 1 1
0 1 1 0 0 0
1 0 0 1 0 0
1 1 0 0 0 0

31
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NAND Gate to OR gate with active LOW input

X-Y=X+Y

_ R, O o X
L, O B O =
© o r +— X



