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Main Topics

Function of two variables

Partial derivatives

Chain rule

Implicit function; derivative of an implicit function

Contours and isoquants

¢ Homogeneous functions and Euler’s theorem
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Functions of Several Variables

¢ Previously, we discussed functions of one variable: f = f(x).
Now, we consider functions of several variables.

* For example, a function f : R? — R of two variables assigns
to each (x,y) € R? a value f(x,y) € R.

e Examples:
fly)=x +y
fxy) =Xy + Ty +y°
¢ Atypical example from economics is the production function
of a firm, ¢ = g(k, ). Here, I denotes the amount of labor, k

denotes the amount of capital, and ¢ is the quantity of the
product that the firm can produce using labor and capital.
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Partial Derivatives

e Consider f = f(x,y). The partial derivative of f, with respect
to the first variable, is obtained by treating the second vari-
able as a constant and taking the derivative with respect to
the first variable.

» For example, suppose f(x,y) = x*y + Txy + y*.
e Treating y as a constant, differentiate f w.r.t. x to get

0
al = filx,y) = 2xy + Ty
X
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Partial Derivatives

¢ Similarly, the partial derivative of f, with respect to the sec-
ond variable, is obtained by treating the first variable as a
constant and taking the derivative with respect to the sec-
ond variable.

* For example, suppose f(x,y) = x*y + Txy + y.
¢ Treating x as a constant, differentiate f w.r.t. y to get

T —pny) = x4
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Second Partial Derivatives

e Since f; and f, are themselves functions of (x,y), we can
further define their partial derivatives w.r.t x and y.

0? d P
67]; B 8x(8{c) =fulxy) = ax<2w+7y> =2y
Pf o\ 9 i
Oyox ay<a ) _f12(xay) = ay(ny+7y> =2x+7
Pf of o/, )
Sy = o) =ty = (2 e ) <207

02 0 0
6yf 6y(f> = fn(x,y) = a)}()62—1-7)64-2)/):2
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Cobb-Douglas Production Function

¢ A function often used in economics is the Cobb-Douglas
production function

q(k,1) = AP

* A, «, 3 are constants that can be chosen to reflect the char-
acteristics of a particular situation. For example, we might
consider a specific firm with production function

qlk, 1) = 6k'/*P/

With A = 6,0 = 1/4, 3 = 3/4.
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Marginal Products

e For a given production function, the partial derivative %

measures the rate of change of output with respect to capi-
tal when labor is kept fixed: this is called the marginal prod-
uct of capital. It gives the change in production when one
additional unit of capital is used, keeping labor fixed.

e For a given production function, the partial derivative %
measures the rate of change of output with respect to la-
bor when capital is kept fixed: this is called the marginal
product of labor. It gives the change in production when
one additional unit of labor is used, keeping capital fixed.
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Cobb-Douglas Production Function

* For the Cobb-Douglas production function g(k,l) = Ak*1°,
we have the following partial derivatives:

q1(k, 1) = Aak* 1P @k, 1) = Ak
* The second partial derivatives are
g (k1) = Aa(a — 1)k21° qi2(k, 1) = Aafke=11°~!

a1 (k,1) = Aok~ 1P~} an(k,1) = AB(B — 1)k*1°>
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Chain Rule

* Consider the following function f of two variables (x, y), both
of which are themselves functions of :

e Chain Rule states that

dF _ ofdx | of dy
dt  oxdt  dydt
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Chain Rule: Example

® Suppose
fluy)=xy,  x(r)=3+4, y)=6-2¢

e Then
ar af@ 6f@

dr " oxdi | dydr
=(y)(4) + (x)(=2) =4y — 2x = 4(6 — 2r) — 2(3 + 41)
=18 — 16¢

¢ In this example, you can also directly differentiate F w.r.t. :
F(t) = (3+41)(6 —2t) = 18 + 181 — 8¢

dF
— =18 —16¢
dt
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Diminishing Marginal Product

e Suppose that a firm has a production function
q(k,l) = Ak*I'=2
where A > 0and 0 < a < 1.
* The marginal product of labor is

% =A(l — a)k*l'771 = A(1 — ) (?) >0

a;lz ;(g‘f) jl( (1—a)ker > — Al—a)(—a)ker!

52
— 29— _Aa(l — a)kero!
Since A > 0,a > 0,1 —«a > 0, % < 0. Therefore, there
is diminishing marginal product of labor: as labor (or size of
workforce) increases in size, production increases too, but
at a slower rate.
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Implicit Function

e Suppose we are given g(x,y) = ¢, for example, like the fol-
lowing equation
glr,y) =x* =4y =0

e Then, you can write the above as

y:Z

* We say that g(x,y) = ¢ defines y implicitly as a function of x.
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Derivative of Implicit Function

¢ Consider the equation g(x,y) = ¢ where ¢ is a constant. It
defines y is a function of x, i.e., y(x) (often termed as an
implicit function of x). Then, we can write

g(xy(x) = ¢

¢ Taking differentiation of both sides w.r.t. x, we get (use chain
rule)
dg _ Ogdx  ogdy
dx  oxdx  Oydx
dg  Ogdy
e
0x * 0y dx
dy _ _ 0g/ox _ &
dx 0g/0y 2
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Derivative of Implicit Function

¢ Consider the following equation
g(x,y) = x> + 3xy + 2y> = 48
* Here we have
g1 = 98 _ o + 3y
0x
0
& = 98 _ 3y +4y
dy

dy g1 2x+3y
dx 2 3x + 4y
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Contour

¢ For any function f of two variables we define a contour to
be a set of the form

{ ) (x,y) = ¢}

for some constant c.

¢ The following graphs below plot typical contours for the func-
tions x + y, x* +y? and xy in R2.

Y vk Y

—77;\‘\\\
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(a) (b) ()
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Slope of the Contour

* Suppose we want to find the slope of the contour f(x,y) = ¢
at the point (a, b).

* Noting that the equation f(x,y) = ¢ implicitly defines y as a
function of x, and the graph of this function is the contour,
the slope is given by

dy _ _h
dx 12

where the partial derivatives are evaluated at the point (a, b).
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Production Function and Isoquants

¢ When the function under consideration is a production func-
tion g(k, 1), the contours are called isoquants (‘iso-quant’
means ‘same quantity’).

* The points (k, ) lying on a particular isoquant correspond to
a set of inputs of capital and labor resulting in a given fixed
output.

» An example: consider g(k,I) = 6k'/2['/*. The slope of an
isoquant of this production function is given by

il qn  dq/ok  6(1/2k A 2

dk — qa ogqlol —  6(1/A)k\2IA Tk
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Homogeneous of degree D

¢ |f a function % is such that
h(cx, cy) = cPh(x,y),

then we say that # is homogeneous of degree D.

» Example: h(x,y) = 3x%y 4+ 7xy*. Then
h(ex, cy) = 3(ex)*(ey)+7(ex)(ey)? = & 3%y +70%) = h(x, )

Therefore, this function is homogeneous of degree 3.
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Returns to Scale

* The notion of homogeneous function is related to the idea
of ‘returns to scale’ in economics.

¢ |n the case of a production function, we say that there are
constant returns to scale (CRS) if a proportional increase
in k and [ results in the same proportional increase in g(k, [);
that is if

Q(Ckv Cl) = CQ(kv l)
* We have increasing returns to scale (IRS) if

q(ck, cl) > cq(k, 1)
¢ We have decreasing returns to scale (DRS) if

glck,cl) < cqk, 1)
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Returns to Scale: Cobb-Douglas production function

For the Cobb-Douglas production function g(k,1) = Ak®1®,
we have

g(ck,cl) = A(ck)¥(cl)? = @B (AkIP) = @ FPy(k, 1)

Depending on the value of « + 8 (which is the degree of
homogeneity for this Cobb-Douglas function), we will have
either constant, increasing, or decreasing returns to scale.

a+ B =1:CRS
e a+(3>1:1RS
a+ < 1: DRS
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Euler's Theorem

¢ For any homogeneous function & = h(x,y) of degree D, we

have ah o
— +y—=D
Y ox Ty 6y h
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Following chapters of the textbook:
11 Partial Derivatives

12 Applications of Partial Derivatives
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