MA2001 Differential Calculus of Multivariable Functions

1 Introduction

Quantities of interest in real problems usually depend on more than one variable.

Examples

(a) The height of the ground at map coordinates (X, y) might be expressed mathematically as
Height =h(x,y).

(b) The temperature in a lecture room varies with position and time, Temperature = T (X, y,z,t).

(¢) The volume of a rectangular box of length x, width y and height z isV (X, Y, Z) = Xyz.

(d) The magnitude of the electric potential U (X, Y, Z) due to a uniformly charged sphere with total

Q

————, X*+y*+2°>a’ , where a is the radius of the sphere.
4re, (x +y +z )

charge Ois u(x,y,z)=

These are all real-valued functions of real variables. In general we have z=f(x,X,,---,X,)=f (;(T),

. . . . =T\ .
where X, X,, -, X, are the independent variables and z is the dependent variable. f (X ) 1s a scalar field.

It is possible to visualize a function of two variables (a surface in 3-D space) by drawing its graph. One

way is to draw a contour map. A level curve of f (X, y) is a set of points (X, y) for which f (X, y) =cC,

where c is a constant.
A collection of level curves then forms a contour map (as in the familiar contour maps produced by map

makers).

Examples
(a)



Level curves of a function are defined in the same manner as one obtains contour lines for a topographical
map.
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Contour map

(b)

Contour map

Same level curves for the function f (X, y) =x*+y°



(©)

Level curves shown on the graph of f (X, y) =x*+y?

Level curves for the function f(X,y)=x*-y
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Some level curves on the graph of f (X, y) =x"—y?

Computer generated graphs usually show lines for which x is constant and lines for which y is constant in

order to give a picture of the surface.

Examples
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Part (a) shows a computer-generated graph of z = x* — y?. Part (b) shows this graph with level curves
lifted to it.



2 Limit, Continuity and Partial Derivative

The concepts of limit, continuity and derivative naturally generalize from the one variable situation to two

or more variables.

A function f (X, y) is said to possess a limit f, at the point (XO, yo) if for any ¢ >0 it is possible to

finda & > 0such that whenever 0< \/(X — %) +(y—Y,) <3, thatis, (X,Y)isin disc of radius &

centered at (X, Y,), we have |f(x,y)—f0|<5. We write ( )Iir(n )f(x,y): f, or
XY )Xo, Yo

!i_)ry f(x,y)="f,.

Vo

Intuitively, the above says that when (X, y) is approaching (XO, yo) , f (X, y) is approaching f, then

the function f(X,y) is said to possess a limit at the point (X,, Y,)-

Note that the limit exists only if, f (X, y) is approaching f, independently of the manner in which

(X,y)is approaching (X, Y)-

Example
lim (X% +3y? +xy)=12 +3x22 +1x2 =15.

(x.y)—>(1.2)

Example

2

Show that f (X, y)= has no limit at the origin.

x* +y°

Solution:
2

As (X,y)—>(0,0)along the line y=0, f (x,0) = % =1 and the limiting value is 1.

As (X,¥)—>(0,0) along theline x=0,f(0,y) and the limiting value is 0.

2

Hence lim does not exist.

(xy)>(0.0) X* + y?



(0,0) along this
ridge, z —>1

=
X +Yy
U
Example
X2
Show( I)irr(l0 Y =0
x,y)—(0, 2
(x*+y?)?
Solution:
Now,
2 2 2 1
0<% - < X+y1:(x2+y2)5.
(Xz n yz)g (Xz n yz)g
1 X2
We observe that  lim (X2 + yz)2 =0. Therefore, lim -=0
(x.¥)~(00) %)-(00) (X2 +y?)
U

A function f (X, y) is said to be continuous at the point(Xo, yo) if and only if it possesses a limit at

o) il (600)= 10530
Examples
(a) f(xy)=x*+3y*+Xxy is continuous everywhere.
Solution:

lim  f(xy)=_lim (X +3y+xy) =% +3y," + XY,

(x.¥)~>(%.¥o) (x,¥)=(%0.Yo)



2

X . . .. .
(b) f(X,y)=——— is continuous everywhere except at the origin where f (X, y) is not defined.
X2 +y

Solution:
2

If (X5, Y,)#(0,0)then f (X, Y,) isdefinedat (X, Y,)and f (X, Y,)= 2X° . In addition,

2
Xo Yo

x? X
lim f(x,y)= lim =3y
) ( y) (y)>000) X2+ Y2 X + Y

2

= (X Yo)-

2

——— (xy)#(0,0)

(c) f (X, y) = (x2 +y? )5 is continuous everywhere iff A=0.
A (xy)=(00)

Solution:
X2
; — X (xy)#(00)
Since o yI)i_r1(10 0)(—1 =0, f(xy)= (X2 n y2)E is continuous everywhere iff
' ' XZ + y2 )E
A (xy)=(00)
A=0
Example

Give an example of a function f (X, y) such that f (X, y) has the same limit as f (0, 0) when (X, y)
approaches (0, O) along any straight line passing through the origin, however, the function is not

continuous at (0,0).

Solution:

Consider the function:
2xy?

f(x,y)=4x*+y*

Suppose (X, y) is approaching (0, 0) along the line X =tcos#,y =tsin @ where € is an angle made

counterclockwise from the positive direction of x-axis to the line X =tcosé,y =tsin & and ¢ is any real

number.



Then if cos@ =0

2t3 cosdsin® 6

: . . _ 2t°cos@sin® @ : 12
lim f(x,y)=Ilimf in@)=Ilim =lim
et () 0 (tcosftsino) 50 t? cos® @ +t*sin*@ 50 t?cos® O +t*sin® 6
X=t cos
y=tsing t2
2tcos@sin’ @ 0

= lim v =
-0 cos® @ +t°sin* 0 cos? @

0=f(0,0)

If cosé =0, then this is the case that (X, y)is approaching (O, 0) along y-axis.

It is obvious that (nyl)i[)r(]O’O) f(xy)= 'y'f(} f(0,y)= Iyiggo =0=f(0,0).
x=0

However, if (X, y) is approaching (0,0) along the curve x=t?,y =t where ¢ is any real number, we

: L 2\ 20
have (x,yl)'ﬂ?o,mf(x’ y)—lﬂ)‘f(t ,t)_lllrgw_l¢0_f(0,0).
Xy::tt



3 Partial Differentiation

Recall that for a function f (X) of one variable

d_f(xo):"m ) = T(%) or ﬂ(Xo):“m—f (X)—f(XO)

dx h—0 h dx x>% X=X,

Now consider the function f (X, y) of two variables. If y is held constant, say y =Y,, then f(X,Y,)

becomes a function of one variable, x and we may define its derivative at X, , the partial derivative of

with respect to x at the point (X,,Y,) as
of

- F (X +hy) =T (%Y of HRACSAES I
) =i LRI T O] o &y - iy LC020) L (00

Similarly, the partial derivative of f with respect to y at the point (X,, Y, ) as

ﬁ(xo,yo):lim F (% Yo k)= f (%, %) or q(xo,yo): lim
oy k0 k oy Y% Y—="Yo

AB —curve of f(X,Y,)

CD —curve of f(X,,Y)

10



Note:
(a) Apartial derivative is just an ordinary derivative with respect to the variable which is not held constant.
(b) For z= f(X,y), alternative notations are:

%(x, y)=f, (X y)=%(xl y)=2,(xY)

- of 0z
and similarly for E(X' y)= fy(x, y):a(x, y)=Zy (x,y).

(c) The definition of a partial derivative only requires the idea of a limit of a function of a single variable.

Example

Find the first partial derivatives of f(X,y)= X’y + y¥sinx.

Solution:

f(x, y)=x2y+y3sinx:>§:2xy+ y® cos X, %:x2+3yzsinx
X

[
Example
Evaluate ?(1,2) for f(x,y)=x’y+y’sinx.
X
Solution:
Method 1:
Consider f(x,2)=2x"+8sinx. Then (;i(l 2)= di(ZXZ +8sinX)|,, = (4x+8cosx)|,, =4+8cosl.
X X
Method 2:
2 K af 3 af 3
f(xy)=xy+y’sinx = v 2xy + y®cos x . Then &(1,2) = (2xy +y®cosx)|,, =4+8cosl.
y=2
[
Example
Find the first partial derivatives of f(X,y,z)= e** cos Xy .
Solution:
of ) of . of
f(x,y,z)=e?’cosxy = — =—e?ysinxy, — =—e?’xsinxy, — = 2e?* cos xy .
(X y,2) y=- ysin xy o Y = y
[

We may differentiate the first partial derivatives of a function again to obtain second partial derivatives.

11
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Higher order partial derivatives may be similarly defined.

Example
1
Let f (X, y)=log (X2 +y? )2 , find its partial derivatives up to order two.

Solution:

: of X of y
f(X,Y):log(Xz"'yz)Z = fx:&: X2+y2’fy:5:X2+y2

o°ft o(of) 0 X 1 2x° y? —x?
:fXX:_ZZ_ ~ 1 A 02 2 | T o2 2 7= 2
ox~  ox\ox) ox{(x +y X +y (x2+y2) (x2+y2)
¢ _aq_g(g}_ S _ﬁ(ﬂ)—i( X j_ —2xy
vy ayZ ay ay (X2+y2)21 Xy ay OX ay x2+y2 (X2+y2)2,

o[ of 0 y —2Xy
f=—l === 2 2 |~ 2
*oox\oy ) ox( x*+y (x2+y2)

Note that in the above example f, = f  , which is the case for most functions that are useful in

yx 2

engineering and science. However, it is not always true.

if (x,y)#(0,0)

0 if (x,y)=(0,0)
(@) If (x,y)=(0,0), find fy (x,y), f (x,y)and verify that they are equal.
(b) Show that f,(0,0)= f, (0,0).

(© Show that f, (0, 0) f (O, O) exist but they are not equal.

1 yx

Slolution:

12



(2)

There is a theorem saying that if f, (x,y)&f,(X,y) exist at (X,Y,) and nearby and

fy (X,y)& f, (X, y)both are continuous at (X,,Y,) then f (%5, ¥s)=f, (X5 ¥o)-

Now, if (X, y) #* (0,0)

0
fxy (X’ y) =

0 Xy(Xz—yz) _ 0 Ay +xy -y | -y —oxPyt + OxtyP + x°
oy | OX

X? +y? oy (x2+y2)2 (x2+y2)3

0| —4y*x* —y'x+ x5] =y oyt Oxty? 4+ x°

fyX(X1y):&_ (x2+y2)2 (x2+y2)3

So fxy(x, y)= fyx(x, y)

(b)
fX(O,O)zlim f(X,O)—f(0,0): imgzoj fy(0,0)=lim f(o’y)_f(o’o):"mH:O
x—0 X x>0 ¥ y—0 y y—0 y
(©
xy (X% - y?
If 0. f (0 _"mf(X'Y)—f(O,Y)_"m>(<2+y2)_0_"my(x2—y2)_
y=0. il ,y)_X”O X 0 X _x»oTyz__y
Th £ (0.y)= -y ify=0_ v
R IR SV A
f, (0,0)=lim f(0Y)=H(00) _jp=y=0_ 4
y—0 y y-0 y
Similarly,
Xy X2_y2
f(X y)— f (x 0) )((2+y2)—0 X(Xz_yz)
If x=0, f (x0)=Ilim : = im =lim————~=x
y—0 y y—0 y y—0 X +y
Thus, f,(x,0)=x
fyx(0,0):lim fY (X,O)_ fY (0’0) =|imx_0 =1
x—0 X X—0 X

We find that f, (0,0)# f,(0,0). Why does this happen?

13



—y® —9x?y* +9x*y? + X°
For f_(xy)= (x2+y2)3
-1 if (x,y)=(0,0)

if (x,y)#(0,0)

,we observe that along y=0, (X’yl)|_r>r(10’o) fy(xy)=lim £, (x,0)=1.

H 1 X= i =i =—1.
owever, along 0, (X'yl)l_rf(]w) f,(Xy) |y|£lg f, (0,y)=-1

It concludes that f,, (x,y) is not continuous at (0,0).

14



4  The Chain Rule

For functions of one variable, ify = f (x)and x =x(t), theny = f[x(t)] and "
If f=f(u) and u=u(xy) then O -G U g L _df U
ox du ox oy duoy
Example
2 2\ of of
If f:f(u)zlogu and u=(X +y )2,evaluate — —.
ox oy
Solution:

1 1
i:ia—u:1><l(x2+y2)7><2x:;l><1(x2+y2)7><2x: 2X >
ox duox u 2 2 23 X4y

(X" +y%)?

of dfou 'y

And —=——=—"—.
oy duoy x°+y

For a function of two variables we have

Theorem
dz _of dx+8f dy

If z=f(x, d x=X(t),y=vy(t) th T A T T
2=T(xy) and x=x(t).y=y(t) then ‘Fr="r i+t

Proof:

qu'lL”

7/
0

dz_ o z(t+dt)-z(t) . f[x(t+6t),y(t+st) |- f [x(t),y(t)].

dt o0 ot 5t—0 ot

15

dy

(x+om, y+ay) =i = (+H

df ox

dx dt



Now as ¢ change to t+0t, x and y change bydx anddy respectively, where X = X(t + 5t) -

oy=y (t + 5t) -y (t) . Thus the change in f may be expressed as

flx(t +8t),y(t + 60)] — f[x(6), y(©)] = f(x + 8x,y + 8y) — f(x,¥)
=(QC=QR+RC=PB+RC

= [f(x +8x,y) = flx, )] + [f (x + 8x,y + 8y) — f(x + 8x,y)]

, and
dz _ . (t+§t)—z(t)_|_ fx(t+3t), y(t+at)]- F[x(t), y(t)]
dt 590 ot _5!% ot
_ii f(x+6xy)-f(xy)+f(x+6x,y+8y)-f(x+5xY)
=i St
_ lim f(x+§x,y)—f(x,y)ﬁ+ f(x+oxy+0x)-f(x+oxy) sy
ot SX St 5y St
_lim f(x+6x,y)-f(xy) fim 9% SX o lim f (x+6%,y+6x)—f(x+x,Y) Iimﬂ
5x—0 OX at—0 St sy—0 é‘y at—0 S5t
_of dx of dy
ox dt oy dt
Example
dz

Let z=f(x,y)=x"+2xy and x=sint and y=cost, find e

Solution:

dz _of dx+6f dy
dt ox dt oy dt
=sin2t+2cos 2t

=(2x+2y)cost+2x(-sint)=(2sint+2cost)cost +2sint(—sint)

This may be confirmed by direct substitution:

] . ) dz . . .
z= f(sint,cost) =sin’t+2sintcost = P 2sintcost —2sin?t +2cos’t =sin 2t + 2cos 2t

A special case is when z= f (X,y)and y=y(X), thatis, X=X and hence z is a function of x only.

dz of dx afdy of afdy

Then — .
dx axdx 8ydx X aydx

16

x(t),



Example

z="f(x, y):tanl(ﬁ}y:sinx,ﬁnd d_z-
y dx

Solution:

dz _of dx 6fdy of ofdy 'y sin x X COS X

_ SinX—XCoS X

a,aqy _ COS X =
X oxdx oydx ox oydx X+y? xi+y? ?

Example (Chain rule involving second derivatives)

2

Let z=f(x,y),x=x(t),y=y(t), evaluate c(lezz
Solution:

dz _ of dx af dy

dt oxdt oy dt’

d’z d(dzj_d of dx of dy qﬂ+g(qu_x+gﬂ d (of \dy
g dtldt)” di\ax dt oy dt

_+_
ox dt?  dtlox Jdt oy d®  dtlay dt

x2+sin’x  x%*+sin?x

X2 +sin? x

We observe that Z—f is depending on x and y directly, depending indirectly on ¢ through x and y respectively.
X

To evaluate %(ﬂ) we need the Chain Rule and we have

OX
g(afj a(afjdx+g(qjd_y_azfd_x+azfd_y
dt\ o dt oylox)dt  ox* dt oyox dt

d(of o(of Ydx o (af \dy o°f dx 62fdy
For the same reason, —| — |=—| — |—+— —

dtl oy ) oxlay )dt oyloy )dt  axoy dt aydt

Then it follows that

ﬂ_ﬁﬂ+i(ijd_x+ﬂﬂ+d ot \dy
dt? ox dt? dtlox/dt oy dt?  dt\ay ) dt

afder a(adeera(afjdy dx+8fdy 0 (af dx+£qd_yd_y
ox dt*> | ox\ox )dt oylox)dt [dt oy dt? ox 8y dt oyloy ) dt

dt
_ﬂd_szrazf(%j ,0°f dydx of d®y  °f dxdy 82f(d_yj2
ox dt*  ox* \ dt oyox dt dt ay dt? axay dt dt  oy? dt

17



Example

z=f (X,y),X=t2 , ¥ =t. Suppose

of of o°f d’z

af azf azf
—(L,1)=—(11)= 11)= 11)=e 11)= 1,1)=2e. Evaluate — for t=1
Solution;
,  dx d?x dy . d%
= —=2t,—=2,y= =1—=0.1If t=1, th =1y=1.
X t:>dt tdt2 y=t= ot pre 0. thenx =1y
So
dz of d?x o f (de o2 f dx
— :—11 11 — (1,
dt2|t=l a ( )dtZ |tl+aX ( ) dt | +8y8 ( )dt|—1 dt|t=1
of d’y o* f dx, dy o° f dyj
—((11)—|,_, +——(1,1 — (L1 — | |._
20t o0 P TLan( L L

=ex2+exd+2exlx2+ex0+2ex2x1+ex1=15e

Theorem (Change of Variable)

0z 0z
If z="1(X, and X=X(s,t), y=y(s,t), find —, —.
(x.y) (s:t). y=y(st),find ==, =
Solution:
oz _ of ox 6f6y o Q%Jrﬁg
os  Ox Os ayas . oxot oyat
Example
oz 01
If z=f(x,y)=e""and there is the change of variables X =rcosé,y = rsin @, find ' 70
Solution:

oz _of ox 6f6y

or  oxor ay or
0z _0fdx ofdy .,
— = Y(—rsi 2xy
0 axa0 T dy 96 = 2ye®(—rsin 0) + 2xe?Yr cos 6

= 2r2e?sin20 5520,

Again these results may be checked by substitution and direct partial differentiation.

=2ye™ cos@ + 2xe?¥ sin@ = 2re” "%’ sin 260 and

18



Example (Chain rule involving second partial derivatives)

2
Let z=f(xy),x=x(s,t),y=y(s,t), evaluate oz

ot

Solution:

a_zz_a(azj oo ox ot oy (afax)+g af oy
o atlat) atlaxat oyet) at\axat) atlay et
_g(afjax+af a( j+ ., 8f6[ay)
otlox ot oxatlat) atlay ot ay ot

We observe that both Z—f , Z—f are depending on x and y directly, depending indirectly on ¢ through x and
X oy
of ) 0

y respectively. To evaluate ° (—j ofar we need the Chain Rule and we have
ot\ox) ot\oy

g(ﬂ)_g@%g(ﬂj@_azf o, o' oy
ot\ox) ox\ox)ot oy\ox ot ox* ot oyox ot

ofof\_ofadf 8x+gquazfa_x+62fg
ot 8y ax ay ot oyloy)ot oxoy ot oy® ot

It follows that

oz _ a(afjax+af 8(6Xj+ oy, of 8(6y)
o otlax)at axatlat) atlay ot oy et
(azfax o2 f 8yj8x+af 02X +(azf ox 82f6yj8y of o%y

_+__
ox2 ot ayax ot Jot  ox ot* | axoy ot oy’ at oy ot

o*f (ox)' o°f oy ox of o°x  o*f ox ., o* f ay 2 of o2y
o) Toyex ot ot ox o oxdy et ot oy dy ot?
2 2 2 2 2 2
B Z(a_xj +26f6x6y+6 (ayj +8f8x+6f62/
ot Oxdy Ot ot oy ox o2 oy ot

Example

Consider z= f(X,y), suppose X=rcosé, y =rsin 8. Show that

2 2 2 2
92 _cos?0 Z +2singcosd S +sing2 z :
or? OX OXoy oy
Solution:
oz _ ot X +af ¥ —COSH§+SIHH§
or oxor oy or OX oy

19



0’z 0 (oz a of of o ( of . o ( of
— === cos@—+sinf@— |=cosf@ —| — |+sinfd —| —
or- or\or ar OX oy or \ ox or\ oy

o* f X o*f oy o f ox 82f oy
=C0SO| —— +sing| —
ox* or 8y8x or axay 6r ay or

2 2

0 . 0 . 0°
=c0s’ 0 — f(X,y)+2sindcosé f(X,y)+sin %0 — f (x,
e (x,y) oxdy (x,y) Y (x,y)

Example
2 2
Show that in polar coordinates (r,H)in R?, Laplace's equation V?u = % ou =0 takes the form
X
ou 1 d% Llou _
_+_
o’ oo ror
Solution:
u_ouox, audy
or oxor oyor
8_u au ox au ay
00  ox 80 éy 00
x=rcosH,yzrsin@:ﬁzcose,@:sin 0,%:—rsin 6?,@: rcosé
or or 06 o
Thus,
a_u:a_u os¢9+6—sm6
or  ox oy
6_u=8_u( rsin 0)+a—urc059
060 ox oy
Therefore,
ou au au ou
or [ cos@  sing )| ox - ox | ( cos@  sing - or
ou | \-rsing rcosg) ou| | au| \-rsing rcos@) | ou
00 oy oy 00
ou sind \( ou
- cosd ——— || —
OX | _ ro|| or
= =
ou . cosd || ou
— sing —— ||—
oy r 060
So M _cosp M _SNON ) a—“=sin¢9a—“+—c°s‘9a—“ (%)
OX or r oo oy or r
o(f . o(f o(f
From (**), we learn that ST) =sindg (r ) + cos@ ( ) . Notice that the f'in the left side of (**) is a

20



function of x, y , however, the f'in the right side of (**) after x, y being replaced by rcosé and rsiné,

respectively, is a function of r, 6. Let a_ f , therefore, we have
In addition, we notice that au =sin Ha—u + coso u
or r oé
Therefore,
o’'u o (ou . 0( . _ou cosdou) cosd O . ,OU COSH ou
—=—|—|=sihfd—|sind —+—— |[+———|sinO0—+——
oy oy\oy or or r o6 00 or r o6
: . 9°u cosf 0°u cos@ ou ) cosé ou . 0% sin@aou cosh du
=sin@| sind— + ———— |+——| cos@—+sind - —+
r oro0 r° 060 r 0 o6bor r or r oéor
(1)
Similarly,

o’u 0 (auj 0 (8uj sing o (auj
—=—| —|=c080—| — |-——| —
OX OX \ OX or \ Ox r 060\ ox

0 ou sin@ ou sin@ 0 ou sin@ ou
=cosd —| cosf —— —— |-———| c0Sf — - ———

or or r o6

o°u sin@ ou sin@ o%u sin@ o°U . _du sin@ 6°u  cosé du

=cosd c030F+ — - cosd no

P 90 r arod) o r 00° r 00
+(2)
2 2 2 2
Finally, (1)+(2) wehave O U 0¥ _0U 1 OU 1ou_
ox® oy° or° r°00° ror

21



(For reference only)

Let f:R*—>R.Wesay f(x,y) isdifferentiable at (X,,Y,) ifand only if there existsa 1x2 matrix

X=X
f(X,y)—f(waO)_T(y_yO]

T suchthat  lim 2 2 o0
(x,y)—>(X0vYO) \/(X_XO) +(y_y0)

Observe that if T =(a,b) then

X — X
f(xy)-f (xo,yo)—T(y_yoj
lim %2=0=lim =0

(%,¥)=>(%0:Yo) \/(X—XO)Z +(y_y0)2 (x.¥)=>(%.Yo) \/(X—XO)2+(y_y0)2

Theorem

Suppose f :R?— R is differentiable at (XO, Yo ) , then the partial derivatives (;i and % exist at
X

(XO, yO) and the 1x2 matrix T isgivenby T :(q ﬂ}

ox ' oy
Theorem

Suppose f:R* —>R is differentiable at (X, Y,),then f: R?*—>R is continuousat (X, Y,)-

Example

Show that

of of .
(a) &(0,0), 5(0,0) exist.

Proof:

X 0,0)=lim O=FO@O0) ;00 4. 2 g oy iy FOV=T(00) 5 0-0
OX x—0 Xx—0 x=0 X —0 ay y—0 y—O y_)oy_o
(b)

Show that f (X, y) is not differentiable at(O, 0) .
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Proof:

We observe that if (X,y)is ontheline y=t,x=t,thenif t=0

of of 3
f(xy)-f(0,0)=| =(0,0) |(x=0)—| =-(0,0)|(y-0 t
p-reo oo Jeole-o 0 L
J(x=0) +(y—-0y Je+2 a2 242
Suppose now (x,y) approaches (0,0) along the straight liney =t,x =t, Itm%ﬁ does not exist.
It follows that
of of
F00)= 1 )| 5 (030 |(6-x0)| 2 30530
. oy )
lim does not exist.

(x,y)=(%.Yo) \/(X—X0)2+(y_y0)2

So f(X,Yy) isnot differentiable at (0, O) )
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5  Implicit Functions

Let f(x,y) bea function of two independent variables and suppose f, (X,y)& f (X, y) exist and are

continuous at (X,,Y,) and nearby, in addition, f(X;,Y,)=0& f, (X,,¥,)#0.Thenabout (X,,Y,) the

equation f(X,y)=0 determines an implicit function y=y(X) about X, with y,=Yy(X,) and
0 0 0

y=Y(X) being differentiable at X, .

The above is also applicable to system of equations:

fl(xl""’ Xps Yoo ym)zo
The system of equations : determine locally y,,---,y, asimplicit functions

fm(Xli'“'Xmyl""'ym)zo

of X;,---,X, and the partial derivatives of y,,---,y, withrespectto X, 1<i<n can be found.

m

Example

. . . ., 0L
The equation X* —xy® + yz° —z%® =5 determine z as a function of x, y. Flndﬁ— .
X

Solution:
Differentiating x® —xy* + yz° —z° =5 with respect to x gives
0z ., ,01 oz y*-3x°

3x* —y? +22ya——32 — =0 and
X

™ x 22y a7 if 2zy-3z°#0.

Example

Find the gradient of the tangent g—y atapoint (X,y) of the conic
X

f (x,y)=ax*+2hxy +by* +2gx+2fy+c=0
Solution:

y is defined as an implicit function of x by the equation z = f (X, y) = ax’ + 2hxy + by’ + 2gx+ 2fy +c =0

of
In this case E:O:i+gd—y and we have d—y=—a—x whenever ﬂ;«tO;
dx ox oy dx dx  of
oy
dy _ _2ax+2hy+2g whenever 2hx+2by+2f =0. i

dx  2hx+2by+2f
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Example

If z=e¢*cosy , while x and y are implicit functions of ¢ defined by
St —t?—t=1, yt’+yt—t+y=0 then find % for t=0.

Solution:
dz oz dx oz dy

Differentiate z=g¢*cosy with respect to z, we have — =——
dt ox dt 8y dt

The equation x*+¢*—t?—t=1 defines a function X =x(t) implicitly.

Differentiate both sides of x*+ge*—t*—t=1 with respect to ¢.
dx dx 2t+1

Then 3x2 d—X+e ¥ _2t-1=0. And we have — =, if 3x?+e* #0.
dt dt dt  3x° +e*

We observe that for x*+e*—t>—t=1, yt2+y2t—t+y:0, if t=0then x=0.

dx 2t +1
_t|t:0 3X X t=0

Therefore,

the equations

Similarly, The equation yt*+ y%t—t+y=0 defines a function y = y(t) implicitly. And we have

— 2 f—
2yt +t° dy+2yt dy y2—1+d—y=O.This implies d_y=1y2—2yt
dt dt dt dt 1+t +2yt
— 2 J—
For yt’+yt—t+y=0 if t=0 then y=0. Therefore, d—y|t:0=1y2—2yt o =1
dt 1+t7+2yt|
Also, % a dX a dy Xcosy%—exsin yd—y.
dt  ox dt 8y dt dt dt
. dz < dx ‘o d
Finally, —|t:0 =ge"COS Y|, o —|t:0 —e SN Y|, _y|t:0 =
dt o dt _
y=0 y=0
Example
x2 4 y2 = Ezz
Suppose we solve y = 2~ uniquely for x, y as functions of znear Xx=1,y=-1. Find
X+y+z2=2
dx dy u M when x=1y=-1z2=2.
dz ' dz’ dz? ' dz?
Solution:
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dx dy dx )’ d®x dyj d’y
1 2X—+2 z---(1 2| — | +2X—+2 +2 =1---(3
ey =22 | Ve ()j [dzj oz (dz Yz =16
dx dy d®x  d?
X+y+2=2 —+241=0---(2 ax _y
Y dz dz @) e -(4)
Put x=1,y=-1,z=2 in(1) & (2), we have
dx dy
2X—+2y—=12---()
d dzd = 4?_0 4gy _433_)(: 'g_y:_l
X, 4 1 0. @ z z z z
dz dz
2 2
Put x=1 y=-1 z=2and X0, ¥ - 1in(3)& @), wehave IX-_1 d¥_1
dz dz dz 4 dz© 4
Example

XU+ yvu’ =

uniquely for # and v as
xu® +y?vt =2 a

Suppose that near the point (X, y,u,v)=(1111) we can solve {

functions u(X,y),v(X,y) ofxandy. Compute (Z—)u(j (11).

Solution:
. . . _ XU+ yvu? =2
Differentiate all equations with respect to x of{ = 7~ . We have
Xu® +yv' =2

u+xa—u+yv2ua—u+yu2@:0

OX OX OX
u® + x3u? au —4y? 4V38v 0

OX OX

Since x=1,y=1 u=1 v=1, we have
1+38_u+@:0 4+ 126_u+4@20 au au 1

SX axav - 8ax aax =92 =32 2 (11)= -3
l+3—u+4—:0 1+3—u+4—V:0 X

oX  OX OX  OX
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Example (for reference only)

Functions X =X(p,¢,6), y=Y(p.¢.0), 2=2(p.$,0) can be regarded as equations involving

X, Y,Z,0,¢,6.Assume X = X(p,¢,9), y= y(p,¢, 6’), Z= Z(p,¢5, 9) with appropriate differentiability

may define p, @, 0 each as implicit functions of X, y,z.

3 0%, oX,
The determinant J EH= : . i |,iscalled the Jacobian of y,,---,y, with respect to
B /A
0%, oX,
Xl’“"xn'
o(y, o(y, oy,
(a) Using Cramer’s Rule, deduce that a_p:l (y Z), %:1 (y Z), %zi (y Z) where
ox Jo(p6) ox J@(G,p) OX Ja(p,¢)
op O¢ 00
J:a(x,y,z):g oy |
8(p,¢,9) op O¢ 00
@ @ a
op O¢ 00
(b) Guess 6_,0' 8—p,then prove your guess at 8_,0
oy oz oy
(¢) Let Vp:ﬁ—p|+a—pj+a—’0k and ﬂ——| ﬂ —ZE, ﬂ—%?+ﬂ]+g_k',showthat
ox oy 0z op O¢ ¢ op 060 06 06
or _or
7X7
Vp:%]—ae'

(d) Let x=xX(p,4,0)=psingcosd, y=y(p,¢,0)=psingsing, z=12(p,$,0)=pcosy.

o(xy.2) op dp op
o(p.¢,0)" ox oy oz’

Evaluate J =
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Solution:

(a)
x=x(p.$.0). y = y(p.$:0), 2=2(p.4.0)

oX OX
o¢ 06
det| O &y ¥
1-OX0p Ox0¢ 0OX00 o¢ 00
op X 0p X 96 ox o 2 @ o(y.z)
_)g_-Nop OyOp OO _ Op_ op 00) __0(40) _10(y.2)
Op OX O¢ OXx 06 Ox CramersRule OX x ox ox) o(xy.z) Jo(¢40)
0 920p 0209 0100 op 09 06| 0(p.9.0)
op Ox O ox 96 X Gt Y
op 0¢ 06
oz o0z oz
ap o4 060
X 4 O X OX
op 00 op 09
det %y 0 N det o % 0
op 00 op 0¢
o ez | _oy2) o &

o op 00)  0(p0) 10(y.z) 00 op op ) 10(y.2)
ax (ox ox ox) o(xy.z) Jo(G.p)ax  (ox ox ox) Jo(p.9)
op op 00| 3(p.9.0) op o¢ 00

det| Y Y N det| Y Y N
op 0¢ 00 op 0¢ 00
0L 07 oz 0z o7 oz
op o 00 op op 00
(b)
d(z,x) o(xy)
op 0(s.0) 10(zx) 8p  0(e.0) 10(xY)
o axyz) Jo(ge) &z o(xy.z) Jo(s6)
o(p.9.0) o(p.9.0)

28



=x(p.9,0),y=Y(p.9,0), 2=2(p,9,0)

O% OX
op 00
det| 1 o
_0x0p 0x0f  ox 00 op 00
“opoy opoy 000y o | _o(xz) oz
_yop oyop oy o o _ op 00) _3(p0) _ 0(4.6) _
= = =
@pgy a¢ay agayCramersRuuegy %%% (x y,) 8(x,y,z)
_0zdp 0204 0z00 op 0¢ 00| 0(p,¢,0) 0(p.¢,0)
“opoy opoy 000y det| Y Y o
dp 0¢ 00
o o oz
op 0p 00
©)
vp-2i, 27,0y _Lo0n2); 10(2) 5 1o(xY)p
ox oy a  Ja(g0) Ja(g0) Jo(4,0)

oy oz 0z OX ox oy
o¢ 8¢~ 6¢ 8¢~ 0¢ 8¢R

o(v.2);, 02 x)5 o0y oy a| |a ox|'|ox oy
_0(¢.0) a(s.0)" 0(.0) _|ae o0l loo eel oo o6
J J

i ]k
x oy @
op 0¢ 09
o ox X %T+ﬂ]+&k (8 T+ay]+azkj ﬂxﬂ
oo op 00| \og "op op 00" 00 ) o4 00
- J J J
(d)
ox X Ox
op 09 00

singcos@ pcosgcosd —psingsind
a H ) - - - -
J :M=det &Yy N =|singsingd pcosgsingd psingcosd

o(p.¢4.0) op 0¢ 00 :
cos —psin 0
& a ¢ psing
op 0¢ 00
pcosgcosd —psingsing singcos@d —psingsiné

= . . —(-psing)| . " .
Expand along 3rd row pcosgsing  psingcosé singsind  psingcosf
= c0s ¢ ( p* cos gsin gcos’ 6+ p’ cos gsin gsin’ )+ psin g ( psin® gcos’ 6+ psin’ gsin’ 6)

= p®cos® gsing+ p°sin® g = p*sing
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pcosgsing  psingcosd
o(y,z —psin 0 ?sin? i
op_1 (y ): pl¢2_ =,03|r21 _gzﬁcosezsm(écose’
ox J0o(¢.0) p’sing p’sing
—psing 0
o(z,x cosgcosd —psingsing 2sin? gsi L
op _10(zx) _|pcosg S e £ _¢Sm9:sm¢sm6’,
oy Jo(s.9) p’sing p’sing
pCOS¢cosd —psingsing
G_p_l(a(x, y) |pcosgsingd  psingcosd|  p?singcosgcos’ @+ p?sin g cos sin® 6

oz Jo(s0) plsing plsing
_ P’ sin¢cos ¢

= COS
pPsing /
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6  Taylor’s Theorem

If a function f(X) of one variable is differentiable through order N in a—l<x<a+| where >0,

then for any real number h suchthat a—l<a+h<a+!|, we have

f(arh)=f(a) e £ (@)+ D r (@) e

1 2! Y] t%7(a)+Ry (h) where

N
R, (h):% f ™ (a+6h)for some0 <6 <1.

OR
If a function f(x) of one variable is differentiable through order n+1 in a—l<x<a+| where

| >0, then for any real number X suchthat a—l<x<a+l, we have

£00)= F ()@ x ey @) (s B R () where

1 2! (N-1)!
f™Mla+0(x-a
Ry (X)= [ ( )](X—a)N for some0 < 4 <1.
N!
If a=0 we have Maclaurin’s Theorem:
h ., h? .. h" (N-1) . h" (N)
some0 <@ <1.
OR
f'(0 f"(0 ND0) , f ™ (9x
f(x)=f(0)+ 1(! )x+ 2(! )x2+---+ (N_i)!)xNHRN(x) with RN(x):—N(! )xN for some
0<6<1.
Example
Express the Maclaurin series of cosx (upto x*) and L,hence find the Maclaurin series of o
1+y COS X
(upto x*).
Solution:
— X2 X4 1 _ 2 3 4
cosx_l—z+m—-~, m_l—y+y -y Yy =
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Taylor’s Theorem generalizes to a function of two variables f (X,y) which has continuous partial
derivatives of all orders up to N inside the rectangle with vertices (a—p,b-q), (a-p,b+q),
(a+p,b-q), (a+p,b+0q), where p,q>0.

Atthe point (a+h,b+k), where a—p<a+h<a+p, b-q<b+k<b+q, we have
f(a+hb+k)=f (a,b)+%[hfx(a,b)+kfy(a,b)]+%[h2fxx (a,b)+2hkf,, (a,b)+k*f, (a,b)]

1
+§[h3 foo (a,0)+3N°Kf,, (a,0)+30k*f, (a,b)+k*f, (a,b)]+--+Ry (hk)

Nzol[ k%)i f (a,b)+R, (k)

where

N
1 0 0 1l (NY, . oOVf

R, (h,k T h—+k—| f h,b+6k)=— h'kN — . h,b+ 6k

1 N—i+1)h'’k" oM f

:mh‘ ( (u ) axiayNi(awh,bwk)}

hikN- oM f

6h,b + 6k

,Z:(:‘ll(N—l)'Gxay'\‘'(aJr +0K)

forsome 0<@<1.

If Ry(h,k) >0 as N — oo we have the Taylor Series representation of f (a+h,b+k).

OR
For the case of two variables:
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f(xy)= f(a,b)+%[(x—a) f(ab)+(y-b)f,(ab)]+

%[(x—a)2 fo(a,b)+2(x—a)(y-b)f,(ab)+(y-h)*f, (a,b)]+---+ Ry (X, Y)

_ N_ll((x_a)

i I

8 o)
&+(y—b)5J f(a,b)+Ry(xY)
Where

Ry (X, y):—[(x—a)%ﬂy—b)%} fla+6(x-a),b+6(y-b)]

o" f

- !_ZN:(':I](X_a)‘(y_b)N‘iW(a+9(x—a),b+9(y—b))}
N

:%io (N_l)...(N_i+i!1)(x_a)'(y—b) ) aX?aNnyi (a+9(x—a),b+9(y_b))}

A (x-a)(y-b)"" aMf
_Zol i(N=i)!  oxioy™

(a+60(x-a),b+6(y-h))

If Ry(X,y)—>0 as N — oo we have the Taylor Series representation of f (X, y) .

Successive terms given by Taylor’s Theorem give the tangent plane approximation to the surface
z=f (X, y) (Taking the first two terms of the series) , a quadratic surface approximation (the first three

terms), a cubic surface (the first four terms) etc, all meeting z = f (X, y) at the point (a, b) .

Example
Find the tangent plane and quadratic surface approximations given by Taylor’s Theorem at the point

1
(1,0) for the cone f (X, y) = (X2 +y? )5. Hence estimate f (0.9,0.1).

Solution:
fx(x,y):( ) z)l’fy(x'y):ﬁ7
X"+ 2 X +y 2
2 — 2
B (0 y) = —— £, () =—— £, (x y) =——,
(X2+y2)2 (X2+y2)2 (X2+y2)2

which exist everywhere except at the origin (0, O) .
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The tangent plane approximation is:
1
()= T (10)+ T[(x-1) £, (10)+(y-0) T, (10)] = Pu(x ¥) = x.

The quadratic surface approximation is:

Pa(%y) = f (LO)+Z[(x-1) £, (10)+(y-0) , (1O)]

+%[(x—1)2 £ (L0)+2(x-1)(y~0) ,,(10)+(y-0)" f,, (1.0)]

= p,(xy)= x+%y2

Hence, using the tangent plane f (0.9,0.1)~ p,(0.9,0.1)=0.9. And, using the quadratic surface

f (0.9,0.1) =P, (0.9,0.1) =0.905. The correct value is f (0.9,0.1) =0.9055 (to 4 s.f)

Example

z°—2xz+y =0 determines an implicit function z=z(x,y) ofx andy about the point (1,1). Use the

Taylor theorem to expand z=1z(X,y) about the point (1,1) up to the linear terms.

Solution:
Note that from z® —2xz+y=0when x=1,y=1 wehave z=1.

23—2xz+y:O:BZZQ—Zz—Zx@:O:g: 222 gH:Z.
OX OX ox  3z°-2x  OX|

23—2xz+y=0:322@—2xg+1=032= 2_1 &@H:—l
oy oy oy 3z°-2x oy v

0z
L(x=1)+—
wa (X=1)+2

y=1 y=1

z(x,y)= z(l,l)+[%

L5

So z(x,y)=1+2(x-1)-1(y—-1)+---
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Example

Let f (X) be a smooth function, that is, f (X) has continuous derivatives up to any order.

Then the Taylor series of f (X) about the point a up to order 2 is

(0= 1 (a)+-“ 3 ea) T

1! 2!

Hence or otherwise, find the Taylor series of ¢ (X, Y, Z) = COS(X +y+ Z) —C0SXCOSYycosz about the

point O,E,Z up to order 2.
2 2
Solution:

cos(x+y+z)=cosxcos(y+z)—sinxsin(y+z)
=cos x(cos ycosz—sinysinz)—sinx(sinycosz+cosysinz)
= COS X COS Y COS Z —COS XSin ysin z —sin xsin y cosz —sin x cos y sin z

2

2
Observe that cosx:l—x—+---, cosx=—sin(x—£)+---, SinX=X—---, sinx=1—1 X——| +---
2 2 2 2

9(X,Y,z)=C0S(X+Yy+2)—COSXCOSyCOSZ=—COSXSin ysin z—sin xsin y cos z—sin xcos ysin z

z_[l_x_;...j{l_%[y_%]l ...... }{1_%_@1 ...... }

R G R R
i IR G IR CH R O

A bound for the error involved in approximating a function near a point (@,b) may be obtained by

0

summing over estimates of the moduli of the terms in Ry (x, y) .
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Quadratic surface

approzimation

x=1
y=0
Tangent
plane
» X

Linear and quadratic approximations to the cone z = +/X*+ y?, (X, y) = (O, O)

Example (Estimation of Small Changes)

For (x,y) near (a,b) we may expect

f(x,y)=f(ab)+(x-a)f (ab)+(y-b)f (ab)f(xy)

Writing f(x,y)-f(a,b)=6f, x—a=5x, y-b=45y

So from f(x,y)-f(ab)~(x-a)f (ab)+(y-b)f, (ab) wehave

of = ?5 X+ %5 y , which gives the approximate change in f'due to small changes 6 X and oy inx
X

and y respectively.
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Example

(a) Use Taylor’s formula to find a linear approximation of f (X, y) =COSXCOSY near the origin.

(b) Estimate the error in the approximation if |x|<0.1 and |y|<0.1.

Solution:
(a)

By Taylor’s Theorem, we have
f(xy)="f (O,O)+[xfX (0,0)+ f, (0,0)} +%[x2 f (0%,0y)+2xyf, (0x,0y)+y*f, (6, Hy)J , where
0<6<1.

Then the linear approximation of f (X, y) =COSXCOSY near the origin is

p.(xy)=f(0,0)+[ xf, (0,0)+yf,(0,0)].

And f(0,0)=cosxcosy|,, =1, f (0,0)=-sinxcosy|,, =0, f,(0,0)=—cosxsiny|,_,=0.

y=0 y=0 y=0

We have p,(x,y)=1.1f (x,y) iscloseto (0,0), f(x,y)=cosxcosy=~p,(x,y)=1.

(b)

The error in the approximation is

E(x,y)=f(xy)-f(0,0)=[ xf,(0,0)+yf, (0,0)]

- %[x2 f (6%, 0y)+2xyf, (6x,0y)+y*f, (ex,Hy)]

Observe that f,,(x,y) = —cosx cosy, f,,(x,y) = —cosxcosy, fy,(x,y) =sinxsiny.
E(xy)=|f (x.y)- 1 (0.,0)=[x,(0.0)+ 1, (0.,0)]

1
) ‘E[XZ Fu (6’X, Hy) + 2nyxy (HX, 6’y) + y2 fW (HX’ (9)/)]‘

_ %‘[xz f (0%,0y) +2xy1,, (0%, 0y) + Y1, (0%, 6y)]
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[E(x,y)[< 2(‘x f (9x,9y)‘+‘2xyfxy(9x,9y)‘+‘y2fw(¢9x,¢9y)‘)

ZE(XZ

= %(|x|2 |-cosOxcosOy|+2|X||y||cos Ox cos Oy| +| y|2 |-cosxcos 9y|)

fxx(ex,ey)\+2|

f, (6, Hy)‘ +|y|2 ‘ f,, (6x, Hy)‘)

= 1(|x|2 |cos &x||cos @y| + 2|x|| | [cos ||cos Y| + || [cos @x|[cos ¢9y|)

cos Ox

<12(| [ +20xy]+ IyI) 2(0.1)° =0.02

cosAy|<1 y\so.l
i
Example
(a) Use Taylor’s formula to find a quadratic approximation of f (X, y) =e*siny at the origin.
(b) Show that in the approximation the error ‘E (x, y)‘ <1.474x107° if |x| <01, <0.1 and
e’ ~1.1052.
(c) Find an approximation of e *®sin0.06 with an error less than 1.474x107°,
Solution:
(a)

By Taylor’s Theorem, we have
f(x,y)=f(0,0)+[xf,(0,0)+yf,(0,0)] +%[x2 f(0,0)+2xyf, (0,0)+y*f, (0,0)]
+%[x3 foo (O%,0Y)+3x7yE, (6X,0y)+3xy*f, (6x,0y)+y°f,, (6x, Gy)]

, where 0<8<1.

Then the quadratic approximation of f (X, y) =e*siny at the origin is:

P, (X y) = f(0,0)+[ xf, (0,0)+ yf, ( oo]+ [ X*£,.(0,0)+2xyf, (0,0)+y*f, (0,0)].

And

f(0,0)=e"siny|, , =0, f,(0,0)=e*siny| _, =0, f,(0,0)=e*cosy|,_, =1
y=0 y=0 y=0
f, (0,0)=e*siny|, , =0,f (0,0)=e*cosy|,,=1f, (0,0)=—e*siny|, _,=0
y=0 y=0 y=0
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Sop,(x,y)=f (0,0)+[fo (0,0)+ yf, (0, 0)]+%[x2 f (0,0)+2xyf, (0,0)+y*f (0,0)] = y+Xy.

f (x,y) iscloseto (0,0), f(x,y)=e*siny=p,(x,y)=y+xy.
(b)

The error in the approximation is

E(x.y)="f(xy)-p,(xy)= %[x3 fro (O%,0y)+3x7yE, (0, 0y)+3xy*f, (6x,0y)+y*f, (6x, Hy)] .

Observe that

fo (X, y)=e"siny, f_(xy)=e*cosy, f, (xy)=—€"siny
= f (X, y)=¢€"siny, f (x,y)=e"cosy, f,, (x,y)=—€"siny, f  (x,y)=—€"cosy

‘E( )‘ ‘f (x,y)- pz(x,y)‘: 1‘[ X £ o (6%, 0y ) + 32 yfxxy(9x,0y)+3xy2fxw(9x,9y)+y3fyyy(Hx,Hy)]‘

s% X | XXX(z9x,6’y)‘+3|x|2|y| fxxy(ex,ﬁy)‘ 2 fW(0x,0y)‘+|y|3‘fwy(ax,ay)u
=% X[ +3|x||y[ ‘—e sm@y‘ [ ‘—e cosHyH

1r
=<’ ]

0<f<1 -01<x<0.1=-0.1<0x<0.1=|0x/<0.1.

Observe that [sin@y|,[cos@y|<1, |e*|=e™ < e < g0t
Thus,
‘E X, y)‘ %[ x| e [sin Oy|+3| 2lylle? |cos @y|+3| ¥l |cos¢9y|}
0.1

oo 1%[(0.1)3 e +3(0.1)° (0.1)e” +3(0.1)(0.1)" e +(0.1)"¢" | - 0008 1 474x10°
sindyl,|cosOy|<
x|,|y<0.1
afx ‘<e°1
(c)

f (~0.09,0.06) = e °*sin 0.06 ~ p, (~0.09,0.06) = (y + xy)

040 =0.06—0.09x0.06

y=0.06

=0.06x0.91=0.0546
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7  Maxima ad Minima

A function f(X,y) has alocal maximum at a point (a,b) if for all points (X,y) closeto (a,b), we
f(x,y)< f(ab) andthe point (a,b) is called a local maximum point .

A function f(X,y) has alocal minimum at a point (a,b) if for all points (X,y) close to (a,b), we

have f (X,y)> f (a,b) and the point (a,b) is called a local minimum point .

In a region the global (absolute) maximum (minimum) of a function is either the greatest (least) of the local
maxima (minima) or occurs on the boundary of the region.

Local maximum — Local minimum

<« Local maximum
3.0,

2.5
2.0
15
1.0
0.5

e

e
-~

7= f (X, y) — (XZ + 3y2)el—x2_yz
For a local maximum or minimum at (a, b) the curves lying in the two planes X=a and y=Db must
of

also have a maximum or minimum at (a,b). Hence we must have ?(a, b)=—(a,b)=0

If this condition holds we say (a, b) is a stationary point.

It is possible to have a stationary point which is neither a local maximum nor a local minimum. If along

one path through (a, b) the point is a local minimum, whilst along a different path it is a local maximum,

we say that the point (a, b) is a saddle point. There is no equivalent point for functions of one variable.

41



Theorem

Assume f (X, y) has the partial derivative up to the order we need and all partial derivatives are

continuous, also f,(a,b)= f, (a,b)=0.1If f,(a,b)>0, f

XX

(a,b) f, (a,b)— fxf, (a,b)>0 for f(x,y) at
(a,b) then f(x,y) hasalocal minimum there. If f (a,b)<0,f,(ab)f, (ab)-f;(ab)>0 for

1 TXX

f(x,y) at (a,b) then f(x,y) hasalocal maximum there.

If f.(ab)f,(ab)-f;(ab)<0, then f(x,y) hasasaddlepointat (a,b).

Examples

(a) Determine the nature of the stationary points of f (X, y) = x> +2y°.

Solution:
f (X y)=2x

f(xy)=x*+2y"=
o) fy(x.y)=4y

So fX(X,y)=2X=O&fy(x,y)=4y=0 :>(x,y)=(0,0) is the only stationary point.

fo (% Y)=2f,(xy)=41f,(xy)=0, f,(00)=2>0 and f,(0,0)f,(0,0)-f(0,0)=8>0.

f(0,0)=0 is a local minimum and (0,0)is a local minimum point and clearly f(X,y)>0 hence

f (0, 0) =0 is a global minimum.
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A

fy)=x"+2y°

(b) Determine the nature of the stationary points of f (X, y) =2x—Xx"-2y°.

Solution:

f(xy)=2-2xf, (xy)=—-4y

f, (X, y) =2-2x=0&f, (X, y) =-4y=0 = (X, y) = (l, 0) , which is the only stationary point.
fo(%y)==2f,(xy)=—4,1,(xy)=0, f, (10)=-2<0and f,(10)f,(10)-f2(1,0)=8>0.
f(1,0) =1 is a local maximum. In addition,

f(xy)-f (1,0)=2x—x2—2y2—1=—(x—1)2—2y2 <0

Thus f(x,y) < f(1,0) and (1,0) isa global maximum point.
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A
F(x,y)y=2x-x*-2y?

(c) Determine the nature of the stationary points of f (X, y) =x"-2y>.

Solution:

f(xy)=2xf, (xy)=-4y.

f(x,y)=2x=0, f (x,y)=—4y=0=(x,y)=(0,0), which is the only stationary point.

fo (X y)=2f,(xy)=-41,(xy)=0

Since f,, (0,0) f,, (0,0)— f2(0,0)=-8, (0,0) is a saddle point.

(0,0) being a saddle point can also be observed by noting that f (X, y) may be cither positive or negative
depending on the relative magnitudes of |X| and |y|.

If y=0x=0, f(x,0)-f(0,0)=x*>0.1If x=0,y=0, f(0,y)-f(0,0)=-2y*<0 .

Thus (0,0) is a saddle point
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4 f(xy)=x"-2y*

\Q
A / - f>01flx] «[—lyl
\ f<0if |5 </2)y

Example

Determine the nature of the stationary points of f (X, y) =x+yi- 3(X + y) .

Solution:
of of

f(x,y)=x3+y*-3(x+y)=—=3x>-3, —=3y?’-3.
(x,y) y’=3(x+Y) ™ o y
ﬂ=3 -3=0
X {x=il

=
oy

Hence there are 4 stationary points (1, 1) : (1, —1) , (—1, 1) , (—1, —1) . In addition,

2 2 2
£=6X, ﬂ=6y, o°f

2 2 =0
OX oy OXoy

2
Stationary Point azz o'f 822 azz 622 —[ of ] Conclusion
OX® oxoy oy° ox° oy OXoy
(1,1) 6 0 6 36 Local Minimum Point
(-1-1) —6 0 —6 36 Local Maximum Point
(1-1) 6 0o -6 -36 Saddle Point
(-11) -6 0 6 -36 Saddle Point
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Example

Determine the nature of the stationary points of f (X, y)=x"+y*.

Solution:
(;i =4x°

f(xy)=x"'+y'= 811( . We observe (0,0) is the only stationary point.
— = 4y3
oy

And A(0,0)=f,(0,0)f, (0,0)-f;(0,0)=0 the test inconclusive, but clearly (0,0) is a local

minimum Point.

Example

Consider a point P (XO, yo) and a straight line y = ax+b. The value [yo —(ax, + b)]2 is called the

square of the vertical displacement of the data point P ( Xg yO) from the liney =ax+b.

Determine the straight line y = ax+b such that the sum S of the squares of the vertical displacements
of the data points P,(1,3.1),P,(2,6.1),P,(3,9.2) from theline y=ax+b is the smallest.

In other words, determine the values of a, b such that S is the smallest where

S=(3.1-a-b)"+(6.1-2a-b)" +(9.2-3a-b)’

Solution:
S(a,b) = (3.1—a—b)?+ (6.1 —2a—b)?+ (9.2 —3a—b)?
aS
0=—=-2[31—a—-b) +2(6.1—2a—b)+3(9.2—3a—b)]
— da
Oz%z—2[(3.1—a—b)+(6.1—2a—b)+(9.2—3a—b)]

{(1+22+32)a+(1+2+3)b=1><1.3+2><6.1+3><9.2
(142+3)a+3b=3.1+61+92

6.1

flta+ 6b =429 _ fltat 6b=429 _ )" T2 3.05
6a+3b=184  U2a+6b =368 184-183 01 1
o T BT
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a%s a%s a%s
Then S(a,b)=(3.1-a—b)’ +(6.1-2a-b)’ +(9.2-3a-b)’ =22 -28 — 6, -

2

Observe that % =28>0 and

A(&OS,ij =S, (3.05, i) S, (3.05, i) ~s2 [3.05, i) =28x6-144=168-144=24>0.
30 30 30 30

It follows that S(a,b) has a local minimum value at a=3.05, b= % )

Observe that ~ S(a,b)=(3.1-a—b)’ +(6.1-2a—b)" +(9.2-3a-b)" is a degree 2 polynomial in a,b
and (3.05, 3—%) is the only local minimum point, S (a, b) actually has the global minimum value

S 3.05,i = i at 3.05,i and this fact can be shown as follows:
30) 600 30

Due to Taylor’s expansion theorem and noticing that S (a, b) is a degree 2 polynomial in a,b, we have
1
S(a,b)-S (3.05, —j
30

2
_Ls, (:z.os,ij(a—s.os)2 +25S,, (3.05,ij(a—3.05)(b—ij+sbb (3.05, ij(b—ij
2 30 30 30 30l 30

_ %{zg(a_s.os)z+24(a—3.05)(b—%j+6(b—%)2}

8%s oS 8%s

x=3.0 =12

—|x=305=28, —|x3.05=6, ——
] P N
a-3.05
28 12
“fa-305 b-L )
2 30)l12 6| b——
30

28 12
See that (12 6 j isa 2x2 real symmetric matrix which eigenvalues are 17 ++/265 (> O).

(17+\/ﬁ 0 ]

Then there exista 2x2 orthogonal matrix P and the diagonal matrix D =

0 17 —/265
 that [28 12) 5 17 +/265 0 o 5 17 ++/265 0 o7
suc a = =
12 6 0 17 /265 PP 0 17 —/265
y a—3.05
Let ( 1J=PT 1 |.Then
Y, -

30
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12 6

28 12
(a -3.05 b- ij
30
30

j a-3.05

a—3.05
17 + /265 0

1 =(a—3.05 b—ijp " pT 1

30 0 17 —+/265

b——
30

T

a-3.05 a—3.05
o ) 17 ++/265 0 JPT

b‘ga 0 17 —/265

30

17 +/265 0 V) , 2o
=(y, yz)[ ; 17_mj(yzj_(17+%)yl+(17—\/ﬁ)y2_0

>0.

a—3.05
30 )\ 12 6)

28 12
It follows that s(ab)—s(&oaiijzl-(a—sos b—iLJ 1
30) 2 b-—

Therefore, S (a, b)has the global minimum value S 3.05,i = i at 3.05,i .
30) 600 30

Example
Find the global (absolute) maximum and global minimum values of the function

f(Xy)=x+y2—x—y+1 inthe disk defined by X%+ y?<1.
Solution:

Remark: Since f (X,y)=x*+y?-=x—y+1 is a continuous function defined on a bounded closed disk
x® +y? <1, according to some theorems not mentioned f (X, y) can attain global maximum and global

minimum at stationary points or at those points where f (X, y) do not have partial derivatives or at the

points on the boundary .

Consider f(X,y)=x*+y*—x—y+1on x*+y?=1, where x>+ y® =1 is the boundary of
x? +y? <1,

Let x=cost,y=sint,0<t<2z, consider

g(t)= f (cost,sint)=cos’t+sin*t —cost —sint+1=2—cost —sint , where 0<t<2r.

Then g'(t)=sint—cost=0:>sint:cost:t:%or%

g"(t)=cost+sint and g"(%}>0,g"(5fj<0. 9(0)=g(27)=1, g(%):Z—ﬁ, g(%):2+\/§,

48



It is obvious that g(t) attains the greatest value g (STEJ =2+2at t= 577? and the smallest value

T T
—|=2-+2at t=—
9(4) Veu 1=
When t_s_ﬂ. =_£’y=_£‘
4 2 2
When t_z :ﬁ’yzﬁ
4 2 2
Consider f(x,y) =x*+y*—x—y+1inside x*+y*=1.
i:Zx—lzo _
of = and f, —2,fyy—2,fxy 0
C_2y-1=0 =12

3(33)- 133 ) (3 5)- ol 55 )-4ma (3.3 )-2.
22 22 2'2 \2'2 2'2

f(x,y) =x*+y?>—x—y+1 has alocal minimum at ll and f(l 1.1
2 2 22) 2

Compare f[\/_ \/lzj 2-+2 and f(%,%j=%.

We conclude that f (X,y)=X*+y?—x—y+1 has a absolute minimum value at (Elj and
(1)1
2'2) 27

Also f(X,y)=x*+Yy*—x—y+1 has a absolute maximum value at [—Q—%J and
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8  Directional Derivative and Gradient

For the scalar function z= f (X, y) the partial derivatives f, (X, y) and f, (X, y)measure the rates of

change of z=f (X, y) in the x and y directions respectively. We would like to know the rate of change in

any direction.

dz=f(xy)

Consider a point P which lies on some level curve AB and a (variable) point Q on a nearby level curve

CD.

The rate of change of /in the direction PQ is known as the directional derivative of f (X, y) in the direction

PQ and is a _ |imﬁwhere ﬁzw

, PQ =055
ds o590 §s oS PQ
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) .. af . . . o )
Geometrically it is clear that P will be a maximum in the direction normal to the level curve at P (since
S

f(P)— f(Q) is constant and PQ is least in that direction). g—f is also denoted as Dyf where ¥ is the
S

unit vector in the direction PQ.

If the direction PQ is inclined an angle « to the x-axis we have

&

P Ox

OX=0SC0sa, oy =0SSina

From Taylor’s Theorem ¢ f zg§x+i5y,thus ﬁziCOSOHrﬁsin(Jt
OX oy oS oy

OX

Andas 8s—0, %=Dgf=Z—£cosa+2—£sina---(*),where v =Tcosa+Jsina.

.. df : . df :
By considering © as a function of « it is easy to show that — has a maximum value of

S ds
1 of
of Y (of )| oy of = of -
[—J +| — when «a =tan™| =L |. If we define a vector gradf =Vf =—i+— ] known as the
OX oy of oX oy
OX

gradient of f, its magnitude is that of the maximum value of j—f and its direction is that in which g—f
S S

its maximum value.

Hence Vf gives us the magnitude and direction (normal to the level curve at P) of the greatest rate of

change of 1.
Also, from (*), if ¥ is a unit vector in any other direction PQ, then ¥ = (cos a)T + (sin )] and.% =

D3f = gradf -v=Vf -¥

The above discussion can be generalized to n independent variables.

51



1 f.(a,8,,8,) | (1
For example, if v=|0|,then D.f(a,a,a,)=|f,(a,a,a,) || 0|=f,(a,a,a,)

0 f,(a,a,8;) | |0
f (Xpre %) X,
Now, we would to show that the gradient Vf (Xl, e X ) = : #0 of fat | : | points in the
fxn (Xl""’xn) Xn

directions in which f'increases most rapidly.

Vl
Let V=| : | beaunit vector i.e. M =1. Then by Cauchy-Schawz inequality, we have
v

n

D, f (ai,az,aS)‘:‘Vf (ai,az,as)-§‘§|Vf (ai,az,as)H\?‘:Wf (a,2,.,)|

In addition, let sz‘ :Eail---,an;
3.2
Then,
W vf(a,,....a,
D.f(a,...a,)=Vf(a,..a,) -w=Vf(a,.., ) ‘vf E:i a;
Vi (a2, )]
=|Vf (a,...
Vf (a,,...a,) Vf (2. a,)

52



Example

]
- (101
Let f(X,y,2)=10+Xy+xz+Yyz and v=| —=,—,0| .Find D-f(1,11).
(x9:2) =104 xy 3232 and = 5,0 . Find D1 (LY
Solution:
Method 1:
f(1+t1,1+t1,1] f(11,2)
D. f (11,2)=lim 2 2
t—0 t
10+(1+tJ(1+tj+£1+tj+(1+ j(10+1+1+1)
~lim V2 2 V2 V2
t—0 t
2
(1+j_j +2 1+tj—3
—lim\— Y2 2
t—0 t_o

D, f (11,2) =lim 9
t—0 t=0 t—0 -0
2
d[ 1+t2j +2(1+t2ﬂ
d t )1 2
:d_?|t—0 = dt |t:0 :|:2(1+T)_2 _2:||t =0~
Method 2:

1 1 . .
g [1+t j Then using chain rule, we have
(t)= mltt o
)

dg, o (111 @
o= 201D T 0)+ 211 F(0)+ £ A1) T (0)
| of 1 Tdx ] 1 1
1| 5O E| |
y+12
of dy 1 1 4
= =122 |-| =(0) |=| x+z | |=|=|2||=|=-==22
8y dt X+y x:l \/E 2 \/E \/5
1| | Z () | ° 0
_62( )_ dt .
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Example

Suppose that the temperature (in degree Celsius) in the point (X, Y, Z) is
w=f(xy,z)= $(7400 —4x -9y —0.03xy)—2z. Suppose a hawk hovering at the point
P (200, 200, 5) above the airport suddenly dives at a speed of 3 km/min in the direction specified by the

vector (3, 4, —12)T . What instantaneous rate of change of temperature does the bird experience?

Solution:

The unit vector in the direction of the given vector 3i+4j—12k is

U=

3i+4j-12k 3. 4. 12
\/3z+42+(_12)2 13 137 13

4+ 0-03)’7_ 9+0.03x j—2k has the value
180 180

4+0.03x200- 9+0.03x200- - 10+ 15 - - s .
- j—2k =——i—-—j—2k at the initial position
180 180 180 180

The temperature gradient vector Vf (X,y,z)=

vf (200,200,5) = -

P(200,200,5) of the hawk. Therefore the hawk’s initial rate of change of temperature with respect to

distance is:

0
D, f (200,200,5) = Vf (200,200,5)- i =(—£i—£ j —ij-(ii My —Ekj=1.808—c

180 180 13 13" 13 km
. ds km . . .
Its speed is pm =3——, so the time rate of change of temperature experienced by the hawk is
min
0 0
dw_dwds w9 _[1808-C [3k—mj 54242
dt ds dt Yodt km JU min mim

Thus the hawk initially gets warmer by almost 5.5 degrees per minute as it dives toward the ground.
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Example (for reference only)

Consider f (X,y,2)=axy’ +byz+cz’x’.

(a) Determine the value of a,b,c such that the value of the partial derivative Z—f at P (l, 2, —1) 1s the
A

greatest among all directional derivatives of f at P (l, 2, —1).
(b) Let a,b,c be the values found in (i), find the directional derivative D.f(1,2,~1) with

\7=T+2]+3E.
Solution:
(a)
f(xy.z)=axy’ +byz+cz’x* = Vf (x,y,2) = (ay” +3cz2°x* )i + (2axy + bz) j + (by + 2c2x° ) k

And Vf (1,2,-1)=(4a+3c)i+(4a—b)j+(20-2c)k.

In order the value of the partial derivative Z—f at P (l, 2, —1) is the greatest among all directional
z

C__4a
4a+3c=0 T3 . .
derivatives of f at P(l,2,—1) we have {4a-b=0 =<b=4a :>4a+—a>0:>%>0:>a>0

2b-2c>0 b-c>0

8ajR:32aR, a>0.

Then Vf(1,2,-1)= (Sa +22 2cd
3 3

(b)
i+2j+3k 32a Ruh 2j+3k  32a

= = , a>0.
i+2j+3K 3 NN

i+2j+3k

f(12,-1)=Vf (L2, _%
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Example (for reference only)

xy® .
if (x,y)=(0,0
Consider the function f (X, y) =X +y? ( y) ( )

0 if (xy)=(0,0)

Recall that f(X,y) is not differentiable at (0,0).
- (a
(a) Given v= (bj where a®+b”*=1 and a#0,b#0, the straight line passing through the origin
oy e e o= fa) . X a . . o o
with direction v= (bj 1s [ j = t(b) , where ¢ is any real number. Find the directional derivative
y

f,(0,0).

(b) Show that the chain rule is not applicable to find f, (0, 0) .

Solution:
(a)
ab® . )
f(at,bt) =1 22 107 Iftio:f(at,bt)=2aLb2t
0 ift=0 at
ab®
_pmal+b’ _ab’
Then fV(O,O)—ItI_r)El C L

f (X, y) has directional derivatives in all directions.

(b)

: ab’
By (a), f,(0,0) existsand f,(0,0)=

Wio where a?+b®*=1 and a=0,b=0.
+

However, Vf (0, o)-@j = { ;y Eg: g;][;‘j = [SJ[ZJ =0= f,(0,0)= aza—izbz

Remark: This example shows the fact that the chain rule is not applicable if f'is not differentiable.
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