MA1301 Calculusand Basic Linear Algebrall
Chapter 2 Complex Numbers

As early as 250 A.D., Greek algebraist, Diophantus, attempts to solve quadratic equations of the form
ax’ + bx+ ¢ =0. He accepts only positive rational roots and ignores al others. He rejects; equations
such as x? + a® = 0 asinsolvable. In the sixteenth- and seventeenth-century new numbers are obtained
by extending the arithmetic operation of square root to whatever numbers appeared in solving quadratic
eguations by the usual method of completing the square. For instance, Cartan (1545) obtains the roots
of the equation x(lO—x)=40<i>(x—5)2 = -15 as 5++/-15 and 5-+/-15. However he regarded

them as useless. By the eighteenth century, through the work of Euler, de Moivre, d’ Alembert and
Cauchy, complex numbers were finally accepted by mathematicians. In here you will study the
arithmetic operations on complex numbers, geometrical representation and use of de Moivre' s theorem

to simplify complex expressions. Finally you will look at the solutions of the equation 2" + z, = 0.

1 Basicideaof complex numbers (p.52 —p. 53)

@ J=1 is defined as a number whose squareis -1 and it isdenoted by i and is called the (purely)
imaginary unit. If b isreal then bi issaid to bea(purely) imaginary number.

(b) A complex number isthe sum of areal number and a (purely) imaginary number such that for real
a,b,c,d a+bi=c+di iffa=candb=d.

Thus a complex number can be uniquely written as z=a+bi where a, b are rea and in this
representation, a istermed thereal part of z and b istermed the (purely) imaginary part of z

We use Re(2) to denote the real part of z and Im(2) to denote the imaginary part of z. For example,
Re(3-4i)=3 and Im(3-4i)=-4.

(c) A complex number cannot be said to be larger or smaller than the other.

(d) The complex conjugate of a+bi isa+bi=a-hi.

2 Operations with complex numbers (p.53 — p.54)

We operate with complex numbers in exactly the same way as we operate with real numbers; for
example:

@ (a+b|) (C+d|) ( ) (b+d)'

eg. (3+4i)+(2-5)=(3+2)+[4+(-5)i =5-i

Note: Re((3+4i)+(2-5))=3+2=5and Im((3+4i)+(2-5))=4-5=-1
() (a+bi)-(c+di)=(a-c)+(b-d)i
eg. (3+4i)-(2-5)=(3-2)+[4-(-5)] =1+9i

(c) (a+bi)(c+di)=(ac-bd)+(bc+ad)i ,sincei®=-1



eg. (3+4i)2-51)=32)-3(5)+(4i)2)-(4i )5 )= 6-15i + 8 — 20i*> =6-15i +8i + 20 = 26— 7i
In particular, the product of a+bi and its conjugate a-bi is a® + b?.
eg. (3+4i)3-4i)=3(3)-3(4i)+(4i)3)-(4if4i)=9-12i +12i -16i> =9+16 = 25

a+bi _(a+bi)(c-di) (a+hi)(c-di) (ac+bd)+(bc-ad)i

(d) = , provided c+di = 0.

c+di (c+di)(c-di)  c®+d? c®+d?
eg Lt4 _1+4i 3-2 _(+4)3-2)) 3-2+12i+8 _11+10i _11 10,
T 3+2 3+2 3-2i 3 +2 13 13 13 13

Hence, the sum, difference, product and quotient of two complex numbers is a complex number; the
product of two conjugate complex numbersis real and so istheir sum.

In particular, we have z+z=2Re(z), z-z=2Im(2)i, 2z=|7",
(x- z)(x—2)= x? - 2Re(z)x+|7” for any x.

3  Geometrical representation of complex numbers (p.54)

The real numbers can be represented by a straight line in the sense that it is possible to set up a
one-to-one correspondence between the set of al real numbers and the set of al points on a straight
line.

To represent the complex numbers, a straight line is not sufficient and it is necessary to make use of a
plane.

First, as shown in Figure 1, two perpendicular straight lines in the plane are drawn, one horizontal
(called the real axis) and the other vertical (called the imaginary axis), intersecting at a point usually
denoted by O and called the origin. Then for each axis, a one-to-one correspondence with the real
numbersis set up in the ‘usua’ way so that the origin will correspond to the number zero in each case.
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Figure 1

The plane used to represent complex numbers is called the complex plane, and the diagram used to
represent complex numbers in the complex planeis called the Argand diagram.




4 Modulus and argument of a complex number (p.55)

If the length of OPisr and ZxOP =6, r =/x*+y* and tan0=z (figure 2), r is called the modulus
X

of zand written |z|; 6 is caled the argument or amplitude of z and written argz or amp z. We will
measure 6 in radians unless otherwise stated. Since r is by definition positive, and
cosf:sin@:1=x:y:{x*+y*, for agiven value of z(=x+ yi) there is a unique value of #in the
range -7 <@ <. This is known as the principal value of argz, other values being given by the

formula @ + 2kz where k is any integer, not zero. In subsequent work, argz will denote the principal
value unless otherwise stated.

Cartesian form, Polar form and Euler form of Complex Numbers

Since x=rcosf andy =rsné, zmay bewrittenin:

- the cartesian form x+ yi

- the polar form r(cosé +isin@) which is often abbreviated as r 2.6 .

- the Euler form re?, where € = cos@ +ising iscalled the Euler relation.
The expression cosé +ising IS sometimes denoted by cisf

and cosf -ising = cos(-0)+isn(-6) by cis(-6).

Alternatively, since (cosé +ising)(cosf —ising) =1, we may denote cosé —isiné by (cisﬁ)_l.

If two complex numbers z and z, are equal, then

2] =[z| and agz = agz,.
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Example 1
Represent the following complex numbersin the Argand diagram and express them in polar form:

() 3-3 (i) -4 (i) 2 (@v) -3+4i.

Solution:

D (-3+4)

=Y

k A(3-3)

Figure 3
. . J . JT
(1) 3—a=3\/§[cos(—z)+|sn(—z)l,
(i) -4=4(cosz+isnx),
(iii) 2i=2(cosf+isinf),
2 2

(iv) Let 6, =7+ tan‘l(ig) ~2.214 rad (or 126.85°),

then — 3+ 4i =5(cost, +ising, ), where 6, = 2.214 rad

Example 2
Express 2+3 in cartesian form a+bi .
3+4
Solution:
2+3 (2+3)(3-4i) 6-8+9-12* 18 1. .
= . - = > =—+—i,snce i =-1.
3+4i  (3+4i)(3-4i) 9-16i 25 25
Remark:
R 2+3f =Eandlm 2+3 =i.
3+4i 25 3+4i 25



Example 3

Express l+\/§! in polar form.
1-3
Solution:
Method |
' I(%) i[ Z)-if-Z i
1+://—§! = 2? - =e(3) 5] =e(3) =1(cos%+isinﬁ).
1=-v3 2(3'(_5)
Method I1
2
1++/3i _ :
Theexpronequals( _2) _-2+2J3 __1.~s,
1-3i 4 2 2
YA
(-1+V3i)/2 - === V32
o
1 \o‘ >
e @ X
; V3
2

N

2
r = A @ =1 6, =7 +tan™ _2
2 2 3

Hence in polar form, the expression equals l( cos% +1 sin%) :

Example 4
Express +/3+4i theform a+bi.

Solution:
If V3+4i =a+hi, then 3+4i =(a+hi)’ =a? —b?+ 2abi.

. . a*-b*=3
Equating the real and imaginary parts, we have .



2 piog [@-P=3 a2—§=3 a'-3a2-4-0 ([(a’-4)(a®+1)=0
{ab=2 = b=g = 2 = b=g = b=g
a b=5 a a
a’-4=0 a=2 a=-2
ookt = 2 ©{b=1 ” {b=—1

The solution of these simultaneous algebraical equations is a=+2, b= =1 and both solutions lead to

the result i(2+i) for 3+ 4i .
W

5. Vectorial representation of a complex number

Since a complex number zis determined by its modulus r and its argument & we may represent zby a
vector of length r drawn in a direction which makes an angle @ with the positive direction of the real
axis. For example, the complex number x+yi which in figure 4 is represented by the point

P(x, y)may also be represented by the vector OP or by any equivalent vector H_%, that is by any line

egual to, parallel to and drawn in the same sense as oP.

B
yh

>

Figure 4

A real number x is represented by a vector of length |x| drawn along or parallel to the real axisin the

positive or negative direction according as zis positive or negative.

In the same way the purely imaginary number yi is represented by a vector of length |y|drawn along
or paradlel to the imaginary axis in the positive or negative direction according as y is positive or
negative.

We will find it convenient to use both the point and vector methods of representing a complex number.

The length of avector AB will be denoted by AB.



6. Geometrical representation of addition or subtraction of two complex numbers
Let A and B represent the complex numbers z(=x, + ;i) and z,(= X, + Y,i ) respectively in an
Argand diagram (fig. 5). Complete parallelograms OACB and ODAB.

Figure5

Then since the mid-point of AB has affix %[(xl+ X,)+ (Yo +Y,)i]. C has affix (x +%,)+(y,+¥,)i,
thatis, z + z,. Inaddition, D has affix z - z,.
In the vector representation z,z,,z + z, are represented by O—AO—B(E respectively. We thus see that

this representation is in conformity with the usual parallelogram law of vector addition: OA+OB=0C.
z, - z, isrepresented by OD and also by BA. In triangle OAC, OC < OA+ AC .- 1z, + 2| <|z]+|z)|-
This result is true for any two complex numbers except when O, A and C lie in order on a straight line.
Inthiscase |z, + 2| = |z|+|z,|. Hence |z + z,| < |z | +|z,|.

7.  Multiplication and division of complex numbers (p.55 — p.57)

Let z =r,£6,and z, =r,/6,. Then
2z, = rlrz(cos¢91+isin¢91)(cos¢92+isin02)=rlrz[(0050100362—sinHlsin02)+i(sinelcosez+cosﬁlsin¢92)]

=11, [cos(6; +6,) +isin(6; +6,)]L (7.1)

From this result we see that
22| =|2]|2)| and  agzz -agz +aAgZ,.

(The latter result is not necessarily true of the principal values since the right-hand side may exceed
)



Again,

r(cosg +ising,) r . . r -
%= rzl((cosa;isinﬁlz)) =i(cos¢91+|sm01)(cosez—|sm¢92)=é[cos(ﬁl—az)ﬂsn(ﬁl—ﬁz)]L (7.2)

Hence,

‘ﬁ‘=i=ﬂ and ag2 -agz, -agz,.
A N2 %

(The latter result is not necessarily true of the principal values.)
ie. Forz =rz@and z,=r,/6, wehaveby (7.1) zz, =r1r,2(6,+6,)

andby (72) 2 -"1/(p,-6,).

2 2

Remark: By expressing the two complex numbers z; and z as r,e and r,e” (the Euler form), it is

easy to obtain

. A A r. .
2,2, = (r,e% [r,e% )= 1,r,@**) | and A_K L

[llustration

Question: It is given that w, =5€ “,m, =€ , w, =23, w, =€  and w, =2 °, Simplify the
following complex numbers and express each of them in Euler form. (Also, try locating z, and the
result on the Argand diagram for (i) to (viii).)

i) wo (i) ww i) 2 vy 2 Vv oo (i) o
172 3 1*¥4 5
w, (2
2T LI
(vii) 2 i) (ix) 403 +2073
w, Wy
Solutions
TN (77
) w1w2=(564)(e3]=5e(4 3)=5<-:-12 (ii)
i iz i(f+f) i1
a)la)3=(594)(2e3J=5(2)e 43 ~10e 2
T (E L ¥ iz N
(i) L2 =5e(4 3)=5e 12 (v) Y12 =§e(4 3)=2.5e 12
3 i W, iz 2
es 2e 3

T e
I

i) ww, = (5eiz



ity @250 gl g% i 2ot 5 e
W, - Wy -z 2

(x) 463 +263 = dloosi20 +isin120" )+ 2{cos0 +isin60")
= (—2+ 2\/§i)+1+\/§i = -1+3J3i

where modulus = r = /(-1 + (3\/5)2 =28 =27

and argument = 100.9° = 1.76 rad
.2 T
e 3 +2e3= 2,/7¢""™
From (i)(iii) of the illustration, we can see that the effect of multiplying a complex number z by a

complex number with unit modulus and argument ¢ is to rotate the vector which represents z
counter-clockwise through an angle ¢ .

When ¢ = % , Z, =1 and so the vector which represents iz is obtained by rotating counter-clockwise
through % the vector which represents z, .

More generaly, if z isrepresented by the vector OP and z, =1,/6,,the product zz, is represented by
avector OQ with that ~POQ= 6, and length of OQ = r,, -length of OP.

Example 5
In the Argand diagram, PQR is an equilateral triangle of which the circumcentre is at the origin. If P

represents the number 2 +i, find the numbers represented by Q and R.

Solution:

P(2+1)

-
-
-
-
e
-

Figure 6

InFigure6 £ZPOQ = £LQOR = £ZROP = %” and OP =0Q =OR,



Realizing that OQ can be obtained by rotating OP in the anticlockwise direction by %Jr rad, whereas

OR can be obtained by rotating OP in the clockwise direction by %;r rad,
— (2 \== — [ 2 \==
~0Q= C|s(§ﬂ)OP and OR= cns(—gn)OP ,

_mﬂ-](2+i)=_(1+%@)+(@_§)i .

thatis, OQ = .

ci s(%n);l';\/é

Similarly, OR B
_z,r);l—iﬁ*
3 2

2

Ci

_1_\@J(2+i)=—(l—%\@)—(\@+%)i |

8. DeMoivre'stheorem (p.57)

When n is an nonnegative integer, De Moivre's theorem states that
(cos@+isn@)" = cosnd +isinng.

[Proof of De Moivre' s theorem for integer nj
The following is a sketch of proof of De Moivre's theorem for any integer n by the method of
Mathematical Induction.

Define (cos(9+isin¢9)0 =1, observe that cos(0x#)+isin(0x8)=cos0+isin0=1. Thus, for n=0,

(cos@+isin@)" = cosnd +isinng isvalid.

Define (cos6+isin@) = cosd +ising, observethat cos(1x6) +isin(1x6) = cosd+ising. Thus, for

n=1, (cosf+ising)" = cosnd +isnng isvalid.

Assume (cos@+isng)" = cosnd +isSnnd, where n=1.
(cos® +ising)™ = (cos@ +ising)" (cosf +isind) = (cosnd +isinng)(cosd +ising)
= cosndcosd —sinndsind +i (sinnd cosd + cosndsing) = cos(n+1)6 +isin(n+1)6

Therefore, (cosf+ising)" = cosnd +isinng = (cosf+ising)"™" = cos(n+1)6+isin(n+1)6.

We have established by the method of induction that (cose +ig n¢9)n = Cosnd +isinng whenever nis
anonnegative integer.

10



When n is a negative integer, put n = —-m so that mis apositive integer. Then
1 1

(cos® +ising)" = (cosf+isng) " = = .
(cos@+ising)" cosmg +isinmg

But,
1 cosm@ —i sinm@ cosm@ —i ssnm@

cosmg +isinmg  (cosmy +isinmg)(cosmp —isinmp)  cos me + sin® My
= cos(-m@) +isin(-m@) = cosng +isinnd

Thus, (cosﬁ+isim9)n = cosn@ +isinn@ shows that De Moivre' s theorem remains valid when nisa
negative integer.

[lustration
Question: Simplify each of the following expressions.

. Se% Ze%
() (L-i) (ii) M (iii) J_l

(-1+i) (acisss | )

o 2 (@4]5 (el T e e
) 2]

(= 2v/2(cos45" +isin45) = 2\/_(‘/_ ‘/2—) 2+2i)

(ii) Ejz:g = 9[7 65 )| 2¢is15°)

m\éa

2e

Solutions

6

5e2(2e4) o (7o) o7
(iii) =52 48] pper - 0

e 5 25

11



Example 6
2cosnd = z" + in
If nisaninteger and z = cosé +ising, show that Zl . (%).
2isnng=2"-—
z
Use these results to establish the formula 8cos” 6 = cos46 + 4cos26 + 3.

Solution:
Using De Moivre' s theorem we have 7" = (cos¢9+ i sin¢9)n =C0snd +isnng.

Also, 7" =(cos@+isnd) " =cos(-nd)+isin(-ng)=cosng-isnng and the results follow by

addition and subtraction. Taking n=1 in (*),
4

(2cos6)’ =(z+}) - z4+422+6+i2+i4=(z4+i4)+4(22+i2)+6=Zcos4<9+800520+6,
z Z z Z Z

where we have used (*) with n=4and n=2in the last step. The required result then follows on
division by 2.
W

9. Roots and fractional powers of a complex number (p.58)

Let r(cosH +1 sin@) be a complex number in polar form. For any positive integer n,

1
[r(cos@ +i sin 0)]% - r“(cosa +r]2k7r +isin? +r]2k7r

), k=012 ...n-1

[lustration:

[8(00530" +isin30° Jp

1 o o ° o
)}:2(00530 +360k+isin30 +360k) k=012

i.e. the three complex numbers resulted are:

z, = 2cos10" +isn10°)  (whenk=0)

z, = 2(c0s130" +isin130") (whenk = 1)

2, = 2(c0s250° +isin250° ) = 2(cod-110" )+ i sin(-110" ))(when k = 2)

Check:  z,° = 2°(cos3-10° )+isin(3-10° )) = 8{cos30" +isin30°)
2,2 = 2(cos(3-130° ) + i sin(3-130° )) = 8{cos390° +iin390° ) = 8{cos30° +isin30°)
2, = 2%(cos(3- 250° )+ sin(3- 250° ) = 8(cos750° +isin750° ) = 8(cos30° +isin30°)

Thisit very useful for obtaining the complex roots of a complex number. That is, this formula can be
used to solve the equation

z" =r(cosf +ising).
It is expected that n roots (real and complex in total) will result and the value of each of theroots, z,,
can be obtained by:

12



1 1
n

Zk=[r(cost9+isin0)n=r O+2kr . . 6+2kt

+ 1SN
n n

(cos ) k=012...,n-1

Example 7

Let cos@ +ising beacomplex number in polar form. Consider the equation w" = cosé +isné. Find
all complex numbers w such that w" = cos@ +isnd@.

(w iscdled aroot of the equation w" = cosf +isn@.)

Solution:
Suppose w= p(cosg +ising), then w" = p"(cosg +ising)" = p"(cosng +isnng)=cosd +isnd
= p" =1, ng =6+ 2kr, wherekisan integer.

p>0= p=1and ¢=H+2kﬂ=g+k%.
n n n

Therefore, w= cos(§+ kg)+isin(§+ kﬁ) where k is an integer.
n n n n

Since sinx, cosx are periodic functions with period 2 , cos(g+kg)+isin(§+kg),
n n n n

k=L ,-1,0,1L arenot all distinct. Taking, in succession, thevalues k=0,1,2,L. ,n-1 wefind that

O+2kr . . 0+2krz
+isin

n n
Hence there are n distinct n™ rootsof cosé +isin@ given by the formula:

0+2k7 ignf+2T v _01L n-1.
n

cos has exactly n distinct values.

W, = Cos

W
Consider complex number cosé+ising , let n=1, where q is a poditive integer, define
q

1
(Cosﬁ+isin¢9)a as the collection of al roots w of the equation w* = cos@ +ising, that is, the
collection of all g™ roots of cos@+ising.

1
Then,(cose+isim9)q=w=cos(g+k@)+isjn(§+kﬁ), k=0LL ,q-1.
a q a g

Next suppose that n is a fraction; put n = wherep and q areintegers, q>0and gcd(| p|,q) =1.
q

1
Define (cosﬁ+isint9)g = [(cosﬁ+isin0)p]q. Observethat (cosd+ising)” = cospd +isin po.

P
(cos@+ising)a denotesthe collection all g-th roots of (cosg+ising)” = cospd+isin po.

13



Therefore,(cos@+isin0)§ =cos(p—6+&)+isin(p—8+&), k=01L ,q-1.
q

a q q
(cos¢9+isin0)g =cos(p—6+&)+isin(p—8+&), k=01L ,q-1
a q a q

is De Moivre s theorem for fractional indices.

W

Remark:
When n is apositive integer, the n™ roots of acomplex number are by definition the values of w which
satisfy the equation w" = z. If w= p(cosg+ising) andz=r(cos@ +ising),
p"(cosng +isinng) =r(cosd +ising), whence p" =r, ng = 6 + 2k, where k is an integer or zero.
Now by definition p andr are positive so that p = U, the unique positive n™ root of r , also,

0 + 2k

¢= , Wherek is an integer or zero; and taking, in succession, thevalues k=0,1,2L ,n-1we
find that cose+2kﬁ+isin9+2k” has n, and only n distinct values. Hence there are n distinct n™
n n
roots of zgiven by theformula w, = {r cos‘9+2k”+isin6+2kﬂ , k=01L ,(n-1).
n n

In the case where nisarational number,n = E, say, wherep and g areintegers, g > 0 and
q

gcd(| p|,q) =1, thevalues of z"are the values of w which satisfy the equation w® = z°. Hence if

P
z=r(cosf +ising) thereare g values of z% given by the formula

wm=i‘/r7" coS IC)eJrzrn7T+isin PO+ 2mv , m=0,1L ,q-1, wherei‘/r_p is the unique positive g

q q
root of rP.
Example 8
Solve the equation z* + 8= 0.
Solution:

(Sinceit isapolynomial equation of degree 3, we expect to have 3 roots (real and complex in total).)
Method 1:

2’+8=0
7* = -8=8(cosz +isinx)

1
z =8 cos”+32k”+isin”+32k” , k=012

14



Thethreeroots are: z, = 2(cos—+|sm ) 1+/3

an

( IS ﬂ+2ﬂ)=2(cos;r+isin;r)=—2

o o el

Method 2:
22+8=0
(z+2)2*-2z+4)=0
z+2=00r Z7?°-2z+4=0
21— U2_12=1:\/§i

Example 9
Find the roots of the equation z2+1=0 in the form cos@+isind and hence show that

z4—z3+zz—z+1=(22—22cos%+1)(22—chos%+l).

Solution:
AsZ =-1=cist = cis(zr + an), where k is zero or any integer, therootsare
7+ 2K

zk=cis( ) k=01234.

That is, zo=cos%+isin£,
2 = cos—+isin—_, z, =cosm+isinz(=-1),

V4 V4 3T\ .. 3r r .. 3t —
Z,=C0S— +iSiN— =C0S| —— |+isin| -— | =cos— -isin—=1Zz,
5 5 5 5 5 5

Or .. 97w a\ .. T —
z,=C0S—+isin— =cos| -— |+isin| - cos——lsm— z,,
5 5 ( 5) ( 5) 5

We find (z—zo)(z—z4)=22—(zo+z4)z+zoz4=22—(20+Z)Z+ZOZ=zz—chos%+1, similarly,
(z—zl)(z—23)=22—22005%+1. Then
(z+l)(z4—z3+zz—z+1)=25+1=(z—zo)(z—24)(2—21)(2—23)(2—22)

=(z- zz)(z2 —chos,%+1)(z2 —chos%ﬂ) =>124— Z2+77-z+1
ZZJ.;O

= ( i chos% +1) ( i chos%ﬂ)

15



Example 10
If w (=1) isacomplex cuberoot of unity, find the value of (1+ w)(2+ w)(1+ 2w).

Solution:
First, observethat @’ =1< 0’ -1=0< (a)—l)(a)2 +a)+1)= 0=w’+w+1=0.

w=1

Hence
(1+ 0)(2+ )1+ 20) = (2+ 3w + 0° ) (1+ 20)

= [(a)2+a)+l)+2w+l] 1+ 20) = (1+ 2w)? =1+ 4w + 40
= 4(0® +w+1)-3=-3.

10. Euler relation (p.55-p.58)
2 3
Whenx =i@ , where@ isreal, we have from e =1+ x+%+%+L that

1292 303 404 2 3 4 2 4 3 5
& —14ig+ PO VO 90 =(1—6—+6——L )+i(0—6—+0——L )
2! ! ! i2 | ! 2! 4 31 5l
Let Re(e“g ) and Im(e“9 ) denote the real and the imaginary parts of € respectively. From the above
series expansion of €, we obtain
io 0 i & 6
Re(e‘ )=1——+——L and Im(e )=H——+——L .
2 ! 31 5l

o> 6 0° 6
Recall 1—§+$—L and 0—§+§—L are just the Maclaurin series of cos¢ and siné

0> 6* 0>
respectively, i.e., cosfd =1-—+—-L and shfd=6-—+—-L . Thus,
21 4 3 5l

g’ = Re(é0)+ilm(é“’)=cos¢9+isim9.
Wecadl €’ = cosd +ising Euler’srelation.
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