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What is matrix?

• Matrix is a rectangular array of numbers, e.g., 

0.5 2.1 4.3 0.9
2.5 −0.4 2.1 0
3.4 1.5 9.1 2.5

• Its size is given by the number of row dimensions × column
dimensions;

• Each element (𝑎𝑖.𝑗) in the matrix (𝐴) is called entry, 𝑖 and 𝑗 are the 
row and column index, respectively. 
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Describing graph

• Graph with 𝑛 vertices or nodes
• Then, the adjacent matrix is 𝑛 × 𝑛 matrix

• 𝐴𝑖𝑗 = ቐ
1 node 𝑖 points to node 𝑗
−1 node 𝑗 points from node 𝑖
0 otherwise

• Example with 𝑛 = 4:
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𝐴 =

0 1 −1 1
−1 0 1 0
1 −1 0 1
−1 0 −1 0

1 2 3 4

1

2

3

4

Node i

Node j



Representing linear equations

• Think of the equation systems:
3𝑥 + 2𝑦 + 1𝑧 = 39
2𝑥 + 5𝑦 + 4𝑧 = 34
1𝑥 + 4𝑦 + 2𝑧 = 26

• We can represent it using the matrix form:

3 2 1
2 5 4
1 4 2

𝑥
𝑦
𝑧

=
39
34
26
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Matrix-vector product: A𝑥 = 𝑏



Storing and representing images
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• Images are composed of matrices of square pixels;

• In the shown examples:
• Grids arranged in columns and rows -> matrix;

• Each pixel has a value from 0 (black) to 255 (white).

Reference link

Value

https://www.math.utah.edu/~gustafso/s2016/2270/published-projects-2016/williamsOrenda-matrix-operations-digital-images.pdf
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Column and row vectors

• Column vector ∶ 𝑛 × 1 matrix;

e.g., 
1
2
3

• Row vector ∶ 1 × 𝑛 matrix;

e.g., 1 2 3
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Block matrices

• In block matrices, the entries are some sub-matrices, e.g., 

𝐴 =
𝐵 𝐶
𝐷 𝐸

where 𝐵, 𝐶, 𝐷, 𝐸 are all matrices. 

Examples:

𝐵 = 0 2 3 , 𝐶 = −1 , 𝐷 =
2 2 1
1 3 5

, 𝐸 =
4
4

Hence, 𝐴 =
𝐵 𝐶
𝐷 𝐸

=
0 2 3 −1
2 2 1 4
1 3 5 4
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Special matrices
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𝑚

𝑛

𝑚 = 𝑛

2 3 5
0 1 −1
0 0 1

2 0 0
3 1 0
−2 1 1

diagonal

Upper Triangular 
Matrix

Lower Triangular 
Matrix

Square matrix



Special matrices (Con’t)
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• Diagonal Matrix

• Identity Matrix

• Zero Matrix 

2 0 0
0 1 0
0 0 2

1 0 0
0 1 0
0 0 1

Denoted by I (any size) 
or I𝑛

All non-diagonal 
elements are “0”.

I3 =

0 0 0
0 0 0

Denoted by 𝑂 (any size) 
or 𝑂𝑚×𝑛

𝑂2×3 =
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Matrix addition

• For two matrices of the same size, 𝐴, 𝐵 ∈ ℝ𝑚×𝑛, the addition is the 
sum of corresponding elements (ℝ𝑚×𝑛 is the real coordinate space of 
dimension 𝑚 × 𝑛)

𝐴 + 𝐵 = 𝐶 ∈ ℝ𝑚×𝑛 ⟺ 𝐶𝑖𝑗 = 𝐴𝑖𝑗 + 𝐵𝑖𝑗

• A 2 × 2 example:

e.g., 
1 1
3 5

+
2 2
0 4

=
3 3
3 9
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Matrix multiplication - Definition

• For two matrices 𝐴 ∈ ℝ𝑚× p, B ∈ ℝ p × n, their product is 

𝐴𝐵 = 𝐶 ∈ ℝ𝑚×n ⟺ 𝐶𝑖𝑗 = ∑𝑘=1
p

a𝑖𝑘b𝑘𝑗

• The number of columns of 𝐴 should be equal to the number of 
rows of 𝐵:
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𝐴𝐵 𝐴𝐵

𝑚
× 𝑛

𝑝
× 𝑛

𝑚
× 𝑝

𝑝
× 𝑛

𝑚
× 𝑛



Matrix multiplication – How to compute?

The 𝑖, 𝑗 𝑡ℎ entry of 𝐴𝐵 is formed by adding the product of some 
entries in 𝑖𝑡ℎ row of 𝐴 and 𝑗𝑡ℎ column of 𝐵.

AB =

𝑎11 𝑎12 …
⋮ ⋱ ⋱
𝑎𝑖1 𝑎𝑖2 …
⋮ ⋮ ⋱

𝑎𝑚1 𝑎𝑚2 …

𝑎1𝑝
⋮
𝑎𝑖𝑝
⋮

𝑎𝑚𝑝

𝑏11 … 𝑏1𝑗
𝑏21 ⋱ 𝑏2𝑗
⋮ ⋮ ⋮
𝑏𝑝1 … 𝑏𝑝𝑗

… 𝑏1𝑛
⋱ 𝑏2𝑛
⋱ ⋮
… 𝑏𝑝𝑛

𝐴𝐵 𝑖𝑗 = ෍

𝑘=1

𝑝

𝑎𝑖𝑘𝑏𝑘𝑗 = 𝑎𝑖1𝑏1𝑗 + 𝑎𝑖2𝑏2𝑗 + 𝑎𝑖3𝑏3𝑗 +⋯+ 𝑎𝑖𝑝𝑏𝑝𝑗
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Matrix multiplication - Example

• Step 1: Determine the size, the product 
1 0 −1
−2 1 2

0 1
2 3
1 −1

is a 2 × 2 matrix
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Compute the product 
1 0 −1
−2 1 2

0 1
2 3
1 −1

2
× 3 matrix

3
× 2 matrix

A B
C D



Matrix multiplication - Example

• Step 2: Determine the entries.

1 0 −1
−2 1 2

0 1
2 3
1 −1

Compute (1,1)th entry (Entry-𝐴): 
1 × 0 + 0 × 2 + (−1) × 1 B

C D
=
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Compute the product 
1 0 −1
−2 1 2

0 1
2 3
1 −1

−1 B
C D



Matrix multiplication - Example

• Step 2: Determine the entries.

1 0 −1
−2 1 2

0 1
2 3
1 −1

Compute (1,2)th entry (Enrty-𝐵): 
A 1 × 1 + 0 × 3 + (−1) × (−1)
C D

=

20

Compute the product 
1 0 −1
−2 1 2

0 1
2 3
1 −1

−1 2
C D



Matrix multiplication - Example

• Step 2: Determine the entries.

1 0 −1
−2 1 2

0 1
2 3
1 −1

Compute (2,1)th entry (Enrty-𝐶): 
A B

−2 × 0 + 1 × 2 + 2 × 1 D
=

21

Compute the product 
1 0 −1
−2 1 2

0 1
2 3
1 −1

−1 2
4 D



Matrix multiplication - Example

• Step 2: Determine the entries.

1 0 −1
−2 1 2

0 1
2 3
1 −1

Compute (2,2)th entry (Enrty-𝐷): 
A B
𝐶 −2 × 1 + 1 × 3 + 2 × (−1)

=

22

Compute the product 
1 0 −1
−2 1 2

0 1
2 3
1 −1

−1 2
4 −1



Matrix multiplication - Properties

• Associative: 𝐴 ∈ ℝ𝑛×𝑛, 𝐵 ∈ ℝ𝑛×𝑝, 𝐶 ∈ ℝ𝑝×𝑞

𝐴(𝐵𝐶) = (𝐴𝐵)𝐶

• Distributive: 𝐴 ∈ ℝ𝑛×𝑛, 𝐵 ∈ ℝ𝑛×𝑝, 𝐶 ∈ ℝ𝑝×𝑞

𝐴(𝐵𝐶) = (𝐴𝐵)𝐶

• NOT commutative: 𝐴𝐵 ≠ 𝐵𝐴
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Matrix multiplication - Scalar-matrix product

Suppose c is a scalar and A is a 𝑚 × 𝑛 matrix,

𝑐𝐴 = 𝑐

𝑎11 ⋯ 𝑎1𝑛
⋮ ⋱ ⋮

𝑎𝑚1 ⋯ 𝑎𝑚𝑛

=

𝑐𝑎11 ⋯ 𝑐𝑎1𝑛
⋮ ⋱ ⋮

𝑐𝑎𝑚1 ⋯ 𝑐𝑎𝑚𝑛

Example, 2
−3 1
1 −1

=
−6 2
2 −2
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Matrix multiplication - Geometric intuition

25Figure credit: 3blue1brown Youtube channel

• Step 1: Consider the basis Ƹ𝑖 =
1
0

and Ƹ𝑗 =
0
1

Every vector in the 2-D space can be represented as the 
linear combinations of Ƹ𝑖 and Ƹ𝑗,

e.g., Ԧ𝑣 =
𝑥
𝑦 = 𝑥 Ƹ𝑖 + 𝑦 Ƹ𝑗.

𝑥 and 𝑦 are the combination coefficients.



Matrix multiplication - Geometric intuition
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Figure credit: 3blue1brown Youtube channel

• Step 2: Consider a linear 
transformation 𝐴

1. Linear transformations are 
functions, input and output 
are both vectors; Here the 
input vector is Ԧ𝑥 and the 
output vector is Ԧ𝑣.

2. The transformed grids are 
parallel and evenly spaced;

3. The origin is fixed.

How to find the coordinates of  Ԧ𝑣?  



Matrix multiplication - Geometric view

27Figure credit: 3blue1brown Youtube channel

• Step 3: Consider the new basis L Ƹ𝑖 and L Ƹ𝑗 , where L is the linear 
transformation operator.



Matrix multiplication - Geometric intuition

• Step 4: The Ԧ𝑣 will then become the linear combination of the new 
basis L Ƹ𝑖 and L Ƹ𝑗 . The coefficient is still 𝑥 and 𝑦.

28Figure credit: 3blue1brown Youtube channel



Matrix multiplication - Geometric intuition
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where transformed basis L Ƹ𝑖 and L Ƹ𝑗
land in the coordinates

coefficients of the linear combination



Matrix multiplication - Geometric intuition
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Associativity: Not commutative: 

Figure credit: 3blue1brown Youtube channel



Transpose - overview 
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• If A is an 𝑚 × 𝑛 matrix, 𝐴𝑇 (transpose of 𝐴) is an 𝑛 ×𝑚 matrix whose 
(𝑖, 𝑗)-entry is the (𝑗, 𝑖)-entry of 𝐴

𝐴 =
6 9
8 0
9 2

(1,2)

(3,2)

𝐴𝑇 =
6 8 9
9 0 2

(2,1) (2,3)

Transpose

Column -> Row ; Row -> Column 



Transpose - properties

Suppose 𝐴 and 𝐵 are 𝑚 × 𝑛 matrices, and 𝑠 is a scalar, we have:

• 𝐴𝑇 𝑇 = 𝐴

• 𝑠𝐴 𝑇 = 𝑠𝐴𝑇

• 𝐴 + 𝐵 𝑇 = 𝐴𝑇 + 𝐵𝑇

Symmetric Matrix

The square matrix 𝐶 is a symmetric matrix if and only if 𝐶𝑇= 𝐶

Examples:

𝐶 =
1 2 4
2 3 −1
4 −1 5

= 𝐶𝑇 𝐷 =
1 2
3 4

≠ 𝐷𝑇
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Solving linear equations - Definition

34

Linear 
equations

Matrix-vector product:

System of Linear Equations

x b

Given A and b, to find X



Solving linear equations - Solutions
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inconsistentconsistent consistent

• Considering any system of linear equations with 2 variables and 2 
equations

𝑎11𝑥1 + 𝑎12𝑥2 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 = 𝑏2

…… line 1

…… line 2

no solution

1ine 2

1ine 1

unique solution

1ine 2

1ine 1

infinite solutions

line 1
=line 2



Determinant of the square matrix - Definition

• A determinant is a value associated to a square matrix. For example, 
here are determinants of a general 2 × 2 matrix. 

𝑎 𝑏
𝑐 𝑑

= 𝑎𝑑 − 𝑏𝑐

𝑎 𝑏 𝑐
𝑑 𝑒 𝑓
𝑔 ℎ 𝑖

= 𝑎 𝑒𝑖 − 𝑓ℎ − 𝑏 𝑑𝑖 − 𝑓𝑔 + 𝑐(𝑑ℎ −

𝑒𝑔)

Hence, the determinant is a function set: 𝑛 × 𝑛 matrix → ℝ.

The determinant of a square matrix A is usually denoted 𝐴 or det(𝐴).
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Determinant of the square matrix - Definition

• Suppose we have 𝐴 =
𝑎 𝑏
𝑐 𝑑

a, b and c, 𝑑 are the mapped basis by the linear transformation of 𝐴.

• The determinant measure the area of 

the parallelogram formed by transformed basis. 

• Suppose we also have 𝒖 = 𝑎, 𝑏 , 𝒗 = (𝑐, 𝑑)

The signed area can be also calculated as:
𝒖 𝒗 sin 𝜃 = 𝑎𝑑 − 𝑏𝑐 = det 𝐴

Hence, 

determinant can naturally link the matrix to the vector analysis

37

𝑎𝑑 − 𝑏𝑐

(𝑐, 𝑑)

(𝑎 + 𝑐, 𝑏 + 𝑑)

(𝑎, 𝑏)
(0,0)



Determinant of the square matrix -
Calculation, 2 x 2 case
• The determinant of a 2 × 2 square matrix 𝐴 =

𝑎11 𝑎12
𝑎21 𝑎22

is 
defined 

as follows:

det 𝐴 = |𝐴| = 𝑎11𝑎22 − 𝑎12𝑎21.

• Example

det
2 3
1 −4

= 2(−4) − (3)(1) = −11, det
1 0
2 3

= 1(3) − 2(0)

= 3
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Determinant of the square matrix –
Calculation, 𝑛 × 𝑛 case
• Some essential definitions:

• Minor of the element 𝑎𝑖,𝑗, denoted by 𝑀𝑖,𝑗, is the determinant of a 
𝑛 − 1 × 𝑛 − 1 submatrix of 𝐴 obtained by deleting row-𝑖 and 

column-𝑗 of 𝐴. 

𝑀11 = det
1 2 3
4 5 6
7 8 9

= det
5 6
8 9

= 5(9) − 6(8) = −3

𝑀23 = det
1 2 3
4 5 6
7 8 9

= det
1 2
7 8

= 1(8) − 2(7) = −6

• Cofactor of elements 𝑎𝑖,𝑗, denoted by 𝐴𝑖,𝑗: 𝐴𝑖𝑗 = (−1)𝑖+𝑗𝑀𝑖𝑗
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Determinant of the square matrix –
Calculation, 𝑛 × 𝑛 case
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• The determinant of 𝐴 (𝑛 × 𝑛 matrix, 𝑛 > 3) is defined as: 

det 𝐴 = 𝑎11𝐴11 + 𝑎12𝐴12 + 𝑎13𝐴13 +⋯+ a1nA1n

The above equation gives the case we expanse it along the 1st row. 

In general, we can calculate the determinant along any row or any 
column (see next page). 



Determinant of the square matrix –
Calculation, 𝑛 × 𝑛 case
• Pick row 1

• Or pick row i

• Or pick column j

det(𝐴) = 𝑎11𝐴11 + 𝑎12𝐴12 +⋯+ 𝑎1𝑛𝐴1𝑛

det(𝐴) = 𝑎𝑖1𝐴𝑖1 + 𝑎𝑖2𝐴𝑖2 +⋯+ 𝑎𝑖𝑛𝐴𝑖𝑛

det(𝐴) = 𝑎1𝑗𝐴1𝑗 + 𝑎2𝑗𝐴2𝑗 +⋯+ 𝑎𝑛𝑗𝐴𝑛𝑗

Cofactor expansion again …



Determinant of the square matrix –
Calculation, 𝑛 × 𝑛 case

𝐴 =
1 2 3
4 5 6
7 8 9

Pick row 2

𝑑𝑒𝑡𝐴 = 𝑎21𝐴21 + 𝑎22𝐴22 + 𝑎23𝐴23
4 5 6

−1 2+1𝑀21 −1 2+2𝑀22 −1 2+3𝑀23

𝑀21 = 𝑑𝑒𝑡
1 2 3
4 5 6
7 8 9

𝑀22 = 𝑑𝑒𝑡
1 2 3
4 5 6
7 8 9

𝑀23 = 𝑑𝑒𝑡
1 2 3
4 5 6
7 8 9

• Example n=3



Determinant of the square matrix –
Geometric visualization
• The factor by which a linear transformation changes the area

• A special case when det = 0

43Figure credit: 3blue1brown Youtube channel



Inverse - Definition

In the real number world with scalars, the reverse of 𝑎 can be 

computed by 
1

𝑎
, hence 𝑎−1 =

1

𝑎
.

While, in the matrix system, we cannot directly use 1/𝐴 to compute 
the inverse of 𝐴.

44

• Definition: A is called invertible if there is a matrix B such that 𝐴𝐵 = 𝐼
and 𝐵𝐴 = 𝐼.

• B is an inverse of A: 

e.g., 

𝐵 = 𝐴−1 𝐴 = 𝐵−1

𝐴 =
1 2
3 5

𝐵 =
−5 2
3 −1

𝐴𝐵 =
1 0
0 1

𝐵𝐴 =
1 0
0 1



Inverse – Properties

• The inverse of matrix is defined on square matrix only. The inverse of 
a rectangular matrix (like 1 × 2 matrix) does not exist;

• The inverse of some matrix may not exist, we call them singular
matrices; In the meanwhile, the non-singular matrices are those with 
inverse forms existing. 
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Example: there is no inverse for 
0 0
0 0

.

For any square matrix A =
𝑎 𝑏
𝑐 𝑑

, we have 

0 0
0 0

𝑎 𝑏
𝑐 𝑑

=
0 0
0 0

≠ 𝐼2

-> Contradicts with the definition of inverse matrix.



Inverse – Properties and calculation

• Existence of inverse matrix 
Given an 𝑛 × 𝑛 square matrix 𝐴, if

(1)det 𝐴 = 0, then the matrix is singular (not invertible);

(2)det 𝐴 ≠ 0, then the matrix is non-singular (invertible)

• General formula of computing inverse
Let 𝐴 is an 𝑛 × 𝑛 invertible square matrix, then 𝐴−1 is:

𝐴−1 =
1

det(𝐴)

𝐴11 ⋯ 𝐴1𝑛
⋮ ⋱ ⋮

𝐴𝑛1 ⋯ 𝐴𝑛𝑛

𝑇

where 𝐴𝑖𝑗 is the cofactor of the entry 𝑎𝑖𝑗.



Inverse – Geometric views
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• Rotation inverse • Shear inverse

Figure credit: 3blue1brown Youtube channel



Eigenvalue and Eigenvectors - Definition
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• If 𝐴𝑣 = 𝜆𝑣 (𝑣 is a vector, 𝜆 is a scalar, 𝐴 is a square matrix)

• 𝑣 is an eigenvector of 𝐴 (excluding the zero vectors)

• 𝜆 is an eigenvalue of 𝐴 that corresponds to 𝑣

Eigen value

Eigen vector



Eigenvalue and Eigenvectors - Geometric 
views
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b1 is an eigenvector of T
(T is a linear transformation) 

b2 is an eigenvector of T 

y = (1/2)x

𝑏1
𝑏2

𝑇 𝑏1 = 𝑏1

𝑇 𝑏2 = −𝑏2

To be discussed in the next lecture



Suggested references

• Linear algebra done right - Textbook 

• Notes from Stanford - short

• 3blue1brown -beautiful animated explanations

• Linear Algebra lectures by Professor Gil Strang at MIT - full 
course

• A Tutorial on Linear Algebra by Professor C. T. Abdallah

• Linear Algebra Review by Professor Fernando Paganini, UCLA

• The Matrix Cookbook - good toolbox for information engineering
and data analysis projects and research. 
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https://linear.axler.net/
https://see.stanford.edu/materials/aimlcs229/cs229-prob.pdf
https://www.3blue1brown.com/essence-of-linear-algebra-page
http://ocw.mit.edu/OcwWeb/Mathematics/18-06Spring-2005/VideoLectures/index.htm
http://www.seas.upenn.edu/~jadbabai/ESE504/LAreview.pdf
http://www.seas.upenn.edu/~jadbabai/ESE504/linalg.pdf
https://www.math.uwaterloo.ca/~hwolkowi/matrixcookbook.pdf

