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1. Consider a copper wire with a cross-sectional area S = 2 mm2. Copper has 𝑛 = 10ଶଽ 

electrons in every 1 m3. It carries a current of I = 4 A for driving a light bulb L = 50 m away 
from a voltage source. The conductivity is 𝜎 = 10଼ Ωିଵmିଵ. 
(a) Find the time needed for an electron to drift from the source to the light bulb. 
(b) Find the power dissipated in every 1 m3 of the copper. 
 
Solution: 
(a) The velocity of electron drifting is 

𝑉 ୰୧୤୲ =
𝐼

𝑆𝑛𝑞
= 125 (μm/s) 

The time needed is 

Time =  
𝐿

𝑉 ୰୧୤୲
=

50 (𝑚)

125 (μm/s)
= 4 × 10ହ (s)  

 
(b) We know that power 

 𝑃 = 𝐼𝑉 = 𝐼𝐸𝐿 =
𝐼ଶ𝐿

𝜎𝑆
 

Thus, the power dissipated in every 1 m3 of the copper is 
𝑃

𝐿𝑆
=

𝐼ଶ

𝜎𝑆ଶ
= 40000 (W/mଷ) 

 
 

2. In a region of permittivity 𝜀଴, the potential field is given in cylindrical coordinates by 
  

𝑉(𝜌, 𝜙, 𝑧) = 𝑉଴

𝜌

𝑎
cos𝜙 

 
where 𝑉଴ is a constant potential and 𝑎 is a constant length. 
Find the electric field. 
 
Solution: 
Calculating the gradient of V in spherical coordinates, we have 
 

∇𝑉 =
𝜕𝑉

𝜕𝜌
𝒂ෝ𝝆 +

1

𝜌

𝜕𝑉

𝜕𝜙
𝒂ෝ𝝓 +

𝜕𝑉

𝜕𝑧
𝒂ෝ𝒛 =

𝑉଴

𝑎
cos𝜙𝒂ෝ𝝆 −

𝑉଴

𝑎
sin𝜙𝒂ෝ𝝓 

 
Thus, the electric field is 

 

𝑬 = −∇𝑉 = −
𝑉଴

𝑎
cos𝜙𝒂ෝ𝝆 +

𝑉଴

𝑎
sin𝜙𝒂ෝ𝝓 
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3. Given a field 𝑮 = 𝑦𝒙ෝ + 𝑥𝒚ෝ. There are points A(1, 1) and B(1, 1). 
(a) Find  

න 𝑮 ∙ 𝑑𝒍

୔ୟ୲୦ ௌ

 

 where the path S is a straight line from point A to point B. 
 
(b) Find  

න 𝑮 ∙ 𝑑𝒍

୔ୟ୲୦ ஼

 

where the path C is the circular arc of radius √2 connecting point A and point B. 
 

(c) Is G conservative? Why? 
 
Solution: 
(a) When the path is a straight line from point A to point B, we have y = 1 for the path. 

Since 𝑑𝒍 = 𝒙ෝ𝑑𝑥 + 𝒚ෝ𝑑𝑦 
 

න 𝑮 ∙ 𝑑𝒍

୔ୟ୲୦ ௌ

= න (𝑦𝒙ෝ + 𝑥𝒚ෝ) ∙ (𝒙ෝ𝑑𝑥 + 𝒚ෝ𝑑𝑦)

୔ୟ୲୦ ௌ

= න 𝑦𝑑𝑥

୔ୟ୲୦ ௌ

+ න 𝑥𝑑𝑦

୔ୟ୲୦ ௌ

 

 
Thus, we have 

න 𝑮 ∙ 𝑑𝒍

୔ୟ୲୦ ௌ

= න 𝑑𝑥
ିଵ

௫ୀଵ

= −2 

 
(b) When the path is the circular arc connecting point A and point B, we have 

 

𝑥 = √2cos 𝜑 , 𝑦 = √2sin𝜑 for 𝜑:
గ

ସ
→

ଷగ

ସ
 

 
Therefore, 𝑑𝒍 = 𝒙ෝ𝑑𝑥 + 𝒚ෝ𝑑𝑦 = −√2sin𝜑𝑑𝜑𝒙ෝ + √2 cos 𝜑𝑑𝜑𝒚ෝ  
Thus, we have 
 

න 𝑮 ∙ 𝑑𝒍

୔ୟ୲୦ ஼

= න (2cosଶ 𝜑 − 2 sinଶ 𝜑)𝑑𝜑
ଷగ/ସ

ఝୀగ/ସ

= 2 න cos2𝜑𝑑𝜑
ଷగ/ସ

ఝୀగ/ସ

= −2 

 
(c) G is conservative.  

Because the integration of G is independent on the path. 
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4. Consider a coaxial cable below consisting of cylinders of perfect conductors of length l = 
7 m. In the cylindrical coordinate system, the inner conductor is at 0 < < a and the outer 
conductor is at b, where a = 3 mm and b = 8 mm. The outer conductor is grounded. The 
region between the conductors is filled with air.  
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

(a) Find the maximal |𝑬| in the structure. 
(b) Find the capacitance of the whole cable.  
(c) Suggest one way to double the capacitance. 

 
Solution: 
(a) Inside the inner and outer conductor, the electric field is zero. For the electric field 

inside the dielectric, we can consider there is no leaking of the electric field and the 
charges in the inner/outer conductors are uniformly distributed. Because of the 
symmetric structure, the electric field can be expressed as 

 
𝑬(𝜌, 𝜙, 𝑧) = 𝑬(𝜌) = 𝐸(𝜌)𝝆ෝ 

 
Consider a cylindrical Gaussian surface S with a radius of ρ and a height of h, centered 
along z-axis and placed between the inner and outer conductor. 
 
Using Gauss’s law, we have 

𝑄ୣ୬ୡ = ර 𝑫(𝜌, 𝜙, 𝑧) ∙ 𝑑𝑺
ௌ

 

Thus,  

𝑄ୣ୬ୡ = ර 𝜀଴𝑬(𝜌, 𝜙, 𝑧) ∙ 𝑑𝑺
ௌ

= ර 𝜀଴𝑬(𝜌) ∙ 𝑑𝑺
ௌ

 

 
Then we have 

 

𝑄ୣ୬ୡ = න 𝜀଴𝑬(𝜌) ∙ 𝑑𝑺
୘୭୮ ୗ୳୰୤.

+ න 𝜀଴𝑬(𝜌) ∙ 𝑑𝑺
େ୳୰୴ୣୢ ୗ୳୰୤.

+ න 𝜀଴𝑬(𝜌) ∙ 𝑑𝑺
୆୭୲୲୭୫ ୗ୳୰୤.

 

 
Because 𝑬(𝜌) = 𝐸(𝜌)𝝆ෝ, we have 

 

න 𝜀଴𝑬(𝜌) ∙ 𝑑𝑺
୘୭୮ ୗ୳୰୤.

= න 𝜀଴𝑬(𝜌) ∙ 𝑑𝑺
୆୭୲୲୭୫ ୗ୳୰୤.

= 0 

 
 

y 

x a                        

air 

b                        
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Thus, 

𝑄ୣ୬ୡ = න 𝜀଴𝐸(𝜌)(𝝆ෝ ∙ 𝝆ෝ)𝑑𝑆
େ୳୰୴ୣୢ ୗ୳୰୤.

 

Therefore,  
 

𝑄ୣ୬ୡℎ

𝑙
= 2𝜋𝜌ℎ𝜀଴𝐸(𝜌)  ⇒  𝐸(𝜌) =

𝑄ୣ୬ୡ

2𝑙𝜋𝜀଴

1

𝜌
 

 
When 𝜌 = 𝑎, we have  

|𝑬|୫ୟ୶ = 𝐸୫ୟ୶ =
𝑄ୣ୬ୡ

2𝑎𝑙𝜋𝜀଴
 

 
(b) The potential difference between the conductors is 

 

𝑉 = − න 𝑬 ∙
௔

ఘୀ௕

𝑑𝑳 = − න 𝐸(𝜌)
௔

ఘୀ௕

(𝝆ෝ ∙ 𝝆ෝ)𝑑𝜌 = − න
𝑄

2𝑙𝜋𝜀଴

1

𝜌
𝑑𝜌

௔

ఘୀ௕

=
𝑄

2𝑙𝜋𝜀଴
ln (

𝑏

𝑎
) 

 
So the capacitance of the cable is 

 

𝐶 =
𝑄

𝑉
=

2𝑙𝜋𝜀଴

ln (
𝑏
𝑎

)
= 0.398 (nF) 

 
(c) To double the capacitance, we can double the length of the cable or fill the region 

between the conductors with a dielectric with relative permittivity 𝜀୰ = 2.   
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5. A concentric spherical structure is placed at the origin of a spherical coordinate system (r, 
, ) as shown by the figure below. The different layers contain the following materials: (i) 
inner conductor for 𝑎 < 𝑟 < 𝑏 , (ii) outer conductor for 𝑐 < 𝑟 < 𝑑 , (iii) dielectric with 
relative permittivity 𝜀୰ for 𝑟 < 𝑎, and (iv) air for any other r. The inner conductor has 
potential +V0 while the outer conductor is grounded. 
(a) Using Laplace equation, find the expressions for the potential V for 0 < 𝑟 < 𝑎 and 𝑏 <

𝑟 < 𝑐. Retain the constants of integration as unknowns. 
(b) Solve the unknown constants for V. 
(c) Find the electric field E for 𝑏 < 𝑟 < 𝑐. 
(d) Find the capacitance of the concentric conducting spheres. 
 

 
 

Solution: 
(a) By symmetry, the electric potential only depends on r in the spherical coordinate 

system. Thus, we have 𝑉(𝑟, 𝜃, 𝜑) = 𝑉(𝑟). 
Apply Laplace’s equation for 0 < r < a first. Then we have 

∇ଶ𝑉 = ∇ ∙ ∇𝑉 = 0 ⇒ ∇ ∙ ൤
𝜕𝑉(𝑟)

𝜕𝑟
𝒂ෝ𝒓൨ = 0 

 
1

𝑟ଶsin𝜃
൤

𝜕

𝜕𝑟
൬𝑟ଶsin𝜃

𝜕𝑉

𝜕𝑟
൰൨ = 0 

 

2𝑟sin𝜃
𝜕𝑉

𝜕𝑟
+ 𝑟ଶsin𝜃

𝜕𝑉ଶ

𝜕𝑟ଶ
= 0 

 

By letting 𝑋 =
డ௏

డ௥
, we have 

𝜕𝑋

𝜕𝑟
= −

2𝑥

𝑟
⇒ ln(𝑋) = −2 ln(𝑟) + 𝐴଴ ⇒ 𝑋 =

𝑒஺బ

𝑟ଶ
 

So we have 
𝜕𝑉

𝜕𝑟
=

𝐴

𝑟ଶ
, 𝐴 = 𝑒 ஺బ  

Thus,  

𝑉(𝑟) = −
𝐴

𝑟
+ 𝐵 

where A0, A, and B are unknown constants. 
For b < r < c, a similar derivation can be applied. Therefore, we have 
  

𝑉(𝑟) = −
𝐶

𝑟
+ 𝐷 

where C and D are unknown constants. 
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So we have 

                                         𝑉(𝑟) = −
𝐴

𝑟
+ 𝐵,       for 0 < 𝑟 < 𝑎 

                                         𝑉(𝑟) = −
𝐶

𝑟
+ 𝐷,       for 𝑏 < 𝑟 < 𝑐 

 

(b) For 0 < r < a, 𝑉(𝑟) = −
஺

௥
+ 𝐵. 

By symmetry, 𝑬(𝑟 = 0) = 0. Since we know 𝑬 = −∇𝑉, we have 
𝜕𝑉

𝜕𝑟
(𝑟 = 0) =

𝐴

𝑟ଶ
(𝑟 = 0) = 0 

Thus, 𝐴 = 0, 𝐵 = 𝑉଴. 
By boundary condition, 𝑉(𝑟 = 𝑎) = 𝑉଴.  So 𝑉(𝑟) = 𝑉଴, for 0 < 𝑟 < 𝑎. 
 

For b < r < c, 𝑉(𝑟) = −
஼

௥
+ 𝐷. 

By boundary condition, we have 

𝑉଴ = −
𝐶

𝑏
+ 𝐷, 0 = −

𝐶

𝑐
+ 𝐷 ⇒ 𝐶 = −

𝑏𝑐

𝑐 − 𝑏
𝑉଴, 𝐷 = −

𝑏

𝑐 − 𝑏
𝑉଴ 

 
Therefore, we have 

                                         𝑉(𝑟) = 𝑉଴,       for 0 < 𝑟 < 𝑎 

                                         𝑉(𝑟) =
𝑏𝑉଴

𝑐 − 𝑏
ቀ

𝑐

𝑟
− 1ቁ ,       for 𝑏 < 𝑟 < 𝑐 

 

(c) For b < r < c, 𝑉(𝑟) =
௕௏బ

௖ି௕
ቀ

௖

௥
− 1ቁ. 

𝑬(𝑟, 𝜃, 𝜑) = −∇𝑉(𝑟) =
𝑏𝑐𝑉଴

(𝑐 − 𝑏)𝑟ଶ
𝒂ෝ𝒓 

 
(d) Consider a spherical surface, centered at the origin as the Gaussian surface S, which 

encloses the inner conductor (b < r < c).    
By Gauss’s law, we have 
 

𝑄ୣ୬ୡ = න න 𝜀଴

ଶగ

ఝ

𝑬 ∙ 𝒂ෝ𝒓 ∙ 𝑟ଶ
గ

ఏୀ଴

sin𝜃𝑑𝜃𝑑𝜑 = 4𝜋𝜀଴

𝑏𝑐𝑉଴

𝑐 − 𝑏
 

 
Thus, the capacitance is 

𝐶 =
𝑄ୣ୬ୡ

𝑉଴
= 4𝜋𝜀଴

𝑏𝑐

𝑐 − 𝑏
 

 
 


