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EE6617: Tutorial 6

Show that if an efficient estimator exists, the maximum likelihood method will produce it.
Assume a scalar parameter case. (Hint: use the CRLB theorem.)

Consider H € RY*? rank(H) = p. Let the singular value decomposition (SVD) of H as
H=UxV"

where U € RY*Y satisfies UTU = UU” = Iy, V € RP*? satisfies VIV = VVT =1, and

Y= [ O(sz)x;; } where ¥ = diag(oy,...,0,). Show that H (HTH)f1 HT = UUT where

[U];,, = U. Also, check that if we set P = H (HTH)f1 H” = UU7, (P)" = UU” = P for
k > 0. The matrix with P* = P property is called the idempotent matrix.

Assume the observation x = s + w = HO + w where H € RV*?. We want to design LSE
of s. When p = N what is the LSE 87

Suppose linearly constrained LS problem

6 = argmin(x — HO)” (x —HO) st. A@=b
0

where A € R™? r < p < N. We already know from the class that
6 =0, — (H'H) " A" (A (H'H) " A7) - (A6, — 1)
where (HTH)_1 Hx = 0,.. Alternatively, show this result by solving an equivalent problem
X = argminiTi s.t. A@ =bh. (1)

X

where x = x — HO.
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Sol.
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6.1 If an efficient estimator exists, the CRLB guarantees that the decomposition is true,
ie.,
Jlnp(x;0)
00

Notice that this condition is iff condition. To find MLE, the critical point is evaluated such
that

= 1(0) (4(x) — 0).

Jlnp(x;0) _ 0
00
= 1(0) (a(x) = 0) =
= 0=ax)

and 0 = &(x) is the efficient estimator. This is both the efficient MVU estimator and MLE.
6.2 Denote X = diag(oy,...,0,).
H(H'H) H” = U=V’ (v=Tu’usv’)  veTu”
— UsVTV (27%) 7 vIveTuT
- Ux(x7x) 27U
= UX (STSJ)_l sTut
= Uy 2 Te’u”
= UU”.
It is straightforward to show that H (HTH)f1 H™H (HTH)f1 H” = UUTUUT = UUT.
6.3 The LSE of 0 is
60— (H"H) 'Hx.
When N = p, § = H'x. Thus, the LSE of s is § = HH'x = x.

6.4 Given x = x — HO, we express the = H(x — X) where H = (HTH)_1 HT. Then,
the constraint A@ =b is

AH(x—%)=b
= AH'x=AH'x-b
=~ Ax=Ax-b
= x=Al (_Xx—b) 2)
~ —1
where AT = HI" A7 (AHTHTTAT> . Then, by substituting X = x — HO in (2)

x — HO = A (A'x—b)

= HO=x-A' <Kx—b>

—~ §—H'x—HA (j&x—b).
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~ ~1
Now, plugging in AT = H AT <AHTHTTAT> and Hf = (HTH)f1 H, we have

6 — Hix—HH"A” (AHTHTTAT) - (Z&x _ b)

0. — (HTH)'AT (A(HTH) A7) (Aéuc - b) .



