
EE6617: Tutorial 6

6.1 Show that if an efficient estimator exists, the maximum likelihood method will produce it.
Assume a scalar parameter case. (Hint: use the CRLB theorem.)

6.2 Consider H ∈ RN×p rank(H) = p. Let the singular value decomposition (SVD) of H as

H = UΣVT

where U ∈ RN×N satisfies UTU = UUT = IN , V ∈ Rp×p satisfies VTV = VVT = Ip, and

Σ =

[
Σ̄

0(N−p)×p

]
where Σ̄ = diag(σ1, . . . , σp). Show that H

(
HTH

)−1
HT = ŪŪT where

[U]1:p = Ū. Also, check that if we set P = H
(
HTH

)−1
HT = ŪŪT , (P)k = ŪŪT = P for

k ≥ 0. The matrix with Pk = P property is called the idempotent matrix.

6.3 Assume the observation x = s + w = Hθ + w where H ∈ RN×p. We want to design LSE
of s. When p = N what is the LSE ŝ?

6.4 Suppose linearly constrained LS problem

θ̂ = argmin
θ

(x−Hθ)T (x−Hθ) s.t. Aθ = b

where A ∈ Rr×p, r ≤ p ≤ N . We already know from the class that

θ̂ = θ̂uc −
(
HTH

)−1
AT
(
A
(
HTH

)−1
AT
)−1 (

Aθ̂uc − b
)

where
(
HTH

)−1
Hx = θ̂uc. Alternatively, show this result by solving an equivalent problem

x̂ = argmin
x̃

x̃T x̃ s.t. Aθ = b. (1)

where x̃ = x−Hθ.
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Sol. 6.1 If an efficient estimator exists, the CRLB guarantees that the decomposition is true,
i.e.,

∂ ln p(x; θ)

∂θ
= I(θ) (α̂(x)− θ) .

Notice that this condition is iff condition. To find MLE, the critical point is evaluated such
that

∂ ln p(x; θ)

∂θ
= 0

⇒ I(θ) (α̂(x)− θ) = 0

⇒ θ̂ = α̂(x)

and θ̂ = α̂(x) is the efficient estimator. This is both the efficient MVU estimator and MLE.

Sol. 6.2 Denote Σ̄ = diag(σ1, . . . , σp).

H
(
HTH

)−1
HT = UΣVT

(
VΣTUTUΣVT

)−1
VΣTUT

= UΣVTV
(
ΣTΣ

)−1
VTVΣTUT

= UΣ
(
ΣTΣ

)−1
ΣTUT

= ŪΣ̄
(
Σ̄T Σ̄

)−1
Σ̄T ŪT

= ŪΣ̄Σ̄−1Σ̄−T Σ̄T ŪT

= ŪŪT .

It is straightforward to show that H
(
HTH

)−1
HTH

(
HTH

)−1
HT = ŪŪT ŪŪT = ŪŪT .

Sol. 6.3 The LSE of θ is

θ̂ =
(
HTH

)−1
HTx.

When N = p, θ̂ = H−1x. Thus, the LSE of s is ŝ = HH−1x = x.

Sol. 6.4 Given x̃ = x−Hθ, we express the θ = H†(x− x̃) where H† =
(
HTH

)−1
HT . Then,

the constraint Aθ = b is

AH†(x− x̃) = b

⇒ AH†x̃ = AH†x− b

⇒ Ãx̃ = Ãx− b

⇒ x̃ = Ã†
(
Ãx− b

)
(2)

where Ã† = H†
T
AT
(
AH†H†

T
AT
)−1

. Then, by substituting x̃ = x−Hθ in (2)

x−Hθ = Ã†
(
Ãx− b

)
⇒ Hθ = x− Ã†

(
Ãx− b

)
⇒ θ̂ = H†x−H†Ã†

(
Ãx− b

)
.
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Now, plugging in Ã† = H†
T
AT
(
AH†H†

T
AT
)−1

and H† =
(
HTH

)−1
H, we have

θ̂ = H†x−H†H†
T

AT
(
AH†H†

T

AT
)−1 (

Ãx− b
)

= θ̂uc − (HTH)−1AT
(
A(HTH)−1AT

)−1 (
Aθ̂uc − b

)
.
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