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Instructions to candidates:

1. This paper has TEN questions.
2. Attempt ALL questions.
3. Each question carries 10 marks.
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Question 1

The functions f(x) and g(x) are defined by
flx)=x*=1 ,for x20 ,
g(x)zx/; ,for x20 .

Find, in a similar form
(a) the inverse function [ (x) , ‘ (5 marks)
(b) the composite function (g of )(x) (5 marks)

In each case state the largest possible domain and the range of the function.

Question 2

Evaluate the following limits:

(a) liml:—@;(—?)f—)— , (3 marks)
x—0 x

. 1-x°

(b) lim > (3 marks)
oo ] 4 x

(¢) lim 1.3 (4 marks)
=0\ x  3x+2x*)

Question 3

(a) Acircle has equation x>+ y? —2x—4y—-20=0.
Find the equation of the tangent to the circle at the point P (— 3, 5). (5 marks)

(b) Let Q(x,,y,) be apoint outside a circle, x*+y*>=r*,andlet y=mx+c be the
equation of a tangent drawn from Q to the circle.

Show that (r2 - xlz)mz +2x,y,m+ (r"‘ —~ ylz)z 0. (5 marks)



Question 4

(a) A Greek Mathematician, Archimedes
(287-212 B.C.) proposed a method to compute
an approximation to the value of =.

Given a circle of radius r units, he calculated
the perimeter of inscribed and circumscribed
regular hexagons as shown in Figure 1, thus
obtaining lower and upper bounds for the
circumference of the circle (= 27z units) .
Find the perimeters of hexagon ABCDEF and
hexagon PQRSTU, in terms of r.

Figure 1 (5 marks)

(b) Find the smallest positive value of x which satisfies the equation

2cos’x+3cosx+1=0 . (5 marks)
Question 5
Differentiate with respect to x :
(a) 3(5x—-1 +4/x , x>0 ; (3 marks)
(b) ™ cos(3x) ; (3 marks)
(c) X (sinx)‘ , x#0 . (4 marks)
x
Question 6
(a) A curve has parametric equations x=¢+sint , y=1+cost , where ¢is the parameter .
. dy d’y .
Find — and — intermsof ¢ . (5 marks)
dx dx
(b) Find the seventh derivative of (x2 —-x+ 3)e‘2x with respect to x . (5 marks)

(Hint: Leibnitz’ rule: For any functions « and v whose derivatives up to the nth order exist,
(UV)(")=,, Cou(")v(°)+n Clu("_l)v(’)+n Czu("'z)v(z) + .., Cru("")v(’) + .t Cnu(o)v(") , where

1
.C = _(__..’?.5'__7 ’ u® =y , v =y and 4" , v") are the rth derivatives of « and v,
n—r)lrl

respectively, for r=1,2,3,...,n .)



Question 7
3 7.2 _
Express X x4 3x -4 in partial fractions. (10 marks)
(x2 + 1)2
Question 8
o nd’y  dy . - .
(@) If y=cos™ x ,show that (1 - X )Ex——{ - xa =0. Byrepeated differentiation of this

result and use the Maclaurin series of y = (x), find the series of cos™ x in ascending

powers of x as far as the term in x” . (7 marks)

(b) Using the result in part (a), find an approximation to the value of 7, giving 5 decimal
places in your answer. (3 marks)

Question 9

A right circular cylinder is inscribed in a sphere
of radius R cm as shown in Figure 2.

Find the dimensions of the cylinder if it is to
have maximum volume. :

(10 marks)
Question 10
(a) Prove from first principles that %(}9 ) =3x" . (4 marks)
(b) Let F(x)= |cosxl ,for xeR.
Determine whether F (x) is differentiable at x =0. Give your reason. (6 marks)

(Hint: You may use cos26=1-2sin’8.)



Short Table of Derivatives of y= f(u) with respectto x,where u is a function of x

Functions, y = f(u)

Derivative of y with respectto x

y=c, where ¢ 1is a constant. 512;—=
dx
y =cu,where ¢ isa constant. ﬁi—J;—zc—(lli
dx dx
. dy o du
=u”, where S a constant. = puf” —
y=uf where p isa . )4 &
y=u+v 5‘1:9_11+§3
dx dx dx
- dy dv du
y=uv = Y Ve
dx dx dx
du dv
u V— —U—
y=-= dy__dx
v dx v
y=f(u),where u isa functionof x. El—y~=~(—1-—£g—l—)-£lﬁ,the chain rule
dx du
dy 1 du
=log. u, a>0. — =-log e—
Y=ok & e
y _ . du
=" >0 —=ga"log, a—
y a 2 a dx ge dx
o _c}_}_i__e,,du
’= dr  dx
dy vldu v
=y’ —=vu —+u log u—
y=u In g.
. dy du
y=sinu — =CoSU—
dx dx
_ dy . u
y=cosu e = — SN Y ——
dx
y=tanu £1—}i:seczu—li
dx
y= cotu _(.1:}).. = “COSGCzu-—-—
dx
y=secu — =gsecutanu—
- dy
y =cosecu ~=- = —CcoSecuU cotu—
dx
. dy__1 du
y=Ssm u dx mdx
- & __ -1
y=C0s Uu dx mdx
-1 d | du
y=tan ‘u =

dx 1+u2—é;




Functions, y= f(u) Derivative of y with respectto x
_ d 1 du
a . 1 d
» dy 1 du
y=Cosec u ‘d;"“WTT:'—IE;
y =sinhu %=coshu%xu—
y=coshu il}}-=Sinh1ft£l-u—
y=tanhu %=seeh2u%
y=cothu Y ——cosechzu—qy—
dx dx
y=sechu ~—}-}-=—sechutanhu%
y =cosechu Y = —cosech ucothu fl——’{
dx dx
o dy 1 du
y=SlI’1h u ?‘;—ma
o dy 1 du
y=cosh™ u a—\/u—z—_—lgx‘
- d 1 du
o —
dy 1 du
== t -1 — == v
y =coth u dx  1-u dx
h—l _d_}i___—}w_—ili
y=sech u . ot e
o 1 du
y =cosech™ u dx [“l 211 dx

-END -




