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Optimization

Optimization: minimization or maximization
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Minimum of f(x) is same as maximum of —f(x).

- We will only discuss “minimization” below



Example:

min f(x)
X
flx)
+ f(x)
x*, Minimum of f(x)
How to find solution x* ?
I f’(x*) — f,(x)lx:x* =0
1 x*
i - X
0 !
Exercise:

mxin (x — 1)? (5 minutes)



Exercise:
min (x — 1)?

> flx)=2(x-1)=0

(x is a vector function)

X

Solution:
f(x) =(x—-1)>?

2> x"=1

Exercise:
min x7 (t)x(t)

X

and

min xT()x(t)

(5 minutes)



Exercise:

min x7 (t)x(t)
x (x(t) is a vector function)

and

min xT()x(t)
Solution:

SaTOx() =2x() =0 > x(t)=0 V¢t
and

%xT(t)x(t) =x"O)x@) +x"(®)x(@) =0 VvVt

\Z

x=0 or x=0
- x =0 or x = (any)constant vector

Note: xTx > 0 ; therefore, any x = nonzero will yield xT > 0

- x* =0 is the only solution, V t



Exercise:
mtin xT(H)x(t) (x(t) is a vector function)

Solution: x* =0

Extension:
min x7 (t)Qx (t) (Q is a positive-definite and symmetrical matrix
t X is a vector function)

Solution:

d
ExTQx =xT0x+xTQ0x=0

2>x=0 o x=0
-2 x =0 or x = (any)constant vector
Note: xTQx = 0 because Q is positive definite

- x* = 0 is the solution



Exercise:
mtin xT (t)0x(t) (Q is a positive-definite and symmetrical matrix

, X is a vector function)
subject to

X = Ax

Find: Optimal solution x* =? (5 minutes)



Exercise:
mtin xT (t)0x(t) (Q is a positive-definite and symmetrical matrix

, X is a vector function)
subject to

X = Ax
Solution:

ExTQx =xTQx + xTQx

= [Ax]TQ0x + xT QAx
= xT[ATQ + QA]x
=0

2> x'=0

But this may also have non-zero optimal solutions if

ATQ +QA =0



Exercise:
mtin xT (t)0x(t) (Q is a positive-definite and symmetrical matrix

, X is a vector function)
subject to

Under what condition can this problem have non-zero solutions?

(10 minutes)



Exercise:
min xT(£)Qx(t)

subject to
X = Ax + Bu
u=-—-Kx
Solution:
—xTQx = xTQ0x + xTQx
dt
= [Ax + Bu]"Qx + x" Q[Ax + Bu]
= xT[A — BK]"Qx + x"Q[A — BK]x
= xT[[A — BK]TQ + Q[A — BK]|x
=0
2 x'=0

Note: It can have non-zero solutions (used for other tasks), if

[A—BK]TQ + Q[A—BK] =0



Example:

(0.0]

min j [xT (1) Qx(7) + uT (r)Ru(z)]dr

0

Subject to

x = Ax + Bu (Q and R are positive-definite

and symmetric matrices)

u=-—-Kx
Solution: . =(A — BK)x

min J (27 (1)0x(7) + 2T (D)KTRKx(0)]dr

0
= mKinJ x'(0)[Q + KTRK]x(7)dt
0
Set p
x"[Q+ K"RK]x = ——x"Px (P is a positive definite

dt . .
and symmetric matrix)



—

o

X =Ax+ Bu
u(t) = —Kx(t)

x"'(D)[Q + KTRK]x(1) = —%xT(t)Px(t)

x'[Q0 + KTRK]x = —%xTPx = —x"Px — x"Px

= —x"[(A — BK)TP + P(A — BK)]x

(A—BK)'P+P(A—BK)=—(Q + KTRK)

K=R1BTp
where P satisfies
ATP + PA—PBR 'BTP+(Q =0 (Riccati equation)

> u=—-Kx=—R BTPx (optimal controller) solves

co

min J (27 (1)0x () + u” (v) Ru(t)]dr

0



Example:

x = Ax + Bu minf [xT (£)Qx(7) + uT (tr)Ru(7)]dr
u(t) = —Kx(t) t

4= 2} 5=[) o=[s Y x=mm

(Riccati equation) ATP+PA—PBR™'BTP+(Q=0 P= P11 P12]
P12 DP22.
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po+2pp — ph = K=R'8BTP=1-[01]-P=[1 Ju+2]

%MatLab code (with 1 = number)
K=Igr(A,B,Q,R)



END



