MA1300 Assignment # 10

1. Suppose that a function f is continuous on [a, b] and f”(z) exists for every = € (a,b). If f(a) = f(b) =0
and f(¢) < 0 for some point ¢ € (a,b), prove that there exists some £ € (a,b) such that f”(£) > 0.

2. Suppose that a function f is continuous on [a, b] and the derivatives f’(a), f'(b) exist. If f(a) = f(b) =
0 and f’(a) - f'(b) > 0, prove that there exists some £ € (a,b) such that f(£) = 0.

3. Let f be a continuous function on [a, b]. If it is differentiable on (a,b), and it satisfies

f@)- 50 =0, f@-f(“50) <o

prove that for every real number [ there exists some & € (a,b) such that /(&) = Bf().

4. Let f be the function given by f(z) = -=%—. Find f((z) for any positive integer n and x # 2, —1.
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5. Let f be a continuous function on the closed interval [a, b] such that f(a) = f(b) = 0 and f”(z) exists
for every x € (a,b). Prove that for every c € (a,b), there exists some point £ € (a,b) such that

76 = T e~ aye v

6. Let f be a second differentiable function on [0, 1] satisfying f(1) = 0. If we define a function F' by
F(x) = 22 f(x), prove that there exists some ¢ € (0,1) such that

F'(§) =0.

7. Assume that the function f is continuous on [a, b], differentiable on (a,b) and f'(x) # 1. If f(a) > a
and f(b) < b, prove that the equation

flx) ==

has one and only one root on the interval (a,b).

8. If f and g are differentiable functions on [a, b] such that

g'(x) #0,

prove that there exists some £ € (a,b) such that

JO=: and  f(2)=2,



prove that there exists some & € (1,2) such that

10. If f is a differentiable function on [0, ¢] such that f(0) = 0 and f’(z) is decreasing, prove that for
any a, b satisfying the restriction

O<a<b<a+b<e,

there holds
f(a)+ f(b) > fla+b).



