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MA1201 Calculus and Basic Linear Algebra II Solution of Problem Set 2 
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(       ) 
 (       )

 (    )
 (    )

  

 
 

 

 

 (√ )
   

 (   )∫               

 
 

 

 

 ⏞
             

(√ )
   

 (   )∫       (       )   

 (√ )
   

 (   )∫        (   )∫           

 (√ )
   

 (   )   (   )      

 

Summing up, we obtain 

   (√ )
   

 (   )   (   )     

    
(√ )

   

   
 

   

   
      

 

(b) First Integral 

            
  

  
                   

When     ,           
 

 
.  When     ,              

The integral then becomes 

∫ (    )
 
   

 

 

 ∫ (       )
 
        

 
 

 

 ∫        

 
 

 

     

Using the reduction formula in (a), we have 

   
(√ )

 

 
 

 

 
   

√ 

 
 

 

 
(
√ 

 
 

 

 
  )  

 √ 

 
 

 

 
∫       

 
 

 

 
 √ 

 
 

 

 
  |         | 

 
  

 √ 

 
 

 

 
  |√   |  

Hence, we can conclude that 

∫ (    )
 
   

 

 

    
 √ 

 
 

 

 
  |√   |  

 

Second Integral 

             
  

  
                           

When     √ ,  √               

√ 
 

 

 
.  When     ,            

          

The integral then becomes 

∫   √      
 √ 

 

 ∫       √        (           )

 
 

 

   ∫             

 
 

 

   ∫      (       )  
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   ∫        

 
 

 

   ∫        

 
 

 

          

   (
 √ 

 
 

 

 
  |√   |)    (

√ 

 
 

 

 
  |√   |)

  √     |√   |  

 

 

Problem 14 

(a) Using the integration by parts with          and      √          

∫ √        ⏞
       

 
 

 
∫√     

 

 
 

 

   
 

 
(     )

 

    we have 

   ∫   √       
 

 

  
 

 
    (     )

 
 | 

  ∫  
 

 
(     )

 
  (    )

 

 

     
   

 
∫     (     )

 
   

 

 

 
   

 
∫     (     )√       

 

 

 
   

 
  ∫     √       

 

 

 
   

 
∫   √       

 

 

 
   

 
       

   

 
    

Summing up, we have 

   
   

 
       

   

 
      (

   

   
)        

 

Remark of (a) 

It is not a good idea to use integration by parts with         and      √       .  

It is because the function     becomes    ∫√          
 √     

 
 

  

 
      

 
 

and the integral will becomes 

∫   √       
 

 

 

   (
 √     

 
 

  

 
     

 

 
) | 

   ∫     (
 √     

 
 

  

 
     

 

 
)  

 

 

  

The computation will be tedious.  Hence, one has to modify the choice of     (or    ) so 

that the integral will not be too complicated after using integration by parts. 

 

(b) Using the reduction formula in (a), we have 

∫   (     )
 
   

 

 

 ∫   (     )√       
 

 

   ∫   √     
 

 

   ∫   √     
 

 

          

   (
 

 
     

 

 
    )  

 

 
     

 

 
  (

 

 
    )  (

  

 
 

  

 
)    
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 (
  

 
 

  

 
)∫ √       

 

 

 ⏞

       

 
  
  

      

(
  

 
 

  

 
)∫          

 
 

 

 (
  

 
 

  

 
)∫

 

 
(       )  

 

 

 (
  

 
 

  

  
) (

     

 
  ) | 

 
 

 (
  

 
 

  

  
) (

 

 
)  

   

  
 

   

  
  

 

 

Problem 15 

(a) Using integration by parts with    (      )   and          ∫    , we 

have 

   ∫(      )      (      )  ∫   (      ) 

   (      )   ∫
 (      )   

√    
   

   (      )   ∫ (      )   ⏟        
 

 

√    
   

⏟        
  

 

 ⏞

  (      )
   

   
 

√    
   

   ∫
 

√    
     √    

  (      ) 

  ( √    (      )    ∫ √     (      )   ) 

   (      )   √    (      )     (   )∫
√    (      )   

√    
   

   (      )   √    (      )     (   )∫(      )      

   (      )   √    (      )     (   )      

 

(b) Using the reduction formula in (a), the first integral can be computed as 

∫(      )          (      )   √    (      )     

   (      )   √    (      )   ∫         ( ) 

To compute the last integral, we use integration by parts with            and 

        ∫      and obtain 

∫                 ∫   (      )          ∫
 

√    
    

                     ⏞

      

  
  

    

        
 

 
∫

 

√ 
            √   

         √        

We conclude from ( ) that 
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∫(      )      (      )   √    (      )            √        

Consider the second integral, we  use integration by parts with    (      )   and 

   
 

√    
       √       (from (a)), we have 

∫
 (      ) 

√    
   ∫(      ) ⏟      

 

(
 

√    
  )

⏟        
  

  (      ) √     ∫ √     (      )  

  (      ) √     ∫ 
√    (      ) 

√    
  

  (      ) √      ∫(      )   

  (      ) √          (      ) √          (  ) 

Note that      can be computed as 

    (      )   (      ) √          

  (      )   (      ) √    

   ( (      )   (      ) √        ) 

  (      )   (      ) √        (      )    (      ) √    

   ∫    

  (      )   (      ) √        (      )    (      ) √        

    

Substitute this into (  ), we obtain the value of  ∫
 (      )

 

√    
  .  (We skip the detail to 

save space). 

 

Problem 16 

(a) Note that         (   ), we may try the following decomposition: 
 

     
 

 

 (   )
 

 

 
 

 

   
 

    (   )      

 Substitute     , we have        
 

 
  

 Substitute     , we have        
 

 
  

The integral can be computed as 

∫
 

     
   

 

 
∫

 

 
   

 

 
∫

 

   
   

 

 
  | |  

 

 
  |   |     

 

(b) Note that the denominator consists of a repeated factor  (   ) , we should try the following 

decomposition: 

        

(   ) (   )
 

 

   
 

 

(   ) 
 

 

   
 

           (   )(   )   (   )   (   )   

 Put     , we have             
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 Put     , we have       

 Compare the coefficient of     :             . 

The integral can be computed as 

∫
        

(   ) (   )
    ∫

 

   
   ∫

 

(   ) 
    ∫

 

   
  

    |   |  
 

   
    |   |     

 

(c) Note that the rational function is the improper one, we first use long division (numerator 

divided by denominator) to decompose the integrand into the sum of polynomial and proper 

rational function. 

∫
               

         
   ∫

(         )(   )     

         
  

 ∫(   )   ∫
   

         
   

  

 
   ∫

   

         
    ( ) 

To compute the second integral, we first note that             (    )(   ).  We 

then decompose the integrand as follows: 

   

         
 

   

 (    )(   )
 

 

 
 

 

    
 

 

   
 

      (    )(   )    (   )    (    )  

 Put     ,             

 Put     ,         
 

 
  

 Put     
 

 
,   

 

 
  

  

 
    

 

 
  

Then the second integral can be computed as 

∫
   

         
    ∫

 

 
   

 

 
∫

 

    
   

 

 
∫

 

   
  

    | |  
 

 
  |    |  

 

 
  |   |     

From (*), we conclude that 

∫
               

         
   

  

 
     | |  

 

 
  |    |  

 

 
  |   |     

 

(d) Since the denominator consists of a quadratic factor, we shall decompose the integrand as 

follows: 

      

(   )(        )
 

    

(        )
 

 

   
 

        (    )(   )   (        ) 

 Put      ,              

 Compare the coefficient of      :             

 Compare the constant term :                  

Thus the integral can be computed as 

∫
      

(   )(        )
   ∫

  

        
   ∫

 

   
   

 ∫
    

        
   ∫

 

        
     |   | 
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                ⏞

                
  
  

     

∫
 

 
    ∫

 

(   )   
     |   |

   | |        (   )    |   |   

   |        |        (   )    |   |     

 

(e) Since the denominator contains a quadratic factor, we shall decompose the integrand as 

follows: 
      

(    )(       )
 

 

    
 

    

       
 

         (       )  (    )(    )  

 Put     
 

 
, we have  

  

 
 

  

 
       

 Compare the coefficient of     :               

 Compare the constant term :               

Then the integral becomes 

∫
      

(    )(       )
   ∫

 

    
   ∫

    

       
  

  ∫
 

    
   ∫

   

       
  

  ∫
 

    
   ∫

   

       
   ∫

 

       
   

                 ⏞

               
  
  

     

  |    |  
 

 
∫

 

 
   ∫

 

(   )   
  

   |    |  
 

 
  | |  

 

 
∫

 

(
   

√ 
)
 

  

  

   |    |  
 

 
  |       |  

 

 
(

 

 

√ 

     
   

√ 
)   

   |    |  
 

 
  |       |  

√ 

 
     

   

√ 
    

 

(f) Note that by synthetic division           (   )(    ) , we shall decompose the 

integrand as follows: 

        

        
 

        

(   )(    ) 
 

 

   
 

 

    
 

 

(    ) 
 

           (    )   (   )(    )   (   ) 

 Put    
 

 
,   

 

 
 

 

 
        

 Put      ,            

 Compare the coefficient of     :               

Then the integral can be computed as 
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∫
        

        
   ∫

 

   
    ∫

 

    
   ∫

 

(    ) 
  

   |   |    |    |  
 

 (    )
    

 

(g) Note that the denominator contains a quadratic factor, we should decompose the integrand as 

follows: 

       

(   )(       )
 

 

   
 

    

       
 

          (       )  (    )(   )  

 Put     ,                

 Compare the coefficient of     :             

 Compare the constant term :                

Thus the integral can be computed as 

∫
       

(   )(       )
    ∫

 

   
   ∫

    

       
  

    |   |  ∫
    

       
   ∫

 

       
   

                     ⏞

         
  
  

     

   |   |  ∫
 

 
   ∫

 

       
  

    |   |    | |  ∫
 

(   )   
  

    |   |    |       |  
 

√ 
 ∫

 

(
   

√ 
)
 

  

  

    |   |    |       |  
√ 

 
     

   

√ 
    

 

(h) Similar to (c), the integrand is again an improper rational function, one has to use long division 

and rewrite the integrand as the sum of a polynomial and a proper rational function: 

∫
          

          
   ∫

(    )(          )   

          
  

 ∫(    )   ∫
 

          
  

 
  

 
   ∫

 

          
   ( ) 

Note that by synthetic division             (   )(   )(   ), we can decompose 

the integrand as follows: 

∫
 

          
   

 

   
 

 

   
 

 

   
 

    (   )(   )   (   )(   )   (   )(   )  

 Put      ,     (  )( )        

 Put      ,     (  )(  )    
 

 
  

 Put     ,         
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Therefore the second integral of ( ) can be computed as 

∫
 

          
   

 

 
∫

 

   
    ∫

 

   
   

 

 
∫

 

   
  

 
 

 
  |   |     |   |  

 

 
  |   |     

From ( ), we conclude that 

∫
          

          
   

  

 
   

 

 
  |   |     |   |  

 

 
  |   |     

 

(i) Since there is a repeated factor      in the denominator, we shall decompose the integrand as 

follows: 

       

  (   )
 

 

 
 

 

  
 

 

  
 

 

   
 

            (   )    (   )   (   )       

 Put     ,       

 Put     ,             

    (   )    (   )          (   )                   (   )

                  

Hence, the integral can be computed as 

∫
      

  (   )
     ∫

 

 
   ∫

 

  
    ∫

 

   
       | |  

 

   
    |   |     

 

(j) There are two quadratic factors in the denominator, we decompose the integrand as 

         

(    )(        )
 

    

    
 

    

        
 

           (    )(         )  (    )(    )

 (    )   (        )   (        )        

 Compare the coefficient of     :           ( ) 

 Compare the coefficient of     :                ( ) 

 Compare the coefficient of    :                 ( ) 

 Compare the constant term :               ( ) 

3x(2)--(4) :              ( ) 

3(1)—(3) :            ( ) 

(6)—6(5) :                      from (5). 

From (1)       while from (4)       . 

Then the integral can be computed as 

∫
         

(    )(        )
   ∫

    

    
   ∫

     

        
   

  ∫
 

    
    ∫

 

    
   ∫

   
  
 

        
   

 

 
∫

 

        
   

 ⏞

       
  
  

   

           
  
  

     

 
 

 
∫

 

 
   

 

 
∫

 

(
 

√ 
)
 

  

   
 

 
∫

 

 
    ∫

 

(    )   
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  | |  

 √ 

 
     

 

√ 
 

 

 
  | |  

 

 
     (    )    

  
 

 
  |    |  

 √ 

 
     

 

√ 
 

 

 
  |        |  

 

 
     (    )     

 

(k) Note that there are one repeated factor and a quadratic factor in the denominator, we shall 

decompose the integrand as 

             

(   ) (     )
 

 

   
 

 

(   ) 
 

    

     
 

                (   )(     )   (     )  (    )(   )   

 Put     ,                

   (   )(     )  (    )(   )                 (     )

               (   )(        )                        

  (     )  (    )(   )           

 Put     ,                     

 Compare the coefficient of     :               

 Compare the constant term :                

Then the integral can be computed as 

∫
             

(   ) (     )
   ∫

 

   
    ∫

 

(   ) 
   ∫

    

     
  

   |   |  
 

   
 ∫

  

     
   ∫

 

     
   

                        ⏞

       

 
  
  

   

  |   |  
 

   
 

 

 
∫

 

 
   ∫

 

(  )   
  

   |   |  
 

   
 

 

 
  | |  

 

 
         

   |   |  
 

   
 

 

 
  |     |  

 

 
           

 

(l) Note that there is a repeated quadratic factor in the denominator, one shall decompose the 

integrand as 

       

 (    ) 
 

 

 
 

    

    
 

    

(    ) 
 

          (    )   (    )(    )   (    )  

 Put     ,            

  (    )(    )   (    )          (    )            

   (       ) 

 (    )(    )        (       )    (    )  (   )                   

By comparing the coefficients, we get      ,     ,        and     . 

Then the integral can be computed as 

∫
       

 (    ) 
   ∫

 

 
   ∫

 

    
   ∫

   

(    ) 
   

   | |  ∫
 

    
   ∫

 

(    ) 
    ∫

 

(    ) 
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 ⏞

        (                         )

  √        (                )

  | |  
 

 
∫

 

 
   

 

 
∫

 

  
   

√ 

 
∫

 

     
   

   | |  
 

 
  | |  

 

  
 

√ 

 
∫        

   | |  
 

 
  |    |  

 

 (    )
 

√ 

 
∫(       )   

   | |  
 

 
  |    |  

 

 (    )
 

√ 

 
      

√ 

 
    

   | |  
 

 
  |    |  

 

 (    )
 

√ 

 
         

√ 

 
     

 

√ 
   

   | |  
 

 
  |    |  

 

 (    )
 

√ 

 

 

√    

√ 

√    
 

√ 

 
     

 

√ 
   

   | |  
 

 
  |    |  

   

 (    )
 

√ 

 
     

 

√ 
   

 

 


