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1. Consider a copper wire with a cross-sectional area S = 2 mm? Copper has n = 102°
electrons in every 1 m’. It carries a current of / = 4 A for driving a light bulb L = 50 m away
from a voltage source. The conductivity is ¢ = 108 Q™ Im™1.

(a) Find the time needed for an electron to drift from the source to the light bulb.
(b) Find the power dissipated in every 1 m® of the copper.

Solution:
(a) The velocity of electron drifting is

1
Varife = Sng =125 (um/s)

The time needed is

T L 50 (m) 4% 10° (5)
ime = = =4x s
Variee 125 (pm/s)
(b) We know that power
I’L
P=1V=IEL=—
oS
Thus, the power dissipated in every 1 m® of the copper is
P I?

2. Inaregion of permittivity &y, the potential field is given in cylindrical coordinates by

V(,D, ¢, Z) = VO gCOS(f)

where V,, is a constant potential and a is a constant length.
Find the electric field.

Solution:
Calculating the gradient of V in spherical coordinates, we have

v _ 1ov_ v _ 1, PO/ T
VI = %ap + E%ad, +5az = ECOS(l)ap _ZSIHCPa’(])

Thus, the electric field is

E v Vo ~ Vo .
=-VW=—-— a,+— a
. cos¢a, 2 singdyg
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3. Given a field G = yX + x9. There are points A(1, 1) and B(—1, 1).
(a) Find

fG-dl

Path s
where the path S is a straight line from point 4 to point B.

(b) Find

G-dl
Path C
where the path C is the circular arc of radius v/2 connecting point A and point B.

(¢) Is G conservative? Why?

Solution:
(a) When the path is a straight line from point 4 to point B, we have y = 1 for the path.
Since dl = Xdx + ydy

fG-dl= f(yf+x?)-(idx+j7dy)= fydx+ fxdy

Path s Path s Path S Path S
Thus, we have
-1
f G-dl=f dx = -2
Path § x
(b) When the path is the circular arc connecting point 4 and point B, we have

3w

x =+2cos @, y =/2sing for<p:%—> "

Therefore, dl = Xdx + ydy = —/2sinpd@x + V2 cos pdey
Thus, we have

3m/4 3m/4
G-dl= J (2cos? ¢ — 2sin? p)dg = Z.f cos2¢@dp = —2
Path ¢ p=n/4 p=n/4

(c) G'is conservative.
Because the integration of G is independent on the path.
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4. Consider a coaxial cable below consisting of cylinders of perfect conductors of length / =
7 m. In the cylindrical coordinate system, the inner conductor is at 0 < p < g and the outer
conductor is at p = b, where @ = 3 mm and b = 8 mm. The outer conductor is grounded. The
region between the conductors is filled with air.

Y

A

v
=

air

(a) Find the maximal |E| in the structure.
(b) Find the capacitance of the whole cable.
(c) Suggest one way to double the capacitance.

Solution:

(a) Inside the inner and outer conductor, the electric field is zero. For the electric field
inside the dielectric, we can consider there is no leaking of the electric field and the
charges in the inner/outer conductors are uniformly distributed. Because of the
symmetric structure, the electric field can be expressed as

E(p,¢,2) = E(p) = E(p)p

Consider a cylindrical Gaussian surface S with a radius of p and a height of 4, centered
along z-axis and placed between the inner and outer conductor.

Using Gauss’s law, we have

Qenc = % D(p, (,Z'),Z) -dS
S
Thus,

Qenc = f EOE(,D' ¢; Z) -dS = f EOE(p) -ds
S S

Then we have

Conc= [ eoB@)-ds+ B (p) - ds + | £0E(p) - dS
Top Surf. Curved Surf. Bottom Surf.

Because E(p) = E(p)p, we have

f gE(p)-dS = f gE(p)-dS =0
Top Surf.

Bottom Surf.
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Thus,

Qenc = f SOE(p)(ﬁ ' ﬁ)dS
Curved Surf.

Therefore,
Qench Qenc 1
= 2npheyE E(p) = -
i npheoE(p) = E(p) 2lmeq o
When p = a, we have
Q
|Elmax = Emax = #;_;0
(b) The potential difference between the conductors is
%4 JaEdL faE()(A p)d fa ¢ 1 ¢ l(b)
== ak = — p)p-plap = — —ap = n(=
p=b p=b p=p 2lmeg p 2ltey  Ca
So the capacitance of the cable is
2lme
c=2_ 2 _ 399 (nF)
% b
In (5)

(¢) To double the capacitance, we can double the length of the cable or fill the region
between the conductors with a dielectric with relative permittivity . = 2.
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5. A concentric spherical structure is placed at the origin of a spherical coordinate system (7,
0, ) as shown by the figure below. The different layers contain the following materials: (i)
inner conductor for a < r < b, (ii) outer conductor for ¢ < r < d, (iii) dielectric with
relative permittivity &. for r < a, and (iv) air for any other . The inner conductor has
potential +V, while the outer conductor is grounded.

(a) Using Laplace equation, find the expressions for the potential V' for 0 < r < a and b <
r < c. Retain the constants of integration as unknowns.

(b) Solve the unknown constants for V.

(¢) Find the electric field E for b < r < c.

(d) Find the capacitance of the concentric conducting spheres.

Solution:

(a) By symmetry, the electric potential only depends on 7 in the spherical coordinate
system. Thus, we have V (7, 60, @) = V(7).
Apply Laplace’s equation for 0 <7 < ¢ first. Then we have

20 _ v (r) .
VY=V W=0=V|—"a,

1 d ( 5 . 96V> _0
r2sinf [ar rosin or ]_

Loy VP
2rsinf o + r“sinf 3z =0

By letting X = g—‘:, we have

X 2x efo
i In(X) =-2In(r) +4p=>X =

or rz

So we have

av A p

_—=—, = e“0

r 12
Thus,

A
V(T) = —F + B

where Ao, A, and B are unknown constants.
For b <r <, a similar derivation can be applied. Therefore, we have

C
Vir)=——=+D
r

where C and D are unknown constants.
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So we have

A
V(r)=—;+B, for0<r<a

c
V(r)=—;+D, forb<r<c

(b) For0<r<a,V(r) = —=+B.
By symmetry, E(r = 0) = 0. Since we know E = —VV, we have
av A
—(r=0==0r=0=0
or r?

Thus, A = 0,B =V,,.
By boundary condition, V(r = a) = V. SoV(r) =V, for0 <r < a.

Forb<r<ec,V(r) = —§+ D.
By boundary condition, we have

c c bc
VOZ_E+D'0:_E+D=>C=_C

Therefore, we have
V)=V, for0<r<a

bV, ,c
V(r)—c_b(;—l), forb<r<c

(¢c) Forb<r<c,V(r) =%(£— )

c—=b \r
E(r,6,9) ==V ()= C—byrz™

(d) Consider a spherical surface, centered at the origin as the Gaussian surface S, which
encloses the inner conductor (b <r <c¢).
By Gauss’s law, we have

bcV,
c—>b

T 2n
Qenc = f f & E @, -r?sin0d0de = 4me,
6=0Y¢

Thus, the capacitance is
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