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MA3001 Summer 2018
Solution to Problem Set 6: Partial Differential Equations

1. (a)
2

24 4 4 2x x x xu u uxy e xy e xy e dx x y e A y
x y x y y

Put 0x , we have 0, 1 1u y y A y y A y y
y

.

Thus, 22 1xu x y e y
y

.

It follows that 
2

2 2 2, 2 1
2

x x yu x y x y e y dy x y ye y B x .

Put 0y , we have 2 ,0u x B x .

Hence, the particular solution is 
2

2 2, 2
2

x yu x y x y ye y .

(b)
2

2

3 3 3 2 3 3 3 2 3

3 2
3 3

2
3 3 3

3

3 2 3 2 3

3

3

,
3

2 '
3

x x x x x x x

x
x x

x x x

x

u u u uy u y u y A x
x y y y x x

ue e u e y e A x e u e y e A x
x x

e ye u e A x dx B y

yu x y e e A x dx e B y

u y e B y
y

Consider 0x , then
3 2

2 22 4 20, ' 2
3 3 3 3

u y y y yy B y y y B y y dy C
y

Consider the equation
2

3 3 3,
3

x x xyu x y e e A x dx e B y again, let 0y , we 

have 
3 3 3 3 3 3

0

3 3 3

,0 0 3

3

x x x x x x x

B C

x x x x

u x e e A x dx e B e e A x dx Ce x e

e e A x dx x e Ce

Thus, 
2 3 2

3 3 2, 3
3 3 3

x x xy y yu x y x e Ce e C

or 
2 3 2

3 2, 3
3 3 3

x xy y yu x y x e e

2.
1 1

1 1

,
r r
x y
s s
x y

w w r w s w w w w r w s w w
x r x s x r s y r y s y r s
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1 1
2 2

1 1
2 2

1 1 1 1
2 2 2 2

0 0
2 2

0 ,
dr r

dr dr

r r r x y

r x y
e e s x y

w w w w w w w w w ww w e e
x y r s r s r r

e w e w f s w f s e w x y f y x e
r

3. Assume , ,u x y z X x Y y Z z , then 
' ' '3 2 5 0 3 ' 2 ' 5 ' 0 3 2 5 0u u u X Y ZX YZ XY Z XYZ

x y z X Y Z
.

Let ' '3 ,  2X Y
X Y

, then ' ' ' ' '3 2 5 0 5
5

X Y Z Z Z
X Y Z Z Z

.

3
1

'3 ' 0
3

xX X X X x C e
X

, 2
2

'2 ' 0
2

yY Y Y Y y C e
Y

and 

5
3

' ' 0
5 5

zZ Z Z Z z C e
Z

.

It follows that 

1 2 3

3 5 3 5 3 5 3 2 52 2 2
1 2 3 1 2 3, ,

x z x z x z x y zy y y

C C C C
u x y z C e C e C e C C C e e e Ce e e Ce

4. (a) Here the independent variables are x and t and suppose ,x t X x T t is a nontrivial 

solution of 

2

2

1 ,    0 ,  0

0, , 0,  0

x t
x c t

t t t
.

2

2, , ' ''x t c x t XT cX T
t x

, where
2

2'' ,  'd X dTX T
x dt

.

Then ' ''T X
cT X

where is a constant, so that '' 0X X , that is, X x is a 

solution of the ODE '' 0X X .
0 0, 0 0 0t X T t X , otherwise, we have 0T t then , 0x t .

Similarly, 0 , 0t X T t X .

So X x satisfies
'' 0
0 0

X X
X X

.

Since ,x t X x T t is a nontrivial solution of 

2

2

1 ,    0 ,  0

0, , 0,  0

x t
x c t

t t t
,

X x must be a nontrivial solution of 
'' 0,  0
0 0

X X x
X X

.

CASE 1: 0 .
Then '' 0X and 1 2X x c x c .

20 0X c so 1X x c x .

However, 1 10 0X c c 0X x (not accepted).



3

Therefore, 0 can’t be accepted.

CASE 2: 0 ,
Then 1 2'' 0 x xX X X x c e c e .

From the first boundary condition 0 0X we have 1 20 0X c c .

And 1 2 1 20c c c c . So 1
x xX x c e e

From the second boundary condition 0 X , we have 10 X c e e

Notice that 0e e , 1 10 0c e e c .

Therefore, 0X x (not accepted). 
This shows that we cannot have 0c .

CASE3: 0 ,

1 2'' 0 cos sinX X X x c x c x .

From the first boundary condition, 0 0X 1 20 sinc X c x .

From the second boundary condition, we have 0X , therefore, 20 sinc

Observe that 2 0c ,otherwise we have 0X x .

So we must have sin 0 , that is, 
0

,    1, 2,n n .

0
n n ( 2n ) 2 sinX x c nx , where 2c is a constant 0 .

In particular, let 2 1c , sin nx , 1, 2,n is a nontrivial solution of 
2'' 0,  0

0 0
X n X x
X X

.

Consider the corresponding ODE for T , 2' 0T cn T , 1, 2,n , we have 
2cn t

n nT t d e ( 0nd ) as a nontrivial solution of  2' 0T cn T , in particular, 
2cn t

nT t e is a nontrivial solution of  2' 0T cn T .

It follows that  
2

, sincn t
n n nx t X x T t e nx , 1, 2,n , is a nontrivial solution of

2

2

1 ,    0 ,  0

0, , 0,  0

x t
x c t

t t t
.

By superposition principle, 
2

1 1 1
, , sincn t

n n n n n n
n n n

x t c x t c X x T t c e nx

formally satisfies
2

2

1 ,    0 ,  0

0, , 0,  0

x t
x c t

t t t
, where nc is an arbitrary constant.
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Observe that since 0c ,
2

1
, sincn t

n
n

x t c e nx also satisfies the third condition that 

, 0x t as t .

Hence the required solution is 
2

1
, sincn t

n
n

x t c e nx , where nc is an arbitrary 

constant.

(b) With 0, 0t
x

, we have ' 0 0,  0 ' 0 0X T t t X

With , 0t
x

, we have ' 0,  0 ' 0X T t t X .

X t is a nontrivial solution of the differential eigenvalue problem 

" 0,  0
' 0 ' 0

X X x
X X

For 0 , the general solution to " 0,  0X x is 1 2X x A x A , 1'X A . With 

' 0 0X , we have 1 0A so 2X x A .

And 2X A satisfies the second condition, ' 0X .

Thus 0 is an eigenvalve of the problem 
" 0
' 0 ' 0

X X
X X

In particular, 1X x is a nontrivial solution of 
" 0,  0
' 0 ' 0

X X x
X X

For 0 , the general solution to " 0,  0X X x is 3 4
x xX A e A e .

3 4 3 4'x x x xX x A e A e X x A e A e

3 4 3 4 3 40 ' 0 0X A A A A A A . So 3
x xX x A e e .

3 3
0

0 ' 0
e e

X A e e A .

Thus, 
" 0,  0
' 0 ' 0

X X x
X X

has no nontrivial solutions. This shows that we cannot 

have 0 . It follows problem
" 0
' 0 ' 0

X X
X X

has no positive eigenvalue.

For 0 , the general solution to " 0,  0X X x is 

5 6cos sinX x A x A x and 

5 6' sin cosX x A x A x .

With ' 0 0X , we have 6 60 0A A . So 5 cosX x A x and 

5' sinX x A x .
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With ' 0X , we have 5 sin 0A .

To have a nontrivial solution we need 5 0A and choose 0 so that 

sin 0 1,2, .

It leads to 2 ,  1, 2,n n with corresponding eigenfunctions cosn nX x A nx , in 

particular, cosnX x nx is a nontrivial solution to 
2" 0

' 0 ' 0
X n X
X X

.

We may combine the case 0 and the case 0 by writing the eigenvalues as 
2,  0,1,2,n n n and the corresponding eigenfunctions cosnX x nx .

The corresponding equation for T is 2' 0T n cT .
When 0n , we have 0' 0 1T T t .

When 1,2,n , we have 
2n ct

nT t e .

Let 
2

, cosn ct
n n nx t X x T t e nx , 0,1, 2,n .

Observe that each of 
2

, cosn ct
n n nx t X x T t e nx , 0,1, 2,n is a solution of 

2

2

1 ,    0 ,  0

0, , 0,  0

x t
x c t

t t t
x x

By the principle of superposition, 
2

0 0
0 1 1

, , , cosn ct
n n n n n

n n n
x t c x t c c x t c c e nx

also formally satisfies 

2

2

1 ,    0 ,  0

0, , 0,  0

x t
x c t

t t t
x x

.

With the third condition , 0x t as t , we have 0 0c . Finally, the required 

solution is 
2

1
, cosn ct

n
n

x t c e nx .

5. (a) Compare the coefficients of the diffusion equation with the general second-order linear 
PDE, we have 21,  0 4 0A B C B AC . The diffusion equation is a parabolic 
PDE.

(b) Let ,u x t X x T t , then 
2 2

2 2
1 1dT d X dT d XX x T t

dt dx T dt X dx
.

We have 
2

2 0,  0d X dTX T
dx dt

.

We solved these problems in Q4, obtaining 
2

, sin ,  1,2,n t
n n n nu x t X x T t E e nx n .
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Using the principle of superposition, 
2

1

, sinn t
n

n
u x t E e nx

(c) With the initial condition ,0u x f x ,
1

sinn
n

f x E nx , which is the Fourier sin 

series expansion of f x on 0, . Hence, 
0

2 sinnE f x nxdx .

If f x satisfies certain conditions, this Fourier sin series converges to f x on 0,
and the solution of the initial-boundary value problem is 

2

1 0

2, sin sinn t

n
u x t f x nxdx e nx .

(d) If 3sin 2sin 2 10sin5 ,   0f x x x x x , then by equating the coefficients of the 

equation 
1

sinn
n

f x E nx we obtain 1 2 53,  2,  10,  0,  1,2,5mE E E E m .

Hence the solution is 4 25, 3 sin 2 sin 2 10 sin5t t tu x t e x e x e x

6. Let ,V x y X x Y y , then '' " 0X Y XY or " "X Y
X Y

.

We have " 0,  " 0X X Y Y .
Considering the boundary conditions,
0 0, 0 0 0,  0 3, 3 3 0

0 ,0 0 0 0

V y X Y y X V y X Y y X

V x X x Y Y
Let’s solve for X first.
For 0 , 1 20 " 0X X c x c .

2 10 0 0X c X x c x , 1 13 0 3 0 0X c c .
Hence 0 is not an eigenvalue of the problem.

For 0 , the general solution of " 0X X is 3 4
x xX A e A e .

3 4 3 40 0 0X A A A A . And so 3
x xX A e e .

6

3

6
3 3

3 3 33 1 0

13 0 0 0
e

e

eX A e e A A
e

.

It follows the problem has no positive eigenvalue.

For 0 , the general solution is of " 0X X is 5 6cos sinX x A x A x .

50 0 0X A , so 6 sinX x A x . 60 3 sin 3X X x A .

To have a nontrivial solution we need 6 0A , hence sin 3 0 .

sin 3 0
3

n (
2 2

9
n ), 1, 2,n

For each such n, let sin
3n

nX x x , which is an eigenfunction of the problem corresponding 
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to the eigenvalue 
2 2

,  1,2,
9n

n n .

Now consider 
2 2

" 0
9n n

nY Y and its general solution is 3 3
1 2

n ny y

n n nY y B e B e .

1 2 1 20 0 0n n n n nY B B B B ,

so 3 3
1

n ny y

n nY y B e e or sinh
3n n

nY y B y , where 12n nB B , in particular, let 

1nB , sinh
3n

nY y y is a solution of 
2 2

" 0,   0 0
9n n n

nY Y Y .

It follows that , sin sinh
3 3n n n

n x n yV x y X x Y y satisfies

2 2

2 2 0

0, 3, ,0 0

V V
x y

V y V y V x

By the principle of superposition, 
1 1

, sin sinh
3 3n n n n

n n

n x n yV x y A X x Y y A

also formally satisfies 

2 2

2 2 0

0, 3, ,0 0

V V
x y

V y V y V x
.

Determine the values of nA such that 

1 1
, sin sinh

3 3n n n n
n n

n x n yV x y A X x Y y A

satisfies the boundary condition 0,2V x V .

We have 0
1 1

2, 2 2 sin sinh
3 3n n n n

n n

n x nV V x A X x Y A , which is the Fourier 

sine series expansion of 0V on 0,3 . As a consequence, 

3
0 0 0

0
0

0

0
2 1

cos 32 2 2 2 23sinh sin cos 1 1 1
03 3 3 3

3
  0        if  is even
4       if  is odd

4 ,  1,2,
2 2 1

2 1 sinh
3

n
n

n

n x
n n x V V VA V dx nn n n

n
V n

n
VA n

n
n
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0

1

2 1 2 14 1, sin sinh
2 2 1 3 32 1 sinh

3
n

n x n yVV x y
n

n
is the solution to 

2 2

2 2

0

0

0, 3, 0

,0 0,  , 2

V V
x y

V y V y

V x V x V

7. (a) Let ,V x t X x T t be a nontrivial solution to 

2

2

0

0
I

0,  0x x l

v v
t x
v v
x x

.

Then ' '' 0X x T t X x T t and 
'' 'X x T x

X x T x
, where is a constant.

''
'' 0

X x
X x X x

X x
.

0   ,  is nontrivial.

,
' 0 0 ' 0 0x V x t X x T t

V x t
X T t X

x
. Similarly, ' 0X l .

Thus, X x is a solution to the boundary-value problem
2

2

0

0
II

0,  0x x l

d X X
dx
dX dX
dx dx

(b) For 0 ,
2

2 0 'x x x xd X X X Ae Be X A e B e
dx

.

' 0 ' 0
'' l l l l

X A B X A
X l BX l A e B e e e

.

det 0l l

l l
e e

e e
.

So 
' 00

0
'0 l l

X A
A B X x

X l Be e
is trivial.

For 0 ,
2

2 0 cos sin ' sin cosd X X X A x B x X A x B x
dx

.

0 ' 0 0X B B . So cosX A x and ' sinX A x .
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2

 is nontrivial
0 ' sin sin 0 ,  1, 2, ,  1, 2,

X x

nX l A l l l n n n
l

Therefore, let 1A and cos ,   1, 2,nX x x n
l

are nontrivial solutions to

2

2

0

0
II

0,  0x x l

d X X
dx
dX dX
dx dx

with 
2

,  1,2,n n
l

.

For 0 ,
2

2 0 'd X X Ax B X A
dx

.

0 ' 0X A .  Thus X B . So ' ' 0 0X l X . And  choose 1B , so 1 cos nX x
l

,

where 0n is a nontrivial solution to

2

2

0

0
II

0,  0x x l

d X
dx
dX dX
dx dx

.

-End-


