MA1201 Calculus and Basic Linear Algebra ll Solution of Problem Set 2
Problem 1

(a)

(b)

(c)

(d)

(e)

(f)

1 dy 2 x3
Lety—1+—:>a:—x—3:>dx——7dy.

Then the integral becomes
1 1
etz e X7 [ %8 1r 1 1 4,1
J. 3 dxzf 3 —Tdy =—§fe dy=—§e +C=—§e x* + C.

Let =1—2x3=>d—y=—6x2=>dx=—id
Y dx 6x2 Y-

Then the integral becomes

1
2 1—23d=f2 1—23(——d>=
J.x sec( x3) dx x“ sec( x>) 3% y

3 secydy

1
= —glnlsecy +tany|+C

1
= —glnlsec(l —2x3) + tan(1 — 2x3)| + C.

PR !
Let y=1+x zazélx :>dx=4—x3dy.

Then the integral becomes

f \/1+x4dx—f 11\/1+x4 —dy f x8y1 + x*dy
1 1
=Z](y—1)2ﬁdy—4j(y2—2yz +y2)dy

L[ 5 3
_ 1y _yz  y2
BEANAN Y
2 2 2
1 5
=ﬁ(1+x4)2——(1+x4)2+ (1+x*)24C

Let y = 2:>dy—2 =d —1d
et y=x I = 2% x =——dy.

Then the integral becomes

1 1
fxcosz(xz) dx = fxcosz(xz) (Edy> = Ef cos?ydy

171
=212[cos(y+y)+cos(y y)ld f(c052y+1)dy
—1(1 in2y + )+C—1' 2x%) + 2+C
=1 2smy y —851n(x) 2 .

Y :
Let y = = ——=— >dx =— dy.
ety =cosx = sinx X snx ™

Together with the fact that sin 2x = 2 sin x cos x, the integral then becomes
1
Jsin 2x+cosx dx = f25inxcosx\/cosx(—mdy) = —ZJy,/ydy

5
3 y2 4 5

= —2fy2dy= _ZT-I_C: —§c052x+C.

2



Then the integral becomes

y—1
d
f(1+ex>3 f(1+ex)3 o f(11+ oy = fy Y
=f(y‘ -y 3)dy =—y~! +3
1 . 1 .
1+e*  2(1+ e¥)?

y‘ +C

(®) 1Y _ 1
Let y =x 1=>dx—2x=>dx—2xdy.

When x =1, y=12—-1=0. When x =2, y=22—-1=3.
Then the integral becomes

2 3 3 3
f xex2_1dx=f xeX’-1 (idy) =lf eydy=ley|g =e__l_
1 0 2x 2 ), 2 2 2

(h) dy 1
L =1 R Ap— = ]
ety nx:dx x:dx xdy

When x =5, y =In5. When x =1, y=In1=0.
Then the integral becomes

5sin?(ln x In5 ginZ(In x In5
fﬁdxzf ( )(d)—f sin?y dy
1 0 x 0

X
In5

In5
= [ 3oty +3) —costy ~ydy = —3 [ (eoszy ~ Day

= 1(1 2 ) s _ _ L Gh2ms) +ons

—Zzsmyy —4smn 2n.

(i) Following the idea from Example 7, let y = x? + 4 = Z_Z =2x=>dx = %dy.
We compute the integral by decomposing it as follows:

f3x+2d _.f 3x d"‘f 2 P
2+47 T ) 214 x2+4%
_J 3x <1d> 2] 1 P
x2+4 ny x2+4x
3

1 1/1 X

f dy + f dx =—lny+ —tan"'= |+ C

2\ 1 2
) +1 2

=—ln|x + 4| + tan™? 2+C

(i)

dy
Let y =x2%—2 5= -——=2x—2=>dx=
et y=x x+ Tx X X=-—

Similar to (i), the integral can be computed as
f 2x + 1 d_f 2x —2 d"‘f 3 P
x2—-2x+5 x= x?—2x+5 X x2—-2x+5 x
_f 2x — 2 ( 1 d>+3f 1 J
) x2—2x4+5\2x -2 y x2—-2x+5 x

= [saves | = [Saves [——a
AR TRV e A (x—1)2+1"
2

dy.

—1||+3 Dan1 22 +C =Inlx? -2 +5|+3t X1
—ny 4 1an ) = In|x X 2an ) .
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(k) dy 1

= 2 _— = =
Let y = 3x +6x+19=>dx 6x + 6 = dx 6x+6dy'
Then the integral can be computed as
f f 4x + 4 4 p
3x2+6x+19 3x2+6x+19 3x?+ 6x+ 19 x

3fydy_ f3x2+6x+19dx

_zfld 4f 1 ;
3/ 3+ DZ+16

2l 1yl 4 1 g
=—Inly| — — > x
3 16 V3 +£ 1
7 XTg
2 1 1 V3 V3
=21 19| — = —tan™1 [ —
3n|3x + 6x + 19| 2 \/§ta <4x+ 4> +C
Z
2 1 V3 43
:§ln|3x +6x+19|—ﬁtan_1<rx+ 4) + C.
() . dx
Letx=sm9:>E=cost9:>dx=cosBd9.
The integral then becomes
1 1
—dx=f c036d0=f _ d9=fcsc20d0
fxzvl—x2 sinZB\/l_—ginZB sin? §
SiIno=x
cos B=V1—x2 m
=—cot8+C = - +C
X
(M) et ! ang =& 29 o dx = —sec? 6 df
et x = —tan ———sec X = —sec
N a6~ V3 3
The integral becomes
f 1 J J‘ 1 1 0d0 sec? 9
———dx = 3(—sec f
(1+3x2)2 1 K] ") seg
1+3(§tan26)
do 1f 6ds = Lsingrc= L 3% L
=— =— cos = —sin =
V3 xsecé’ V3 V3 V31 + 3x2
=——+cC.
V1 + 3x2

(n) ) dy 1
et y x“+1= 0y 8x = dx 8 dy

Then the integral becomes

1
J 3% j J y =32 e T ic
= = —/4x :
Vax2 +1 Vax2 +1 \/— 8% 4
© et x=36ine o P 23 050 = dx = S cos .do
= = — == =dx =— :
et x 451n d@ 4COS X 4-COS

Then the integral becomes



2

3 3 3
J-\/9—16x2dx=f\/9—16(—sin9) (ZCOSGCM):ZICOSZHCM

4
311 3 3
=—f§(cos(9+0)+cos(9—0))d9 =§fc0529d9 +§J1d0

4
= 2042604 C=—s (2 in1 )+3 in"lax+C
—16sm 3 —16sm sin 3x 8sm 3x .
(p) Using completing square technique, we first rewrite the integral as

1 1
f zdx = f 3 dx.
(x%2 + 6x +10)2 [(x+3)2+1])2

dx
Let x+3 =tanf = — =sec?d = dx = sec® 6 db.

do
Then the integral becomes
1 1 5 1
J. 3dxzf—3sec Hdezf—gdezfcosede
[(x+3)2+1]2 (tan2 @ + 1)2 sec
x+3
=sinf +C = + C.
Vx? + 6x + 10
() _ dy _ ___t
Let y =cosx = T sinx = dx = sinxdy'

The integral then becomes

1
fsin7xdx=jsin7x<——dy) = —jsin6xdy= —j(l—coszx)3dy

sin x
= —f(l—y2)3dy= —f(1—3y2 +3y* — y©)dy
3 y’ 3 cos’” x
—- _ 3_-".,547 - _ 3. - 5
y+y Sy +7+C cosx + cos” x 5cos x + 7 + C.
(r) : dy
Let y = =>—= =>dx = dy.
et y =sinx Ix cos x x p——— y

The integral can be rewritten as

1
fsin3xc055xdx = fsin3xc055x<

CoS x

dy) = f sin3 x cos* x dy

=fsin3x(1—sin2x)2dy=fy3(1—y2)2dy

4 6 8
y oy oy
=[P -2y +yNdy="——F+"=+C
f(y yHydy =7 -5 +5
_sin*x sin6x+sin8x
4 3 8
Problem 2
(a) Take u =x and dv =e ¥dx 2> v = [e ¥¥dx = —§8_3x.
Using integration by parts, we get
-3 1 3 1 LU o B
xe Xdx = ——=xe ™ — | —zeFdx =—sxe T  + < | e rdx
S —— 3 3 —~ 3 3
u dv S——— ~———du
Li‘l? 1 v
- __ -3x _ _ ,-3x C.
3xe 9e +

1 3
(b) Take u =Inx and dv=\/§dx=>v=f\/§dx=fx5dx=§x5.
Using integration by parts, we get



(c)

(d)

(e)

e e 2 E 32 §
J-\/Elnxdx=.[ lnx\/}dx=—x21nx|f—f —x2d(Inx)
1 1y dv 3 3

- 1 - du
uv| v
2 3 2 3 2 (¢ 3/1
=§eZIne—§x21n1—§f1 xZ(;dx>
3
_2% 2 e%d_Z% 2x2
-—'§£? __E;J; xXzdx —-3;6 —-E;ig—ll
2
2 % 4 %+4_2 %_{_4
3% 79T Ty
Take u = x? and dv =sinxdx = v = [ sinxdx = —cosx.
Using integration by parts, we get
J.Eisinxdxz —xzcosx—f—cosxd(xz) = —xzcosx+2fxcosxdx.
u dv uv v du

To compute the second integral, we take u = x and dv =cosxdx > v =
fcosx dx = sin x. Using integration by parts, we have

fxcosxdx=xsinx— sinxdx = xsinx + cosx + C.
(o) ——
u dv uv v du

Therefore, we conclude that

fxz sinxdx = —x?cosx + xsinx 4+ cosx + C.

We first rewrite the integral by using product-to-sum formula:

fx sin? x dx = fx [— % (cos(x + x) — cos(x — x))] dx

[ xeoszrax+d [
—zagcosxxzxx
u dv
u=x
dv=cos2xdx

:v:fcostdx:lshlzx

- 2 1{1 ) Jl 2% d +1 x?
= > 2:¥SH1 X 2SlIl XTEZ >\
u
uv v
= —xsinzr+ 1(~Teos2x) + 24
= 4x51nx 4 2COSX 4
1 1 x?

= —szm2x—§c052x+7+€.

3
Take u =cos™'x and dv = x%?dx > v = [x%dx = x?
Using integration by parts, we have

2 o1 -1 2 x’ -1 x’ -1
x“cos txdx = [ cosTx(x?dx) =—cos 'x — | —d(cos™ x)
N————— 3 R

3
u dv ~——— - du
uv v
x3 L 1f x3 p
=—cos'x+< | —=dx
3 3) V1 —x2
y=1-x2
dy
&Y _ax
dx x3

- ) 1 x3 1d X 1
? ey () =3etg)



(f)

(8)

(h)

_X 1f< -3 %)d _X s a2
=g cosTix—=| |y yZ)dy = cos™lx Al
5 2
X 1 1 3
=?cos‘1x—§\/1—x2+§(1—x2)?+C.
Take u =tan"'x and dv =dx > v = [dx = x.
Using integration by parts, we have
ftan‘lxdx = xtan‘lx—fxd(tan‘lx) =xtan‘1x—f dx
—_——— 1+x2
u dv uv vdu
y=1+x2
d_yz
ﬁdgzxt_l f x (1d>—t"1 1J1d
2 xtanlx 1+x22xy_xanx2yy
1 1
=xtan‘1x—§ln|y| +C = xtan‘lx—zln|1+x2| +C.
Take u = cscx, dv = csc?xdx = v = [ csc? x dx = — cotx.

Using integration by parts, we have

fcsc3xdx =f§jc(csc2xdx) = —cscxcotx—f(—cotx)d(cscx)

u dv uv v du

= —cscxcotx—fcscxcotzxdx
= —cscxcotx—fcscx(csczx—1)dx
= —cscxcotx—fcsc3xdx+fcscxdx

= —cscx cotx — In|cotx + cscx| — f csc3 x dx.
Summing up, we get

fcsc3xdx = —cscx cotx — In|cotx + csc x| —fcsc3xdx

= 2fcsc3xdx = —cscx cotx — In|cotx + csc x|

1
= J csc3 xdx = —E(cscxcotx + In|cotx + cscx|) + C.

Take u = cos?x, dv = cosxdx = v = [ cosx dx = sinx.
Using integration by parts, we have

f cos3 xdx = f cos? x (cosx dx) = cos? xsinx — f (sinx) d(cos? x)

u dv uv v du

= coszxsinx—fsinx(—Z cos x sin x)dx
= coszxsinx+2fsin2xcosxdx

= coszxsinx+2f(1—coszx)cosxdx
=coszxsinx+2[cosxdx—2fcos3xdx

= cos? xsinx + 2sinx — 2[cos3xdx.

Summing up, we get



fcos3xdx=coszxsinx+251nx—2fcos3xdx
:>3fcos3xdx=coszxsinx+Zsinx

3 1 2 . .
= | cos xdx=§(cos xsinx + 2sinx) + C.

[ = 2 -1 (Ll 1 _1
(i) Take u = (Inx)? and dv=—dx=>v=[—dx=—-x""=—-.

Using integration by parts, we have

J.l (lnT dx —f (lnx)z( dx) (lnxx)zﬁ—f:—%d(lnx)z

du
a dv uv v
a(lnx)ziz(lnx)(z) (Ine)? (In1)? €lnx
= — + +2f —dx———+2f (lnx) dx)
e 1 , x?
dv
u=Inx
dv—xlzdx
1

7 fx_fx__i 1 Inx €

= ——42 ——|‘f—f ——d(lnx)

1 Ine ln 1 1 2 1 5
=——4+2(—— f— X =————+2(——)|i=2——.

e e e x e

(i) We take u = sin3x and dv = e*dx = v = [ e*dx = e*. Using integration by parts,
we get
f e*sin3x dx = e*sin3x — f e*d(sin3x) = e*sin3x — 3[ e* cos3x dx
u=cos 3x
dv=e*dx=v=[ e*dx=e*
=2 e*sin3x — 3 (ex cos 3x — f e*d(cos 3x)>

=e*sin3x —3e*cos3x —9 f e”* sin 3x dx.
Summing up, we get

fexsiandx = e*sin3x — 3e* cos 3x—9fex sin 3x dx

= 10 | e*sin3xdx = e*sin3x — 3e* cos 3x

1 3
:Je sm3xdx—ﬁe sm3x—Ee cos3x + C.

Problem 3

(a) Let =Zex+1:>d—y=29x:>dxzid
Y dx 2e* Y

The integral then becomes

1 1
fezx sin(2e* + 1) dx = f 2Xsin(2e* + 1) ( >dy = —f e*sin(2e* + 1) dy

—1]y_1' d—lj .y 1}. ;
=3 s —sinydy =7 | ysinydy — - [ sinydy

1 1
=fosinydy+zcosy
u dv



u=y

dv=sinydy
=v={sinydy=-cosy 1 1
= 4( —ycosy — f( cosy)dy+zcosy)
= ! + Lsi + ! +
= —gYycosy +osiny +-cosy

1 1 1
= —Z(Zex +1)cos(2e* +1) + Zsin(Zex +1)+ Zcos(Zex + 1)+ C.

(b) dy 1
Let y =2Vx > —=—=dx =+xd
et y =2Vx TR x = Vxdy
When x =1, y=2. Whenx =0, y=0.
The integral then becomes
1 2 2y 1 (2
J.sin(Z\/E)dxzf sin(2vx) (\/Edy)zf —sinydy=—f ysinydy
0 0 0 2 2Jo Dy
u=y
dv=sinydy
Sv= fsmydy——cosy1 2 1
= 2( ycosy |3 — f(—cosy)dy)z—c052+§siny|(2)
0
1
=—c052+§sin2.
d 1 2
(© Lety=1+§/§:>—y:—2:>dx=3x§dy.
dx 2
3x3
When x =1, y=2. When x =0, y=1.
1 2, 2
fln(1+i/§)dx=j 3x§1n(1+§/§)dy=3j (y —1)?Inydy.
0 1 1
Usingintegration by parts with u(y) =Iny and dv=(y —1)?dy > v =
[y — 1%y = ) . We get
»-1° 2(y—1)°
[lo- Dinydy - 020 . y|%—f 2= d(iny)
—3y“+3y—1
=—ln2——f v 4 dy
3
1
=§ln2——j y —3y+3——)dy
1 y3  3y? 5
=-In2—-(7F=—-———+3y -1 2= ——
3 3(3 2 Y “y>|1 18
(d) dy

1
Lety=lnx:~a=;=>dx=xdy.

Then the integral becomes

f cos(lnx) dx = fxcos(ln x)dy = f e¥ cosy dy.

Using similar techniques as in Problem 2(j) (integration by parts twice), we get
f e¥cosydy = %(ey cosy + e¥siny).

Therefore, we conclude that

1 1
j cos(Inx) dx = 3 (e¥cosy +e¥Ysiny) = 3 (e'* cos(Inx) + e™* sin(In x))

1 1
=X cos(Inx) + 5% sin(In x).



d
() Lety=sinx=>%=cosx=>dx=

dy
coS x
Together with the fact that sin 2x = 2 sin x cos x, the integral can be rewritten as

1
J.sin 2xIn(sinx) dx = 2 f sin x cos x In(sin x) (E dy) =2 f ylnydy

2
Using integration by parts with u =Iny and dv = ydy > v = [ydy = y? the latter
integral can be computed as

2 2 2 2 2
Yy y Yy yo (1 >_y 1f
J.ylnydy— 3 Iny f 3 d(Iny) = 3 Iny f 5 (ydy =5 Iny 3 ydy

2 2
y y

=7 _2 _
5 n|y| 4+C

Therefore, we conclude that
2 2

J.sin 2xIn(sinx) dx = 2 (y—lny - y_> + C = sin? x In|sin x| —

sin? x

+ C.

2 4

d
(f) Lety=x+3:d—§:=1:’dx=dy.

The integral becomes

f(x + 1) In(x+3)dx = f(y— 2) Inydy.

Using integration by parts with u(y) =Iny and dv=(y—2)dy =>v =
—2)2

[(y —2)dy = % The later integral can be computed as

-2 2 -2 2
f(y—Z)lnydy=O]T)lny—f%d(lny)

(v — 2)? 1(y>—4y+4
AL Y AT
2 2 y

—2)? 1 4
=¥lny—zj(y—4+;)dy
_22 2
=%lny—%+2y—21ny+€.
Thus we conclude that
(y —2)? y?
x+DInx+3)dx=—-—Iny——+2y—-2Iny+C
2 4

_(x—l)zl (x +3)?

> n|lx + 3| — 2 +2(x+3)—2In|x+ 3|+ C.

(&) _ dy _ _ 1
Lety—ex—lﬁa—exzdx—e—xdy

When x =2, y=e?—1. When x=1, y=e— 1.
The integral then becomes

fz er d B fez—l er (1 d )_ fez—l ex d B fez—ly_}_ld
g e* -1 T e-1 €1 exy_e—1 =177 e-1 Y Y

e“—1 1 2 4
= J <1 +;)dy =(+Iny)|el;t =e? —e+1Inle? — 1| —Inle — 1].
e-1

(h) RN 1
Let y =x :>dx—2x:>dx—2xdy

The integral then becomes



1 1
J- x3 cos(3x?) sin(x?) dx = f x3 cos(3x?) sin(x?) (— dy) = E,]- y cos3ysinydy

2x

1 1
=3 f y[i(sin(y+3y)+sin(y—3y))]dy

1 1
=nysin4ydy—zfysin2ydy

\;Z dv \;Z dv

_1( y cos 4y f—cos4yd) 1( Yy cos 2y f—cosZyd>
T 4 s )7y 2 2 Y
= 1 4y + L 4 +1 2 L 2y+C
= 116ycos y 6451;1 y 8ycosly 16sm y 1
— a2 2 ol 2 N2 2y o 2
= 16x cos(4x )+6451n(4x )+8x cos(2x*) 16sm(2x )+ C.

(i) ) dx
Let x =2sind@ z@=2c059:>dx=2c059d9

Then the integral becomes

fxz 4—x2dx=f4sin29\/4—4sin20(2c050d0) = 16fsin29c0529d9

2

1
= 16f(sin0cos 0)%do = 16f (ESin 29) de = 4.[ sin? 26 d6

1
= 4f —3 [cos(28 + 20) — cos(20 — 26)]dO
1
= —2]cos49 do + 2]1d6 = —Esin40 +20+C

1 X X
= —Esin(4sin_1§) + Zsin_1§+ C.

(j) 2 dy 1

L =4 — =2x = dx = —dy.

et y +x :dx X = dx 2xdy
Then the integral becomes
1 1

f x3sin(4 + x?) dx = f x3sin(4 + x?) (ﬂ dy) = Ef(y —4)sinydy.
Using integration by parts with u =y — 4 and dv =sinydy = v = [sinydy =
— cosy. The later integral can be computed as

f(y —4)sinydy = —(y — 4) cosy — f(— cosy)d(y — 4)

= (4—y)cosy+fcosydy =4 —y)cosy+siny +C.
Hence, we can conclude that
1
Jx3 sin(4 + x2) dx = E[(4 —y)cosy +siny] +C

xz 2 1 : 2
= —7cos(4+x )+Esm(4+x )+ C.

Problem 4

(a)  We shall compute [ e?*sin3x dx using integration by parts.
We take u = sin3x and dv = e**dx = v = [ e*¥dx = %ezx. Using integration by
parts, we get

1. 1 _ 1. 3
fezx sin3x dx = Eezx sin 3x — fzezxd(sm 3x) = Eezx sin 3x — EJ e?* cos 3x dx

_10_



UuU=cos 3x
dv=e**dx=v= ezxdx=%e2x

= —e?*sin3x — E(lez" cos 3x — flezxd(cos 3x)>
2 2\2 2
= ler sin 3x — Eer cos 3x — gf e?* sin 3x dx
2 4 4 '

Summing up, we get

. 1 . 3 9 .
e?*sin3x dx = Eezx sin 3x — Zezx cos 3x — Zf e?* sin 3x dx

= E[ e**sin3xdx = lezx sin 3x _Eer cos 3x
4 2 4

= 2X o3 - 2X .: _ 2x .
fe sin 3x dx 136’ sin 3x 136’ cos3x +C

In a similar fashion, we obtain

2
2X — 2X o3 2X
fe cos3xdx——136 51n3x+—136 cos3x + C.

(b)  Comparing with the similar integral in (a), there is an extra term "x" in the integrand. In

order to apply the previous result, one has to eliminate "x" from the integrand. This can
be done by using integration by parts.

3 :
We take u =x and dv = e** cos3xdx = v = [ e** cos 3x dx = _;e**sin3x +

12—3e2x cos 3x. Using integration by parts, we get

f xe?* cos 3x dx
=x (ier sin 3x + ier cos Sx) - j (ier sin 3x + ier cos 3x> dx
13 13 13 13
3 2
= Exezx sin 3x + Exezx cos 3x — 13 e?* sin 3x dx — 3 e?* cos 3x dx.
3 2 3 /2 3
= Exezx sin 3x + Exezx cos 3x — E(E e®*sin3x — Eezx Ccos 3x>
— i<ie2x sin 3x + iem cos 3x> +C
3 13 213 1%2 5
= Exezx sin 3x + Exezx cos 3x — 1—6962" sin 3x + Eezx cos3x + C.
Problem 5

The first objective is to eliminate the term "x" in the integrand. This can be done by using integration by
parts.
Using integration by parts with u = x and dv = f'(x)dx = v = [ f'(x)dx = f(x), we have

b b b
[zrea=ywi-[ a=biw-c@- [ f@ax=s-a
a u a p du =1 =1 a

dv uv -~
=0

Problem 6
We first simplify the first integral foax3f(x2)dx on the left hand side.

Lety=x2 > = 25 o dx = —d
ety =x=——=2x=dx=—dy
When x =a, y = a%. When x =0, y = 0.

Then the integral foax3f(x2)dx can be rewritten as

_11_



foax3 fx?)dx = f ") (% )= %foy Fobr

0
2 2

Since the definite integrals foa yf(y)dy and foa xf (x)dx give the same values. Therefore we conclude

that

2

[ wrana-g[ e = L | - [ xreoax=o

Problem 7
Using integration by parts with u = x(1 —x) and dv = f"(x)dx = v = [ f"(x)dx = f'(x), we have

f x(1 - D" ()dx = x(1 - D' @I} - f F1eOdx( - )]
0 0

—0-0- f £ = 22)dx = f (22 — 1) F'(x)dx
0 0 u dv

u=2x-1
dv=f'(x)dx
sv=[ f' () dx=f(x) 1 1
=2 Qx—1Df®}3 —f fx)d(2x—1) = jil) - (—@) — Zf fx)dx=2-2=0.
0 me me 0

~———————
=1

Problem 8
(a) Using integration by parts with u = x™ and dv =e 3*dx > v = [ e 3¥dx =

—3% we have

1
—Ze
3
1 1 11
I, =f xMe 3dx = —=x"e 3|} —f ——e 3%d(x")
0 3 o 3

1 n (! 1 n
=——e 3+ —f xVle 3 dx = ——e 3+ —1,_,.
3 . 3

3 3
(b) Using the reduction formula in (a), the integral can be computed as
1 1 3 1 1 1 2
JO x3edx =1 = —§e‘3 +3lk= —§e‘3 +1, = —§e_3 + (—56_3 +§I1>
2 2 2/ 1 1
=—ce ¥4l =—= ‘3+—(—— ‘3+—1>
3¢ T3 T T3¢ T3 T3¢ T3h
8 2 (! 8 1
=-5¢ 3 +§j; xOe 3%dx = —56_3 +§L e 3*dx
8 2 2 26
__ 2, 3_ 4 -3x1 _ < -3
5¢ 37 =577 57¢
Problem 9
a+1
(a) Using integration by parts with u = (Inx)™ and dv = x%dx = v = [ x%dx = 3:1+1
(since a # —1), we have
e a+1 e .a+l
I, = j; x(Inx)"dx = 1 (Inx)™|$ —fl oy 1d(lnx)”
ea+1 e xa+1 1
=2 __ In2)" = dx)
a+1 J;a+1<n(nx) x
ea+1 n e ea+1 n
= — A(nx)" tdx = -1, 4.
a+1 a+1flx(nx) *Ta+1 a+1mt
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(b)

(c)

Using the reduction formula in (a) (set a = 2), the integral can be compute as

[noran=1, 503022 (£-20) 2, 2(2- 1)
L 73 3273 \3 3') 737 73\3 3°
e e
= 263 —gfl x?(Inx)%x = ge3 —;j‘l x?%dx = geg’ —%xg’ ¢
4 5, 2
=ﬁe +ﬁ.
When a = —1, the integral becomes [, = ff (n )" dx and the above reduction

formula cannot be applied. One can compute this integral using method of

substitution.

Let y—lnx = dX—XdV
— =L =_= — .
dx X

When x =e¢, y=Ine=1. When x=1, y=In1=0.
The integral then becomes

e(lnx)n 1 yn+1 1
=[x = [ yrdy =2 =
1 0

n+1 n+1

Problem 10

(a)

(b)

Using integration by parts with u = (x2 + a®)" and dv = dx = v = [ dx = x, the
integral can be expressed as

I, = f(x2 + a®)"dx = x(x® + a®)" — f xd(x? + a?)"
=x(x?+a®*)" — f x(n(x? + a®)" 1(2x)dx)
=x(x?+a*)" — anxz(x2 + a®)" ldx
=x(x?+a®*)" - ZnJ(x2 +a?—a?®)(x? + a®)" tdx

=x(x*+a®*)"-2n f(x2 + a®)"dx + 2na? f(x2 + a®)" ldx
= x(x? + a®)" — 2nl,, + 2na®l,_,.
Summing up, we obtain
I, = x(x* + a®)" — 2nl, + 2na?l,_,
= (2n+ DI, = x(x? + a®)™ + 2na?l,,_,

=1, = x(x? +a®)" +

n 2]

a“l,_;.
2n+1 2n+1 "7t
Using the reduction formula in (a), we can compute the integral as

1 8
f(xz +a®)*dx =1, = 5x(x2 +a®)* + 5a213
1 8 1 6
= §x(x2 +a?)* + 5(12 (;x(x2 +a?)3 + ;azlz)

1 8 16
= §x(x2 +a?)* + aazx(x2 + a?)3 + —a*l,

21
1 8 16 1 4
= §x(x2 +a?)* + aazx(x2 +a?)3 + ﬁa“ <§x(x2 +a?)? + gazll)
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1 8 16
=—x(x?+a®)*+ —=a*x(x? + a?)® + —a*x(x? + a?)?

9 63 105
64 1 2
+ Eaﬁ (gx(xz +a?) + §a210)
1 8 16 64
= §x(x2 +a?)* + @azx(x2 +a?)3 + Ea‘*x(x2 +a?®)? + Ea"’x(x2 + a?)
B g
315 )
1 8 16 64
= §x(x2 +a?)* + @azx(x2 +a?)3 + Ea“x(x2 +a?)? + Ecﬁx(xz + a?)
+ 128 8 +C
3 X+ C
Problem 11
(a) Using integration by parts with u = x™ and dv = cos3xdx = v = [ cos3xdx =

%sin 3x, we have
1 1
I, = fx” cos3xdx = §x” sin 3x — fgsin 3xd(x™)

1 ) n )
= §x" sin 3x — §j x™ 1 sin 3x dx

u=xn"1
dv=sin 3xdx

=v={sin 3xdx=—% cos 3x

= X" sin 3x — = (— lx"_1 cos 3x — f —lcos 3x d(x"_1)>
3 3 3 3

1 . n o, n(n—1) _
=§x"31n3x+§x” cosBx—TJx” cos 3x dx

1. 3 +n - 3 nn—1)
==x"s - cos3x ———1,,_,.
3 x™sin 3x 3 X 3 n—2
(b) Using the reduction formula in (a), the integral can be computed as

1 4 4
Jx“ cos3xdx = §x4 sin 3x +§x3 cos 3x —512

1, . 4 401, 2 2
= §x sin 3x + ax CoS 3x — §(§x sin 3x + §x CoS 3x — §IO>
*sin 3x + e 3 2sin3 8 3 8 f 3xd
=—x*sin3x +=x>cos3x —=x“sin3x ——=xcos3x —— | cos3xdx
3 9 9 27 27
8
= §x4sin3x +§x3 cos 3x —§x2 sin 3x — —x cos 3x — —sin 3x + C.
Problem 12
(a) Using similar method as in Example 28 of Lecture Note 2, we use integration by parts
with u = cos™ ' x and dv = cosxdx = v = [ cosx dx = sinx and obtain
z z
I, = fncos”xdx = fncos"‘lx (cosx dx)
-3 2 u dv

T
T =

_ n-1 : 2 _ 2 . n-1
=cos" ' xsinx |, nsmxd(cos x)
2
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N

7
sinx ((n— 1) cos® 2 x (—sinxdx)) = (n — 1) f _sin x cos™ 2 x dx
2

20_1

ST

z
=(n-1) f 7r(1 — cos? x) cos™ 2 x dx
2

T T
2 2

=(n- 1)f”cos”_2xdx —(n— 1)fncosnxdx
2 2

=M =Dl —(n— Dy,
Summing up, we have

n
L=n=DL_,—(m—D=>nl,=(n—Dlhp_,=> 1, = T 2

(b) Using the reduction formula obtained in (a), the first integral can be computed as
7 n=54 n=34 2 8 (2 8 T 16
f_zcos xdx =1; = §I3 = 3(511) = Ef_gcosxdx = Esmx |_% =1z

Using the same reduction formula, the second integral can be computed as

T T T T

Z 2 4 2 2 4 2 4 2 6
_sin” x cos xdx = 7T(l—cos x)cos*xdx = _cos xdx — _€os x dx
-z _r

_ 1_31 51_3<11) 5(31)_51 15(11)
T e T2 6T 4\27%) 6\4%2) 7 8% 24\2°°
15 15 T 15 5

15 (2 y 5y T
= Ef_g(cosx) x _Ej_%l x —Exl_% = En _Eﬂ'

2

(c) . dx
Let x = sin 6 :@ = cos 8 = dx = cos 0 df.
When x =1, § =sin"11 = % When x = —1, § =sin"1(—1) = —g.
The integral becomes
Y s
1 5 2 5 2 5
f (1—-x?)2dx = fﬂ(l —sin? 8)2(cos 0 dO) = fﬂ(cos2 8)2(cos 6 d6)
-1 = =
2
% from (b) 15 15 % from (b)
= f_zcoseﬁdﬁ =1 Elo = Ef_g(cosx)odx = T
2 2
Problem 13
(a) Using integration of parts with u(x) = sec™ %x and dv = sec’xdx = v =
[ sec? x dx = tanx and obtain
V3 V3
2 2
I, = f sec"xdx = f sec™ 2 x (sec? x dx)
0 0 u dv

v
Y

— 4
=sec"?xtanx |; — f tan x d(sec™ % x)
0
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r_ 1 _1_
secz—cos% \/% vz .
. n-2 4 _3
= (V 2) — | tanx[(n—2)sec™ > x (secxtanx)dx]

0 d(sec™ 2 x)d(secx)
d(secx) dx

%(secn‘2 x)=

VA
_ I
= (\/E)n g (n— 2)f sec™ 2 x tan? x dx
0

1+tan? x=sec?x

13

(\/E)n_z - (n-2) f sec" % x (sec?x — 1)dx
= (\/E)n_Z -(n-2) f secxdx + (n—2) f sec™ 2 x dux

= (‘/E)n_2 —(n—=2), + (n—2)I,_,.

Summing up, we obtain

L=(2)"" = (=2l + (n =2l

I (\/E)n_z + n-2 I

= = .
n n—1 n—1"72
(b) First Integral

dx
Let x = tan@ :@=sec29 = dx = sec? 60 dé.
When x =1, 6 =tan_11=%. When x =0, 6 =tan" 10 = 0.

The integral then becomes
s

1 3 z 3 z
f (1+ x?)2dx = j (1 +tan?0)2sec? 6 d6 =] sec® 0 dO = Is.
0 0 0

Using the reduction formula in (a), we have

L) 3 V2 3(v2 1 _7\/§+3J% .
STTq Ty T T\ T2)T g T, >

7V2 3 T W2 3
=T+§ln|sec0+tan0|§=T+§ln|\/§+1|.

Hence, we can conclude that

! 3 V2 3
j (1+x2)2dx=15=7+§1n|\/§+ 1|.
0

Second Integral

dx
Let x = 2secO :>E= 2secftanf = dx = 2secBtan 6 db.

When x = 2v/2, \/fzsecezH:cos‘li:%. When x =2, 1 =secd =0 =

V2
cos™t1=0.
The integral then becomes

22 I
f x%\x%2 — 4dx = f 4sec?@+/4sec?f — 4(2secHtanf do)
2 0
77:

B

4 4
= 16J sec3ftan’6do = 16] sec3 0 (sec? 0 — 1)d6
0 0
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Y s

4 4
= 16J. sec® 0 df — 16f sec30df = 161 — 161,
0 0

=16 <%§+gln|\/§+ 1|> - 16 <g+%ln|\/§+ 1|>

= 6v2 —2In|v2 + 1|,

Problem 14

(a)

(b)

Using the integration by parts with u = x™™ ! and dv = xVa? —x2dx = v =

y=a?—x2

3 3
[xvVa? —x2dx 2= —%f\/}dy=—§y5=—§(a2—x2)5, we have

a 1 3 a
I, = f x™/a? — x2dx = —gxn‘l(a2 —x%)2|4 —f
0

1 3
_§ (aZ — xZ)Zd(xn_l)
0

n—1 (¢ 3
= 0—O+Tf x"2(a? — x?)2dx
0

_n—1 a

= x"2(a? — x?)y/a? — x2dx
3 J
n-1 1% n—1 ¢
=—3 a f x" "%\ a?% — x%dx — 3 f x™/a? — x2dx
0 0
n—1 ) n—1
= 3 a ITL—Z - 3 In.
Summing up, we have
n—1 ) n—1 n—1 )
In: 3 a In_Z_TIn:>In2<n+2>a ITL—Z'
Remark of (a)

It is not a good idea to use integration by parts with u = x™ and dv = Va? — x2dx.

. . xVa2-x2 a? . _qx
It is because the function v becomes v = [Va? — x2dx = -+ = S— + 5 sin 1;

and the integral will becomes

a
J x™a? — x%dx
0

L(xVa?—x% a®  _ x\ @ fewat-x* a® _ «x
=x"\————+—=sin"" —=||g—n| x ———+—sin" " — ] dx.
2 2 a o 2 2 a

The computation will be tedious. Hence, one has to modify the choice of v (or dv) so
that the integral will not be too complicated after using integration by parts.

Using the reduction formula in (a), we have
a

a 3
f x?(a? — x?)2dx = f x?(a® — x?)/a? — x2dx
0 0

a a
= aZJ x2yJa? — x2dx —f x*yJa% —x2dx = a®’l, — I,
0 0

1 3 1 1 1 a* a°
= a (30l ~ gath) = gath —5a* (30 = (Z _§> lo
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x asinf
:——a cos @

a d9 a a
f a? — x2%dx = (— - —> a? cos?0de
0 8

i

4
_{a a8 fll( 20 + 1)d6 a® ab sm20+0> 2
“\2 "8/, 2" 8 16 0

~|=|

Problem 15
(a) Using integration by parts with u = (sin"?x)" and dv =dx => v = [ dx = x, we
have

I, = f(sin‘1 x)*dx = x (sin"!x)" — f x d(sin~tx)"

x(sin"tx)" 1
=x (sin”1x)" — nf — dx
V1 —x?
x
=x (sin1x)" — nf (sin"!x)" ! — dx
L
dv
u=(sin"1x)"" "
X
dv—m dx
$v=f\/li_xz dx=—V1-x2
= x (sin"tx)"
-n (—\/ 1—x2(sin"tx)* 1 — f —+/1 — x2d(sin™?! x)"_1>
V1 —x2(sin"tx)"2
— ia—1 n A2 (cin—1 n-1 __ _
=x (sin"'x)" + ny1—x2(sin"* x) nn—1) f N dx

=x (sin"?x)" + ny1—x2(sin"1x)" 1 —nn-1) f(sin‘1 x)" 2 dx
=x (sin™tx)" + ny1 — x2(sin"1x)" !t —n(n — 1)I,_,.
(b) Using the reduction formula in (a), the first integral can be computed as
_f(sin‘1 x)3dx =13 = x (sin"1x)3 + 31 — x2(sin"1x)? — 61,
=x (sin"1x)3 4+ 3y/1 — x2(sin"1x)? — 6[ sin“tx dx ... (%)

To compute the last integral, we use integration by parts with u = sin"! x and
dv = dx = v = [ dx = x and obtain

. _1 . _1 . _1 . _1 x
sinT*xdx =xsin"'x— | xd(sin"'x) =xsin"tx — dx
V1 — x?
y=1-x2
day
dx- %X

2 xsinlx+- f dy =xsinlx+,[y+C

=xsin"'x ++/1—x2+C.
We conclude from (*) that
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f(sin‘1 x)3dx = x (sin"'x)3 + 3y1 — x2(sin"1x)? — 6xsin"'x — 641 —x2 + C.

Consider the second integral, we use integration by parts with u = (sin™! x)® and

__Z — 1 =42
dv = N dx=>v = 1 —x% (from (a)), we have
x(sin~1 x)° j‘ X
———dx = | (sin"'x)® ( dx)
V1 — x? T W1 —x?

dv
= —(sin"1x)%/1 — x2 — f —J1 —x2d(sin"1x)° =
V1 —x2(sin"tx)* 4
x
V1—x2
= —(sin"'x)°/1—x2+5 f(sin_lx)4dx
= —(sin"'x)°y1—x2+ 51, = —(sin" 1 x)%y/1 — x2 + 5I, ... ... (*%)

Note that I, can be computed as
I, = x(sin"1x)* + 4(sin™?! x)3m - 121,
= x(sin"1 x)* + 4(sin~1 x)3/1 — x2
—12 (x(sin_1 x)? + 2(sin™? x)3m - 210)
= x(sin"1x)* + 4(sin?! x)3m — 12x(sin"*x)? — 24(sin™?! x)3m

= —(sin"1x)> 1—x2+f5

+ 24[ 1dx
= x(sin"1x)* + 4(sin"1 x)3y/1 — x2 — 12x(sin" 1 x)? — 24(sin" 1 x)3y 1 — x2 + 24x
+C.

x(sin~

1 5
Substitute this into (**), we obtain the value of f?xzx)dx. (We skip the detail to

save space).

Problem 16

(a) Note that 3x — x? = x(3 — x), we may try the following decomposition:
1 1 A B

3x—x2=x(3—x)=;+3—x
=>1=A(3—-x)+ Bx.

e Substitute x = 3,wehavel =3B = B =-.

Wik w

e Substitute x = 0,wehavel =34 =>4 =

The integral can be computed as

j 1 d—1J1d+1J 1 d—11|| 11|3 |+C
3x—x2 *T3) XT3 ) 3 Tyl g Al L

(b) Note that the denominator consists of a repeated factor (x — 1), we should try the following
decomposition:
2x%> —5x+5 A B C
= + +
x—1D2(x-2) x—-1 (x—-1)2% x-2
=2x2-5x+5=A(x—-1)(x—-2)+B(x—-2)+ C(x — 1)
e Putx=1,wehave 2=—-B =B =-2.
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(c)

(d)

e Put x =2,wehave 3 =C.
e Compare the coefficientof x?: 2=A4+C=>A=—1.
The integral can be computed as

f2x2_5x+5d_f1df2d+3f1d
(x—1)?*(x—-2) x= -1 (x—1)2 x x—2

2
=—In|x — 1|+ ——+3In|x — 2| + C.
x—1

Note that the rational function is the improper one, we first use long division (numerator
divided by denominator) to decompose the integrand into the sum of polynomial and proper
rational function.

fo"—5x3+x2 +2x+ldx_f(3x3—2x2—x)(x—1)+x+1d

3x3 —2x2 —x 3x3 —2x2 —x x

x+1 x? x+1
=f(x—1)dx+f3x3_sz_xdx=7—x+f3x3_sz_xdx ...... (%)
To compute the second integral, we first note that 3x3 — 2x% —x = x(3x + 1)(x — 1). We
then decompose the integrand as follows:
x+1 x+1 A B C
30 —2x2—x xGxtDex-1D x 3x+1 x-1
>x+1=ACBx+1)(x—-1)+Bx(x—1) + Cx(3x + 1).
e Putx=01=—-A4A=>A=-1.

. Putx=1,2=4c=>c=§.

1 2 4B 3
o Putx=-1 2=-Y5p=_2
37 3 9 2

Then the second integral can be computed as

j xtl jld SJ 1 d+1J1d
30 — 202 —x T T XY T 3 1P T2 ) 1

1 1
= —In|x| —Eln|3x + 1] +§ln|x — 1|+ C.

From (*), we conclude that

3x* —5x3 +x%2+2x+1 x? 1 1
f dx=7—x—ln|x|—§ln|3x+1|+§ln|x—1|+C.

3x3 —2x2%2—x

Since the denominator consists of a quadratic factor, we shall decompose the integrand as
follows:
3x2 + 10 Ax+B C
+3) 2 —6x+10) (Z—6x+10) " x+3
= 3x2+10=(Ax + B)(x + 3) + C(x? — 6x + 10)
o Putx=-3,37=37C=>C=1.
e Compare the coefficientof x?2 : 3=4+C > A = 2.
e Compare the constantterm: 10 =3B + 10C = B = 0.
Thus the integral can be computed as

dx

3x%+ 10 X
(x+3)(x2—6x+10)dx_fx2—6x+10dx+fx+3

2% — 6 6
=J—x2—6x+10dx+J—x2—6x+10dx+1n|x+3|

_20_



Let y=x2—6x+10

ay

dx=2x—6

- 1 1
= f;dy+6fmdx+ln|x+3|

=In|ly|+6tan " (x —3) + In|]x + 3| + C
=In|x? — 6x + 10| + 6tan"(x — 3) + In|x + 3| + C.

(e) Since the denominator contains a quadratic factor, we shall decompose the integrand as

follows:
—7x + 19 A Bx+C
(2x+1)(x2—4x+9)_2x+1+x2—4x+9
= —7x+19 =A% —4x+9) + (Bx + C)(2x + 1).

5 5
e Pput x=—%,wehave %:%A:ul:z.

e Compare the coefficientof x2: 0=A+ 2B = B = —1.
e Compare the constantterm: 19 =94+ C > C = 1.

Then the integral becomes
—7x+ 19 d _J‘ d +f —x+1 d
2x+ D2 —dx+9) " T ) 1T 2 —ax+ 9

_zj 1 P f x—1 g
T 1Y T e m a9

_zj 1 f x-2 j 1
T 1Y T a9 T ) v —ax 19

Let y=x?—4x+9

%zj""‘ 101 1
= ln|2x+1|_Ef;dy_f—(x—2)2+5dx
1 1 1
= In|2x + 1] —Elnlyl —z X_de
<W> +1
1 11 x-2
= In|2x + 1] —Elnlx —4x + 9| —z Itan f +C
V5
1 V5 x =2
=In|2x+ 1] —=In|x? —4x+ 9| ——tan ! ———+C
2 5 V5
(f) Note that by synthetic division 4x3 —3x + 1 = (x + 1)(2x — 1)?, we shall decompose the
integrand as follows:
8x% —3x —2 8x% —3x — 2 A B C

4x3 —3x+1 (x+1)(2x —1)2 _x+1+2x—1+(2x—1)2
=8x2—-3x—2=A4A2x—-1)?+B(x+1)2x—-1)+C(x+1)
e Put x=§, —§=%C=>C=—1.
o Putx=-1,9=94=>4=1.
e Compare the coefficientof x?: 8 =44+ 2B = B = 2.
Then the integral can be computed as
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(8)

(h)

f8x2_3x_2d _f 1 p +2f 1 p 1 p
4 —3x+1 " Jx+1 ™ 2x— 1% =12

1
=1 1| +In|2x — 1| + ——=+ C.
n|lx + 1| + In|2x |+2(2x—1)+

Note that the denominator contains a quadratic factor, we should decompose the integrand as

follows:
x> —-5x—-5 A Bx + C

(x—2)(x2 +2x+3) :x—2+x2+2x+3
=>x?2—-5x—-5=A(x*+2x+3) + (Bx + C)(x — 2).
e Putx=2 —-11=11A=>A=-1.
e Compare the coefficientof x2: 1=A+ B > B = 2.
e Compare the constantterm: —5=34-2C=>C = 1.
Thus the integral can be computed as

f x> —5x—5 f +f 2x +1 p
(x—2)(x2+2x+3) x%2+2x+3 x
) 2|+f 2x+2 f 1
- o x2+2x+37% 2+2x+37
yx+2x+3
d
di_j‘x” 1 2 1d ! d
= ‘“"‘"*f; y‘fm"
1
=—Inlx-2|+hly|- | —————d
n|x | + In|y| f(x+1)2+2x
1
= —In|x — 2] + In|x? + 2x + 3 ——dx
| | | I\/— <x+1)2+1
V2
V2 x+1
= —In|x — 2| + In|x? + 2x + 3] — —tan~! +C
2 7z

Similar to (c), the integrand is again an improper rational function, one has to use long division

and rewrite the integrand as the sum of a polynomial and a proper rational function:

Jx5+2x4—x+2d j(x2+1)(x3+2x2—x—2)+4
X =

d
x3+2x2—x—-2 x3+2x2—x—-2 x

4
_ 2
—j(x +1)dx+Jx3+2x2—x—2dx

X3

== +x+
3 fx3 +2x%2—x—2
Note that by synthetic division x3 4+ 2x? —x — 2 = (x — 1)(x + 1)(x + 2), we can decompose

the integrand as follows:
f 4 A B C

dx ... (%)

dx =
x3+2x2—x—-2 X x—1+x+1+x+2

54=Ax+1D)x+2)+Blx—-—1Dx+2)+C(x—1)(x+ 1).
e Putx=-1,4=B(-2)1)=>B=-2.
e Putx=-2,4=C(-3)(-1)=C=-.

° Putx=1,4=6A=>A=§.

WI-P
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)

Therefore the second integral of (*) can be computed as

f 4 2 1d21d+4f1d
B2 —x—20"3) %1 1 3 x+2

2
= §1n|x— 1| — 2In|x + 1] +§ln|x+2| + C.

From (*), we conclude that

x5+ 2x* —x +2 x3 2 4
fx3+2x2_x_2dx=?+x+§ln|x—1|—21n|x+1|+§ln|x+2|+C.

Since there is a repeated factor x3 in the denominator, we shall decompose the integrand as
follows:
2x>—-x+1 A B C D
x3(x—1) =;+F+F+x—1
=>2x2—x+1=Ax*(x—1) + Bx(x — 1) + C(x — 1) + Dx3.
e Putx=1, 2=0D.
e Putx=0,1=-C=C=-1.
S Ax?(x—1)+Bx(x—1)=2x>—x+1+(x—1) —2x3 = —2x3 + 2x% = —2x%(x — 2)
>Ax+B=-2=>A=-2, B=0
Hence, the integral can be computed as

fo—x+1d_2j‘1d f1d+2f 1
Brx—1) 7 P PER x—1

There are two quadratic factors in the denominator, we decompose the integrand as
3x3 —2x—20 Ax + B Cx+D
(x2+3)(2x2—6x+5)= x?+3 +2x2—6x+5
= 3x3—-2x—20=(Ax+ B)(2x?> —6x+5) + (Cx + D)(x? + 3)
=R2A+C)x3+ (—6A+ 2B +D)x*+ (54— 6B +3C)x + 5B + 3D

1
x=-2In|x| +=—+2In|x — 1| + C.
2x?

e Compare the coefficientof x3: 24+ C = 3+ -+ - (D
e Compare the coefficientof x2: —6A+2B +D =0 -+ - (2)
e Compare the coefficientof x: 54 — 6B +3C = —2 -+ -+ -+ 3)
e Compare the constantterm : 5B 4+ 3D = —20 -+« - (4)
3x(2)--(4): —18A+ B =20+ - (5)
3(1)—(3): A+ 6B =11+ (6)

(6)—6(5): 1094 =-109=>A4A=—-1= B =2 from(5).
From (1) C =5 while from (4) D = —10.
Then the integral can be computed as
3x3 —2x—20 —x + 2 5x — 10
(x? +3)(2x2 — 6x +5) x=fx2+3 J2x2—6x+5 x

—fxd+2f1d+f5x_7d5f - d
-T2 +3™ 43T ) —ex 457 T 2) e —6x 45

y=x? +3$Z—¥=2x

z=2x2—6x+52%—1x—6

= 1f1d +2f ! d+5fd f dx
- 2) y T3 _2+1x 1) 7% (2x—3)2+1
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x 5 5
= —=In|ly| + —tan ! —=+ -=In|z| — Etan_l(Zx -3)+C

2 3 V3 4
1 2V3 x 5 5
= —Elnlx2 + 3| + Ttan‘lﬁ + ZlnIZx2 —6x + 5| — Etan‘l(Zx -3)+C.
(k) Note that there are one repeated factor and a quadratic factor in the denominator, we shall

decompose the integrand as
6x3 —27x?> +5x — 1 A B Cx+D
—27@2+1)  x-2 x=22 a2 +1
= 6x3—27x2+5x—1=A(x—-2)(4x*+1)+B(4x*>+ 1) + (Cx + D)(x — 2)2.
e Putx=2, —-51=17B =B = -3.
= Ax—2)4x2+ 1)+ (Cx+D)(x —2)> = 6x3 —27x*> +5x — 1+ 3(4x* + 1)
= 6x3 —15x% + 5x + 2 = (x — 2)(6x? — 3x — 1) by synthetic division
5 AM@x2+ 1)+ (Cx+D)(x—2)=6x2—-3x—1
o Putx=217A=24-6—-1=17=>A4A=1.
e Compare the coefficientof x?: 4A+C=6>C = 2.
e Comparethe constantterm: A—2D =—-1=D = 1.

Then the integral can be computed as

6x3 —27x2 +5x—1 2x +1
(x — 2)2(4x2 + 1) dx:fxT f( P +f4 21
3 2x 1
=ln|x—2|+x_2+j4x2+1dx+f4x2+1dx
y4x+1
Z;’—sx
= e e [
3 1 1,
=ln|x—2|+xT2+Zln|y|+§tan 2x + C

3 1 1
=In|x —2|+——+-In|4x? + 1| + =tan"1 2x + C.
x—2 4 2

(1 Note that there is a repeated quadratic factor in the denominator, one shall decompose the
integrand as
x?+2x+4 A Bx+C Dx+E
X2+2? 2 vz 2 t2)p
>x2+2x+4=A(x?+2)?+x(x*>+2)(Bx+ C) + x(Dx + E).
o Putx=044=4=>A4A=1.
>x(x?+2)(Bx+C)+x(Dx+E)=x?>+2x+4— (x> +2)? = —x* — 3x% + 2x
= —x(x3+3x—-2)
= x?2+2)(Bx+C)+Dx+E =—(x3+43x—2) = —x(x? + 2) — (x — 2) bylongdivision
By comparing the coefficients, weget B=—-1, C =0, D =—1 and E = 2.

Then the integral can be computed as

fx2+2x+4d —fld f X x—2 p
x(x? + 2)? x= x x%2+2 x (x2+2)2 x

=1 - >d 2 | ————=
il f 12" f(x T f( )
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y=x2+2 (for 1st and 2nd integrals)
x=v2tan6 (for 3rd integral)

o 1(1 1(1 V2 o1
= lnlxl_if;dy_zf?dy_*_?f

sec? @

1 1 2
= In|x| —Elnlyl +Z+7f cos?6do

1 V2
= In|x| —Elnlx2 + 2| + +Tf(cos 20 +1)do

2(x%2 +2)

2 V2
sin 20 +79+C

1
_ 2
—ln|x|——21n|x +2|+2(x2 2)+ 3

) 2 . x
—sin 6 cos 6 +Ttan —4+C

4 2
VZ x I 2

x

+— +—tan"'—+C
2x2+2) 4 Vxz+2Vx2+2 4 V2
x+1 V2

T L Yant 4
2(x2+2) 4

V2

1
= In|x| —Ell’llx2 + 2| +m+

1
= In|x| —Elnlx2 + 2| +

1
= In|x| —Elnlx2 + 2| +
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