Semester B, 2018-19

MA3001
Solution to Problem Set 6: Partial Differential Equations
2
1. (a) U 4xy e e el = 4xy +e* :a—u:I(4xy+eX)dx =2xy+e* +A(y)
oxoy ox\ oy oy

Put x =0, we have %U(O y)=y=1+A(y)=y=A(y)=y-1.

Thus, a—u=2x2y+eX +y-1.
oy

2
It follows that u(x,y)=j(2x2y+eX +y-1)dy = x*y* + ye* +y7— y+B(x).
Put y =0, we have 2=u(x,0)=B(x).

2

Hence, the particular solution is u(x,y)=x’y* + ye* +y7_ y+2.

(b)
2
a—u=3a—u+2y:>i(a—u—3u]=2y:>8—u—3u: y2+ A(x)
oxoy oy oy \ OX OX

—xal-‘I -3x -3x —3x 0 -3x -3x -3x

: P Yy=e >yt e A(x):&(e Yu)=e ¥y’ +e ¥ A(X)
e—SxyZ

=ePu=- 2 +je’3XA(x)dx+ B(Yy)

=€

2
=u(x,y)= —y?+e3’xj'e‘3xA(x)dx+e3XB(y)

:%z—z?y+e“8'(y)

Consider x =0, then
3 2

ou 2y . 2 2 4y y© 2y

Hoy)=-L+B'(y)=y*-2y=B(y)=[| y» -]y =L -2 4c

oy 0V =5 B )=y -2y =>B(y) f(y 3jy Tt
2

Consider the equation u(x, y):—y?+e3xje’3XA(x)dx+est(y) again, let y=0, we

have

u(x,0)= e3XJ'e’3XA(x)dx +e¥B(0) ot eSX_[e’SXA(x)dx +Ce¥ =x+3e

= esxje’sxA(x)dx =X+3e* - Ce*

2 3 2
ThUS, U(X,y):—y?+x+3e—x_Ce3x+e3x y _2y +C]

2

3 2
or u(x,y)z—y?+x+3e‘x+e3x(y 2y j

OW oOwor owos OW OW Ow oOwor owos 8W+8W

2 _—— —_— = —_— —_—— —_— _—
OX Or ox 0s oOX %:1 or o0s oy oroy os ay%ﬂ or 0s



w= + =W:>——ﬂ=0:>e — —=
ox oy o o0s or 0s or 2 or 2

1 1 1
= %(e_erJZODG_ZrWZ f(s)=>w= f(s)eEr = W(x,y)= f(y—x)eimy)
—jEdr=e—Er
3. Assume u(x,y,z)=X(x)Y(y)Z(z), then
ou ou ou X! Y' Z'

3—-2—-5—=0=3X'YZ-2XY'Z-5XYZ'=0=3"--2—-5==0.
x oy X Y 2

Let3x—:),,2Y—:,u,then3X——2Y——SZ—:O:>52—:ﬂ,—,u:>Z—:/1_—’u.
X Y X Y Z Z Z 5

' Ay ' “
3x7=/1:>X'—%X =O:X(x)=C1e3 , 2Y7=y:>Y'—§Y =O:Y(y):Czezyand

Z' a- A G
c A7 7 -0227(2)=Ce 5
Z 5 5
It follows that
Lo, i, Aoouy Aow Aeomy demy Ao ew
u(x,y,z)=Ce*Ce2Ce® =CCCeiere® = Ceie’e® =Ce® 2 °

4. (a) Here the independent variables are x and t and suppose  (x,t)= X (x)T (t) is a nontrivial

Oy Loy
solution of { ox* ¢ ot
w(0,t)=y(7,t)=0,t>0

, O<x<m t>0

2 2
W t)=c 2V (xt) = XT =X T ‘where X " = 9 X L
Then T—T=X7=/1 where A is a constant, so that X "-AX =0, that is, X(x) isa
c

solution of the ODE X "-AX =0.

0=y (0,t)=X(0)T(t)= X (0)=0, otherwise, we have T (t)=0 then w(x,t)=0.
Similarly,0 =y (7,t)= X (7)T (t)= X (7)=0.

X"-AX =0

So X (x) satisfies{x (0)=X (x) =0’

2
. . L . 81//218_1//’ O<x<m t>0
Since y(x,t)= X (x)T(t) is a nontrivial solution of 4 x> ¢ ot :

w(0,t)=y(7,t)=0,t>0
X"-AX =0, 0<x<7
X (0)=X(7)=0

X (x) must be a nontrivial solution of {

CASE 1: 1=0.
Then X"=0and X (X)=cX+C,.

0=X(0)=c, so X (Xx)=cx.
However, 0= X (7)=7zc, = ¢, =0= X (x)=0 (not accepted).



Therefore, 2 =0 can’t be accepted.

CASE2: 1>0,
Then X "= AX =0=> X (x) =™ +c,e™/™,
S
From the first boundary condition 0= X (0) we have 0= X (FO) =C,+C,.
And ¢, +¢,=0=¢, =-C,.S0 X (x)=cl(eﬁX —e‘ﬂx)

From the second boundary condition 0= X (), we have 0= X (7)=c¢, (eﬁ” —e‘ﬁ”)

Notice that e”¥* —e™¥* -0, c( J—”—e‘ﬁ”)=0:>c1:0.

Therefore, X (x)=0 (not accepted).
This shows that we cannot have ¢ >0.

CASE3: 1«0,

X "= 2AX =0= X (x) =¢, cosv-Ax+c,sinv-2x.

From the first boundary condition, X (0)=0=>¢, =0= X =c, sinv/-Ax.

From the second boundary condition, we have X (7)=0, therefore, 0 =c,sin J-ir
Observe that ¢, # 0 ,otherwise we have X (x)=0.

So we must have sin nﬁzo , that is, n\/j = nz, n=12,---.

V-4>0

n\/—/l nyz:\/ =n (A=-n%)= X (x)=c,sinnx, where c, is a constant= 0.

In particular, let c, =1, sinnx, n=12,--- is a nontrivial solution of
X"+n*X =0, 0<x<7
X (0)=X(7)=0

Consider the corresponding ODE for T, T '—(—cnz)T =0, n=12,--, we have
T,(t)=d,e™" (d, #0) as a nontrivial solution of T '+cnT =0, in particular,

T,(t)=e™"* is a nontrivial solution of T'+cn?T =0.

It follows that v/, (x,t)= X, ()T, (t)=e""*sinnx, n=1,2,---, is a nontrivial solution of
Ty _loy
x> ¢ ot
w(0,t)=y(z,t)=0,t>0

, O<x<m t>0

By superposition principle, v (x,t) chz//n (x.t) =Z C, X, (X )Tn(t):icne‘mztsin nx
n=1 n=1
formally satisfies

2
81/2/:18_t//’ O<x<m t>0 . .
ox~ ¢ ot , Where ¢, is an arbitrary constant.

w(0t)=y(7,t)=0,t>0




(b)

Observe that since ¢>0, y(x,t)= che‘cnzt sinnx also satisfies the third condition that
n=1
w(x,t)—>0ast—ow.

0

Hence the required solution is v (x,t)=>"c.e

n=1

—cn’t

sinnx, where c, is an arbitrary

constant.

With %—')/(/(O,t)zo,we have X '(0)T (£)=0, t>0= X (0)=0

With Z—V;(ﬂ,t):o,we have X '(7)T (1)=0, t>0= X '(z)=0.
X(t) is a nontrivial solution of the differential eigenvalue problem

X"-AX =0, O<x<7x
{x(o):x-(ﬁ):o

For 2 =0, the general solution to X"=0, 0<x<7 is X(x)=Ax+A,, X'=A. With
X'(0)=0,wehave A =050 X(x)=A,.
And X = A, satisfies the second condition, X '(7)=0.

Thus 4 =0 is an eigenvalve of the problem 1
us A =0 is an eigenvalve of the problem X*(0)= X"(x) =0
. . . . X"-AX =0, 0<x<rx
In particular, X (x)=1 is a nontrivial solution of{ X'(0)= X () =0

For 1>0, the general solutionto X"-AX =0, 0<x<z is X = Age“_X ‘J_X.

X (x)= A+ Ag " = X (x) = Aae ™ - AZE "
0=X(0)=AVZ - AN = A -A=0= A=A, S0 X (x)=A (e +e ™)
X ()= AN (e —e V) Ao

\/’( fn e zz)
X"-AX =0, 0<x<rx o ) )
Thus has no nontrivial solutions. This shows that we cannot
X '(O)= X '(;z)zo
X"-AX =0

X'(0)=X"(z)=0

For 1 <0, the general solutionto X"-AX =0, 0<Xx< 7 is
X (x)= A cosv/—Ax+ Asiny/-Ax and
X'(x) =—Av-AsinV-Ax+ A—4 cosv/-AX.

have 1 >0. It follows problem{ has no positive eigenvalue.

With X'(0)=0 , we have AV-21=0=A=0 . So X(x)=Acosv-ix and
X '(x) = ~A~N-AsinV-Ax.



With X '(7)=0, we have —Av/-Asiny-Az =0.
To have a nontrivial solution we need A =0 and choose ~-A(#0) so that

sinv-Azr=0=>+v-1=12,---.

It leads to A =-n*, n=1,2,---with corresponding eigenfunctions X, (x)= A, cosnx, in
X"+n*X =0

particular, X, (x)=cosnxis a nontrivial solution to {X (0)= X (%) =0 :

We may combine the case A =0 and the case A<0 by writing the eigenvalues as
A, =-n% n=0,12,---and the corresponding eigenfunctions Xn(x):cosnx.

n

The corresponding equation for Tis T '+n?cT =0.
When n=0, we have T'=0=T,(t)=1.

When n=1,2,---, we have T, (t)=e™"*.
Let y, (x,t)= X, (X)T, (t)=e’nth cosnx, n=0,1,2,---.

Observe that each of y, (x,t)= X, (X)T,(t)= e " cosnx, n=0,1,2,-- is a solution of

2
8;12/:18_@//’ O<x<m t>0
OX c ot
oy oy
—/(0,t)=——(x,t)=0,t>0
5 (0t)=— (m1)

By the principle of superposition,

w(x.t)= icnyxn (xt)=c, +icnyxn (xt)=c, Jricne‘”ZCt oS NX
n=0 n=1

n=1
2
81/21236_1//’ O<x<z t>0
also formally satisfies gx ¢ 8ta :
v v
—/(0,t)=——(x,t)=0,t>0
o (0t =—-(71)

With the third condition y(x,t)—>0 as t— o, we have ¢, =0. Finally, the required

- - = _n2
solution is y (x,t)=> c,e™* cosnx.
n=1

5. (@ Compare the coefficients of the diffusion equation with the general second-order linear
PDE, we have A=1, B=C=0= B?-4AC =0. The diffusion equation is a parabolic

PDE.
dT  d?X 1dT 1 d?*X
b) Let 1)=X T(t), then X —= T(t = =
() e U(X ) (X) () en (X) dt dX2 ():>T dt X dXZ
2
We have d >2(—/1X =0, d—T—ﬂTzo.
X dt

We solved these problems in Q4, obtaining
u, (x,t)= X, (X)T, (t)=E.e ™ sinnx, n=1,2,---.



Using the principle of superposition, u(x,t)=>" E.e""sinnx

n=1

(c) With the initial condition u(x,0)= f (x), f(x):iE

=1

sinnx, which is the Fourier sin

n

>

N

series expansion of f (x) on [0,7]. Hence, E, :Ej f (x)sinnxdx.
%

If f(x)satisfies certain conditions, this Fourier sin series converges to f (x) on [0,7]

and the solution of the initial-boundary value problem is
u(xt)= EZU f (x)sin nxdxjenzt sinnx.
T n=l\ o

(d) If f(x)=3sinx—2sin2x+10sin5x, 0<x<r, then by equating the coefficients of the

equation f(x):ZEn sinnx we obtain E, =3, E, =-2, E; =10, E, =0, m#1,2,5.
n=1

—4t 25t

Hence the solution is u(x,t)=3e™ sinx —2e™* sin2x +10e ™' sin 5x

Let V (x,y)=X (x)Y(y), then X"Y +XY"=0 or %:-?:A.

We have X "-AX =0, Y"+ 1Y =0.

Considering the boundary conditions,

0=V (0,y)=X(0)Y(y)=X(0)=0, 0=V (3,y)=X(3)Y(y)= X (3)=0
0=V (x,0)=X(x)Y(0)=Y(0)=0

Let’s solve for X first.

For =0, A=0=X"=0= X =c¢Xx+¢,

X(0)=0=¢c,=0= X (x)=cx , X(3)=0=3c,=0=¢, =0.
Hence A =0 is not an eigenvalue of the problem.

For >0, the general solution of X "~ AX =0is X = A’ + Ae'*.
X(0)=0=>A,+A,=0= A, =—A,. And s0 szg(eﬂX_e—ﬁx)'

eV g

——=#0
@3V

NA
Vi _gai e -1
X(3)=0:A3(e3 he? i)=A{ e ]=0 = A=0.
It follows the problem has no positive eigenvalue.

For 4 <0, the general solution is of X "~AX =0 is X (x)= A, cosv~Ax+ A sin/-2x.
X(0)=0=> A =0,50 X (x)=Assinv=2x. 0= X (3)= X (x)= A;sin3J-1.

To have a nontrivial solution we need A, =0, hence sin3v-1 =0.

2 _2
SiN3JA = 0= A/ =n?”(/1=—n9” ), n=12,

For each such n, let X (x) = sinn?”x, which is an eigenfunction of the problem corresponding



n2ﬂ'2

to the eigenvalue 4, =— ,N=12,---

2_2 nz nr

”_v_ =0 and its general solution is Y, (y)=B,e +B,e ° .

Now consider Y, "—
Y,(0)=0=B,+B,,=0=>B,=-B,,,

nrz nrx

S0 Yn(y)=Bnl[e3y e SyJ or Yn(y)ansinhn?”y, where B =2B, , in particular, let

n’z?

Bn=1,Yn(y)=sinhn?ﬂyisasolutiononn"— Y, =0, Y,(0)=0.

It follows that V, (x,y) = X, (x)Y,(y)= (sin nzx)(sinh nzyj satisfies
oV oV
_+_
aXZ ayz
V(0,y)=V(3,y)=V(x,0)=0

=0

00

By the principle of superposition, V (x, y)=ZA1Xn (x)Y, (y)=iAnsin(nL;(jsinh(%]
n=1

n=1
oV NV
also formally satisfies { ox*  oy?

V(0,y)=V (3, y)=V(x,0)=0.

=0

Determine the values of A, such that

X y)=2/xxn(x ZA&n(Tjsmh(nféyJ
V,.

satisfies the boundary condition V (x,2) =

We have V, =V ( ZA]X 2)=Zﬂsin(nzxjsinh(zgﬂj, which is the Fourier
n=1
sine series expansion of V, on [0,3]. As a consequence,
3 cos X
nz\ 24, .onax . 3 |3 2 2V, n
sinh —|V,sin—=dx =—2| — =-——L(cosnr-1)=—2|1-(-1
w257 S uwsin = B 5 0o Tt < B[
3
0 if n is even
1% i s odd
nz
= AZn—l = 4V0 n :1121

(2n—1)7zsinh2(2n3



V(X,y):%i 12 ] Sin[(zn_?)l)ﬂx}sinh[(zn_%} is the solution to
7 % (2n-1)sinh (2n-1)7

oV oV

_—t—=

ox’ oy’

V(0,y)=V(3y)=0

V(x,0)=0, V(x,2)=V,

0

v _ov _

o ot (1)
(@) LetV(x,t)=X(x)T(t) be a nontrivial solution to | gy ov

&|x:0 ZO’ &|x:l =0

Then X (x)T'(t)—X"(x)T (t)=0and X (X):T (X):—/I,where A is a constant.

X(x)  T(x)
);((XX)) = 2= X"(x)+AX (x) =0.
oV (xt) . - oy . i
P o =X"(0)T(t)=0 e T s o (0)=0. Similarly, X'(1)=0.
Thus, X (x) is a solution to the boundary-value problem
2
O('j )2( +AX =0
L (1)
dX dx
&|x=0 :0’ d_X|x=I =0
2
(b) For 1<0, d >2( +AX =0= X = Ae P 1 Be = X '=—AV-2e T+ BY-2e A,
X

X '(0)=~AV-2 +B-2 :{x-(o)}{ -2 V-2 J(Aj
X'(1)=-AJ=2e A +BJ=2e" | X'(1) e Jae '

_ [_/’ie—ﬁ| [_/fieﬁl

So (8):[?{?3} :{—_Ff”' ngﬂgj: A=B=0= X(x) is trivial.

det{ -2 V2 Jzﬂ,(eﬁ'—e‘ﬁ')io.

For A >0,
d2Xx

dx?

0=X'(0)=BY2=B=0.S0 X =Acosv/Ax and X '=-AJZsin2x.

+AX=0= X :Acos\/Zx+ Bsinﬁx: X ':—A\/Zsin\/Zx+ B\/Icos\/zx.



2
0=X'(I)=-AVZsinyaI_ = sin\/il =0= /1l =nz, n=1,2,---:>/1=(”|—”) S n=12,

(x) is nontrivial

n . .
Therefore, let A=1 and X (x) = cosTﬂx, n=1,2,--- are nontrivial solutions to

2
I°X ix =0

X ------ 2
ax dX (1) with ﬂ:(nTﬂj n=12,--.

dx |x=0 _O’ a|x=l

d*X ,
Forizo,?=0:X=AX+B:X :A.
X

0=X'(0)=A. ThusX =B.So X'(I)=X"(0)=0.And choose B=1,s0 X =1=cosnT”x,
2
d )2(:0
) o ) L (1)
where n=0 is a nontrivial solution to | gx 0 dX 0 .
dx|x:°_ ' dx|X:' -
-End-



