
EE6617: Rudiments of Linear Algebra

• Review some basic concepts from linear algebra.

• These concepts will heavily be used throughout the course, so they are very important.

• All the matrix and vectors are assumed to be real.

1 Vector and Matrix Spaces

• Linear vector space: Denote Rm×1 as the set of all real m-dimensional column vectors
x = [x1 x2 . . . xm]

T ∈ Rm×1. The transpose of x is xT = [x1 x2 . . . xm] ∈ R1×m.

– Rm×1 is a linear vector space because, for any real scalar a ∈ R and any two vectors
x,y ∈ Rm×1, it is close under scalar multiplication and vector addition

ax ∈ Rm×1 and x+ y ∈ Rm×1.

• Inner product between two vectors:

xTy = [x1 x2 · · · xm]


y1
y2
...
ym

 =
m∑
i=1

xiyi.

• Euclidean space: The linear space Rm×1 in which the Euclidean norm (vector 2-norm) of
x

∥x∥ =
(
xTx

)1/2
=

(
m∑
i=1

x2
i

)1/2

is defined, is called m-dimensional Euclidean space.

• Euclidean distance: Once with the norm, one can define a distance

d(x,y) = ∥x− y∥ =

(
m∑
i=1

(xi − yi)
2

)1/2

.

• Orthogonal and orthonormal: If xTy = 0, we say that x and y are orthogonal. If
xTy = 0 and ∥x∥ = ∥y∥ = 1, we say that x and y are orthonormal.

• Linear matrix space: Denote Rm×n as the set of all real m × n-dimensional matrices

X = [x1 x2 · · · xn] ∈ Rm×n. The transpose of X is XT =


xT
1

xT
2
...
xT
n

 ∈ Rn×m. It is also easy

to see that Rm×n is a linear matrix space (why?).
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2 Linear Subspace

• Linear combination of vectors (x1,x2, · · · ,xn) using a vector a = [a1 · · · an]
T ∈ Rn is

x =
n∑

i=1

aixi = a1x1 + a2x2 + · · ·+ anxn = Xa.

We can interpret the linear combination as an inner product between X and a.

• Linearly dependent: The vectors (x1,x2, . . . ,xn) are linearly dependent if

there exists a ̸= 0 such thatXa = a1x1 + a2x2 + · · ·+ anxn = 0.

In this case, one vector can be expressed as a linear combination of the other vectors, e.g.,

x1 = −
n∑

i=2

ai
a1

xi, (1)

implying the linear dependency.

• Linearly independent: The vectors (x1,x2, . . . ,xn) are linearly independent if

Xa = a1x1 + a2x2 + · · ·+ anxn = 0, only if a = 0.

• Span: The span of a set of vectors (x1,x2, . . . ,xp), xi ∈ Rm (these vectors are not neces-
sarily independent) is a set

S(x1,x2, . . . ,xp) =

{
x|x =

p∑
i=1

aixi, ai ∈ R

}
.

The span S is a subspace of Rm.

• Basis: If (x1,x2, . . . ,xp) of S(x1,x2, . . . ,xp) are all linearly independent, then the set
(x1,x2, . . . ,xp) is called a basis of the subspace S(x1,x2, . . . ,xp).

– How about if the set (x1,x2, . . . ,xp) includes some linearly dependent vectors?

– A basis of S(x1,x2, . . . ,xp) is then formed by removing those dependent vectors and
re-labeling the linearly independent vectors such that (x(1),x(2), . . . ,x(r)), r < p.

– When (x1,x2, . . . ,xp) are orthogonal, (x1,x2, . . . ,xp) is called an orthogonal basis
of S.

• Rank: The rank of a matrix X is the number of independent columns of X and we write
rank(X) ≥ 0.

• Dimension: The dimension of the subspace S(x1, . . . ,xp), dim(S(x1, . . . ,xp)), is the num-
ber of linearly independent vectors in the set (x1,x2, . . . ,xp), i.e., the number of vectors in
the basis of S(x1, . . . ,xp). Note that with the construction X = [x1 · · · xp], we have the
identity

rank(X) = dim(S(x1, . . . ,xp)). (2)
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3 Orthogonal Subspace Decomposition

• Range space: The range of X ∈ Rm×n, denoted as R(X), is the set of all vectors in Rm

that can be written as linear combinations of the columns of X, i.e.,

R(X) = {Xa|a ∈ Rn}

– The range R(X) is a subspace of Rm (why?).

– The dimension of R(X) is rank(X) ≤ min(m,n). Formally speaking, dim(R(X)) =
rank(X)”.

• Null space: The nullspace of X ∈ Rm×n, denoted as N (X), is the set of all vectors in Rn

mapped into zero by X, i.e.,

N (X) = {a|Xa = 0} .

The nullspace is a subspace of Rn.

• Orthogonal complement: If V is a subspace of Rn, its orthogonal complement, denoted
V⊥ is defined as

V⊥ =
{
x|zTx = 0 for all z ∈ V

}
• Orthogonal subspace decomposition: For any X ∈ Rm×n, we have

N (X) = R(XT )⊥ or N (X) ⊥ R(XT ).

Any vectors from a ∈ N (X) and b ∈ R
(
XT
)
are orthogonal, i.e., aTb = 0.

Similarly, we have

R(X) = N (XT )⊥ or R(X) ⊥ N (XT ).

This result is often stated as N (X) ∪R(XT ) = Rn and R(X) ∪N (XT ) = Rm.

– Suppose dim(R(X)) = r. Then, it follows dim(N (XT )) = m− r. Hence,

dim(R(X)) + dim(N (XT )) = m.

– Similarly, dim(R(XT )) = r and then dim(N (X)) = n− r. Hence,

dim(R(XT )) + dim(N (X)) = n.
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4 Square Matrix

A square matrix is A ∈ Rm×n with m = n.

• The trace of a square matrix A ∈ Rn×n is the sum of its diagonal elements,

tr (A) =
n∑

i=1

aii (3)

where aij = [A]ij denotes the ith row and jth column element of A.

• The determinant of a square matrix A ∈ Rn×n is denoted as det(A) and is defined by

det (A) =
∑
σ∈Sn

sgn(σ)
n∏

i=1

ai,σi
. (4)

Here the sum is computed over all permutations σ of the set {1, 2, . . . , n}. For instance, if
n = 3, all permutations are S3 = {{1, 2, 3} , {2, 1, 3} , {3, 2, 1} , {1, 3, 2} , {2, 3, 1} , {3, 1, 2}}.
For each σ ∈ Sn, σi denotes the ith element of σ. For instance, if σ = {2, 1, 3}, then
σ2 = 1. The sgn(σ) is computed by (−1)τ where τ denote the number of permutations
applied to form σ from {1, 2, . . . , n}. For instance, sgn({2, 1, 3}) = (−1)1 = −1 and
sgn({2, 3, 1}) = (−1)2 = 1.

For n = 1, we have A = [a11], S1 = {{1}}, and

det(A) =
∑
σ∈S1

sgn(σ)
1∏

i=1

ai,σi
= a11

For n = 2, we have A =

[
a11 a12
a21 a22

]
, S2 = {{1, 2}, {2, 1}}, and

det(A) =
∑
σ∈S2

sgn(σ)
2∏

i=1

ai,σi

= sgn({1, 2})a11a22 + sgn({2, 1})a12a21
= a11a22 − a12a21

For n = 3, we have A =

 a11 a12 a13
a21 a22 a23
a31 a32 a33

,
S3 = {{1, 2, 3} , {2, 1, 3} , {3, 2, 1} , {1, 3, 2} , {2, 3, 1} , {3, 1, 2}}, and

det(A) =
∑
σ∈S3

sgn(σ)
3∏

i=1

ai,σi

= sgn({1, 2, 3})a11a22a33 + sgn({2, 1, 3})a12a21a33 + sgn({3, 2, 1})a13a22a31
sgn({1, 3, 2})a11a23a32 + sgn({2, 3, 1})a12a23a31 + sgn({3, 1, 2})a13a21a32

= a11a22a33 − a12a21a33 − a13a22a31 − a11a23a32 + a12a23a31 + a13a21a32
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The computation for n > 3 is possible, but we will not treat this case during the course.
For n > 3, just try Matlab.

Note: The determinant is only defined for a square matrix (why?).

• The inverse of a square A ∈ Rn×n is A−1 ∈ Rn×n such that

A−1A = AA−1 = In (5)

where In = diag(1, 1, . . . , 1) ∈ Rn×n, identity matrix. For instance, I3 = diag(1, 1, 1) = 1 0 0
0 1 0
0 0 1

. Notice that the definition of the inverse matrix in (5) is only valid for a

square matrix.

The inverse of A ∈ Rn×n can be computed via

A−1 =
CT

det(A)
(6)

where C ∈ Rn×n is the cofactor of A, which is defined by

[C]ij = (−1)i+jMij (7)

where Mij is the determinant of the submatrix of A formed by deleting the ith row and
jth column of A. Mij is termed as the minor of aij.

For instance of n = 2, A =

[
a11 a12
a21 a22

]
, A−1 is given by

A−1 =
1

det(A)

[
M11 −M21

−M12 M22

]
=

1

a11a22 − a12a21

[
a22 −a12

−a21 a11

]
Computation of A−1 for n > 2 is possible, but we will not treat this case in the course.

• From (6), the square matrix A is invertible if and only if det(A) ̸= 0.
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• Some useful formulae: For A,B ∈ Rn×n

(AB)T = BTAT , A ∈ Rm×n and B ∈ Rn×p(
(AB)T

)T
= AB, A ∈ Rm×n and B ∈ Rn×p(

AT
)−1

=
(
A−1

)T
, square matrix A ∈ Rn×n

(AB)−1 = B−1A−1, square matrix A,B ∈ Rn×n

det
(
AT
)

= det (A) , square matrix A ∈ Rn×n

det (cA) = cn det (A) , square matrix A ∈ Rn×n

det (AB) = det (A) det (B) , square matrix A,B ∈ Rn×n

det (I) = 1

det
(
A−1

)
=

1

det (A)
, square matrix A ∈ Rn×n

tr (AB) = tr (BA) , square matrix A,B ∈ Rn×n

tr
(
ATB

)
=

m∑
i=1

n∑
j=1

aijbij, A ∈ Rm×n and B ∈ Rm×n

tr
(
ATA

)
=

m∑
i=1

n∑
j=1

a2ij = ∥A∥2F , A ∈ Rm×n

where ∥A∥F =
√∑m

i=1

∑n
j=1 a

2
ij is called the Frobenius norm.

• An eigenvector of a square matrix A ∈ Rn×n is a vector v ∈ Rn×1 satisfying an equality

Av = λv, (8)

where a scalar λ is the eigenvalue of A. The v is referred to as the eigenvector associated
with the eigenvalue of λ. It is assumed that the eigenvector is normalized to have unit norm
∥v∥2 = vTv = 1. The relation (8) can be extended to

A[v1 v2 . . . vn] = [λ1v1 λ2v2 . . . λnvn]

or this can be rewritten by

AV = VΛ

where V = [v1 v2 . . . vn] ∈ Rn×n and Λ = diag(λ1, . . . , λn) ∈ Rn×n. Unless otherwise
stated, we assume eigenvalues are ordered such that λ1 ≥ λ2 ≥ · · · ≥ λn. We often write
λmax(A) = λ1(A) and λmin(A) = λn(A). This also can be rewritten as

A = VΛV−1 (9)

and we call the eigenvalue decomposition (EVD) of A.
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• Numerous useful interpretations can be made by the EVD.

det(A) = det
(
VΛV−1

)
= det (V) det (Λ) det

(
V−1

)
= det (Λ) =

n∏
i=1

λi (10)

A−1 = VΛ−1V−1

det
(
A−1

)
=

n∏
i=1

λ−1
i

tr(A) = tr
(
VΛV−1

)
= tr

(
ΛV−1V

)
= tr (Λ) =

n∑
i=1

λi

tr
(
A−1

)
=

n∑
i=1

λ−1
i

From (6), the square matrix A is invertible if and only if det(A) ̸= 0. This means, from
(10), the square matrix A must have non-zero eigenvalues and det(V) ̸= 0.

• Having non-zero eigenvalues has very special meaning in the perspective of linear
combination. To see this suppose the definition of the eigenvalue and eigenvector in (8),
i.e., Av = λv. Having a zero eigenvalue means that there exists a vector v ̸= 0 such that
Av = 0, meaning the columns of A are linearly dependent and rank(A) < n. Thus, we
can state the following:

A square matrix A is invertible if and only if

(a) det(A) ̸= 0

(b) λi ̸= 0, i = 1, . . . , n

(b) columns of A are linearly independent

(c) rank(A) = n.

• When rank(A) = n or det(A) ̸= 0, we say A has a full rank. Otherwise, A is said to be
singular.

• A square matrix A is positive definite if xTAx > 0 for x ̸= 0. If xTAx ≥ 0 for x ̸= 0,
A is said to be positive semidefinite.
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5 Symmetric Matrix

• A square matrix is said to be symmetric if A = AT . Denote Sn the set of symmetric n×n
matrices. Then, A ∈ Sn.

• Suppose A ∈ Sn. Then, EVD of A is

A = VΛVT , (11)

where V ∈ Rn×n is orthonormal, i.e., satisfies VVT = VTV = In. From (9) and (11),
V−1 = VT for the symmetric A and

A = VΛVT =
n∑

i=1

λiviv
T
i

A−1 = VΛ−1VT =
n∑

i=1

λ−1
i viv

T
i .

• Rayleigh quotient theorem: Suppose x ∈ Rn×1 and A ∈ Sn. The ratio between the
norm of x and the quadratic form xTAx is called Rayleigh quotient,

xTAx

∥x∥2
=

xTAx

xTx
.

The maximum of Rayleigh quotient is the dominant eigenvalue λ1 of A, i.e.,

λ1 = max
x

xTAx

xTx
(12)

and this is achieved by the dominant eigenvector x = v1 associated with λ1.
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6 Discussions

• Invertibility of a rectangular matrix: Is a rectangular matrixA ∈ Rm×n with rank(A) =
min(m,n) invertible?

– Answer:

– However, we can still define non-genuine (or pseudo) inverse of A.

• Pseudo inverse

– If m ≥ n of A ∈ Rm×n, one can design the left inverse (or pseudo inverse) matrix
A† ∈ Rn×m of A ∈ Rm×n such that A†A = In. This can be done by looking at the

equality
(
ATA

)−1
ATA = A†A = In. Thus, we choose A† =

(
ATA

)−1
AT so that

A†A = In.

– Similarly, ifm ≤ n, there exist a right pseudo inverse matrixA† ∈ Rn×m = AT
(
AAT

)−1

such that AA† = Im.

We shall call A† the pseudo inverse of A. The pseudo inverse exists if and only if AAT

or ATA are full rank.

• EVD of a singular square matrix: Can we still define an EVD of a singular square
matrix A ∈ Rn×n?

– Answer:

– Suppose thatA has rank(A) = r ≤ n. Then, we can always find r eigenvalues λ1, . . . , λr

and the corresponding eigenvectors v1, . . . ,vr. Let Λ = diag(λ1, . . . , λr) ∈ Rr×r and
V = [v1 · · · vr] ∈ Rn×r. Then, one can always write

A =
[
V Ṽ

] [
Λ 0
0 0

] [
V Ṽ

]−1

where Ṽ ∈ Rn×(n−r) is any matrix such that det
([

V Ṽ
])

̸= 0.

– If A ∈ Sn (symmetric matrix), we have the EVD of the singular matrix A

A =
[
V Ṽ

] [
Λ 0
0 0

] [
V Ṽ

]T
where in this case,

[
V Ṽ

]
is orthonormal matrix, i.e.,

[
V Ṽ

]T [
V Ṽ

]
=
[
V Ṽ

] [
V Ṽ

]T
=

In.

• Existence of EVD of a rectangular matrix: Can we still define an eigenvalue decom-
position of a rectangular matrix A ∈ Rm×n with rank(A) = r ≤ min(m,n)?

– Answer:

– There are many other useful decompositions which can substitute EVD. One of the
most useful and that we will most frequently use is the singular value decomposition
(SVD).
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7 Singular Value Decomposition (SVD)

• A matrix A with rank(A) = r ≤ min(m,n) can be factorized as

A = VΣWT , (13)

where V ∈ Rm×r satisfies VTV = Ir, W ∈ Rn×r satisfies WTW = Ir, and Σ =
diag(σ1, . . . , σr), with

σ1 ≥ σ2 ≥ · · ·σr > 0.

The factorization in (13) is called the singular value decomposition (SVD) of A. The
V is called left singular matrix of A, the W is right singular matrix of A, and the numbers
σi are the singular values of A.

The singular value decomposition can be rewritten as

A =
r∑

i=1

σiviw
T
i ,

where vi is the ith column of V and wi is the ith column of W.

– The number of non-zero singular values σ1 ≥ σ2 ≥ · · ·σr > 0 is the rank of A.

– The V is the orthonormal basis of the left (or column) subspace of A.

– The W is the orthonormal basis of the right (or row) subspace of A.

• Proof of the existence of SVD: Suppose the eigenvalue decomposition of the symmetric

matrix AAT =
[
V Ṽ

] [
Λ 0
0 0

] [
V Ṽ

]T
with V ∈ Rm×r, Ṽ ∈ Rm×(m−r), and Λ ∈ Rr×r.

Then, it is clear that

VTAATV = Λ

ṼTAAT Ṽ = ṼTA
(
ṼTA

)T
= 0 ⇔ ṼTA = 0. (14)

Now, suppose an unitary matrix
[
W W̃

]
∈ Rn×n with W ∈ Rn×r and W̃ ∈ Rn×(n−r) such

that
[
W W̃

] [
W W̃

]T
=
[
W W̃

]T [
W W̃

]
= In. We can write

VTAATV = VTA
[
W W̃

] [
W W̃

]T
ATV = Λ

and, without any loss of any generality, we can set

VTA
[
W W̃

]
︸ ︷︷ ︸

=[Λ1/2 0]

[
W W̃

]T
ATV︸ ︷︷ ︸

=[Λ1/2 0]
T

= Λ.
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This leads to

VTA
[
W W̃

]
=
[
Λ1/2 0

]
⇒
[
VT

ṼT

]
A
[
W W̃

]
=

[ [
Λ1/2 0

]
ṼTA

[
W W̃

] ]
=

[
Λ1/2 0
0 0

]
,(15)

where we use the fact that ṼTA = 0 from (14). Since
[
V Ṽ

] [
V Ṽ

]T
= Im and

[
W W̃

] [
W W̃

]T
=

In, the (15) is equivalently rewritten as

A = [V Ṽ]

[
Λ1/2 0
0 0

] [
W W̃

]T
= VΛ1/2WT . (16)

Taking Λ1/2 = Σ in (13) concludes the proof.

– SVD exists for all kinds of matrices (square matrix, symmetric matrix, rectangular
matrix, etc.), so it is universal.

– For a square matrix A, singular values of A are same as the eigenvalues of A, i.e.,
σ1 = λ1, . . . , σr = λr?

– For a square matrix A, singular vectors and eigenvectors are equivalent?

– What are the differences between SVD and EVD?

8 Gram Matrix and Gram Determinant

Are there any convenient ways to check whether the vectors (x1, . . . ,xp) are linearly independent
or not?
Answering to this question was the major theme of the fields in Numerical Analysis and Linear
Algebra. We will shortly overview some of them.

• Gram matrix and Gram determinant: Denote X = [x1 · · ·xp] ∈ Rn×p. The Gram
matrix for X is

G = XTX, gij = xT
i xj.

The determinant of the Gram matrix is the Gram determinant, det(G).

• Theorem: The columns of X are linearly independent if and only if the Gram determinant
is nonzero.

• Proof of the theorem: We show it by contrast, i.e., the Gram determinant is zero if and
only if the columns of X are linearly dependent.

if: Suppose the columns of X are linearly dependent and denote the kth column of G as
gk = XTxk. Then, there exists a ̸= 0 such that

p∑
k=1

akgk = XT

p∑
k=1

akxk = 0,
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because (x1, . . . ,xp) are linearly dependent. This means
∑p

k=1 akgk = 0 ⇒ (g1, . . . ,gp) are
linearly dependent ⇒ det(G) = 0.

only if: Suppose det(G) = 0 ⇒ (g1, . . . ,gp) are linearly dependent,

p∑
k=1

akgk = XT

p∑
k=1

akxk = 0 ⇒ xT
i

p∑
k=1

akxk = 0, i = 1, . . . , p,

⇒
p∑

i=1

aix
T
i

p∑
k=1

akxk =

∥∥∥∥∥
p∑

k=1

akxk

∥∥∥∥∥
2

= 0

⇒
∑p

k=1 akxk = 0 ⇒ (x1, . . . ,xp) are linearly dependent.

• Hence, the above theorem tells us to evaluate det(G) in order to check linear independency
of (x1, . . . ,xp).

- Next question: How to efficiently calculate det(G)?

- Directly computing det(G) using (4) is prohibitively complex.

• Computation of Gram determinant (using Schur complement): Consider a proce-
dure that sequentially testing each vector in (x1, . . . ,xp) to see if xk is linearly independent
of the preceding vectors (x1, . . . ,xk−1).

Suppose that the first k− 1 vectors have passed the test for independence. If xk is linearly
independent, we have

ck = a1x1 + a2x2 + · · ·+ a1xk−1 + xk ̸= 0, (17)

where, without loss of generality, ak = 1. Let us rewrite it as

ck = [Xk−1 xk]ak, with Xk−1 = [x1 · · ·xk−1], ak = [a1 · · · ak−1 1]T .

The norm square of ck is

σ2
k = cTk ck = aT

k

[
XT

k−1

xT
k

]
[Xk−1 xk] ak = aT

k

[
XT

k−1Xk−1 XT
k−1xk

xT
kXk−1 xT

k xk

]
ak

= aT
k

[
Gk−1 hk

xT
h gkk

]
ak,

where Gk−1 = XT
k−1Xk−1 is the Gram matrix of (x1, . . . ,xk−1). Now, by (17), the vectors

(x1, . . . ,xk) are linearly independent iff σ2
k > 0. If σ2

k = 0, xk is linearly dependent.

To see whether or not σ2
k > 0, it is of interest what is the minimum possible value of σ2

k.
To this end, we solve

σ̂2
k = min

ak

aT
k

[
Gk−1 hk

xT
h gkk

]
ak subject to ak = 1.
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Since the problem is convex, we from the Lagrangian function, take the gradient with
respect to ak, and equate to zero, i.e.,

L(ak, λ) = aT
k

[
Gk−1 hk

xT
h gkk

]
ak + 2λ(aT

k δ − 1), δ = [0, . . . , 0, 1]T

∂L(ak, λ)

∂ak

=

[
Gk−1 hk

xT
h gkk

]
ak + λδ = 0

⇒
[
Gk−1 hk

xT
h gkk

]
ak = −λδ =

[
0
−λ

]
. (18)

Hence, σ̂2
k = aT

k

[
Gk−1 hk

xT
h gkk

]
ak = −λak = −λ and (18) is[
Gk−1 hk

hT gkk

]
ak =

[
0
σ̂2
k

]
. (19)

We have

Gk−1[a1 · · · ak−1]
T + hk = 0 ⇒ [a1 · · · ak−1]

T = −G−1
k−1hk

gkk + hT
k [a1 · · · ak−1]

T = σ̂2
k

⇒ σ̂2
k = gkk − hT

kG
−1
k−1hk. (20)

The quantity σ2
k = gkk−hT

kG
−1
k−1hk is the famous Schur complement of the Gram matrix

Gk. If the Schur complement σ2
k = 0, then xk is a linearly dependent vector. Otherwise,

the columns of Xk = [Xk−1 xk] are linearly independent.

Once with the linear independence, one can efficiently calculate det(G). From (19), we
have

Gkak = σ2
kδ ⇒ ak = σ2

kG
−1
k δ (21)

and premutiplying δT at the both sides of (21) yields

δTak = 1 = σ2
kδ

TG−1
k δ.

Since G−1
k = CT

det(Gk)
by (6),

δTG−1
k δ =

δTCTδ

det(Gk)
=

Mnn

det(Gk)
=

det(Gk−1)

det(Gk)
,

meaning

1 = σ2
k

det(Gk−1)

det(Gk)
⇒ det(Gk) = σ2

k det(Gk−1).

Then, iterating this formula results in

det(Gk) = σ2
k det(Gk−1) = σ2

kσ
2
k−1 det(Gk−2) =

k∏
i=1

σ2
i .
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⇒ det(Gk) =
k∏

i=1

σ2
i . (22)

Hence, the determinant of Gram matrix Gk can be efficiently computed by (22).

If det(Gk) = 0, {x1, . . . ,xk} are linearly dependent and if det(Gk) ̸= 0, {x1, . . . ,xk} are
linearly independent.

9 Gram-Schmidt Orthogonalization

There is another way to check for the linear independence of vectors (x1, . . . ,xp):

(a) transform a set of vectors (x1, . . . ,xp) into orthogonal vectors

(b) check to see how many orthogonal vectors can be generated.

The number of orthogonal vectors is the number of bases of S(x1, . . . ,xp). The transform of
(x1, . . . ,xp) into orthogonal vectors can be done by Gram-Schmidt orthogonalization.

• Gram-Schmidt procedure:

– Given a set of vectors (x1, . . . ,xp), start with the initialization

y1 = x1, u1 =
y1

∥y1∥
, r11 = ∥y1∥

– Construct u2 as follows:

y2 = x2 − (uT
1 x2)u1, u2 =

y2

∥y2∥
, r12 = (uT

1 x2), r11 = ∥y2∥

The u2 = 0 iff x2 = ax1, meaning that x2 is linearly dependent on x1. If u2 ̸= 0,
u1 and u2 are orthogonal (i.e., linearly independent). This can be easily checked by
computing yT

1 y2,

∥y1∥ ∥y2∥uT
1 u2 = yT

1 y2 = xT
1 x2 − (xT

2 u1)x
T
1 u1

= xT
1 x2 −

(
xT
2

x1

∥x1∥

)
xT
1

x1

∥x1∥

= xT
1 x2 −

(
xT
2 x1

) xT
1 x1

∥x1∥2

= 0 ⇒ uT
1 u2 = 0.

– Continue this procedure, generating each new vector uk:

yk = xk −
k−1∑
i=1

rikui, uk =
yk

∥yk∥
, rik = uT

i xk, rkk = ∥yk∥ .

The vector uk ̸= 0 (i.e., yk ̸= 0) if the vectors {x1, . . . ,xk} are linearly independent
and, otherwise, they are dependent.

14



After p-times iteration, the algorithm will yield the orthogonal basis (u1, . . . ,up).

• QR decomposition:

One important byproduct of the Gram-Schmidt orthogonalization is the QR decomposition.
After successful p-times Gram-Schmidt procedure, we have the following decomposition of
X = [x1 · · · xp]:

X = QR,

where Q = [u1 · · · up] and

R =


r11 r12 · · · r1p
0 r22 r2p

. . .
...

0 0 · · · rpp

 .

Note that QTQ = Ip and R is the upper triangular matrix.

In the representation of what Gram-Schmidt procedure delivers, each rii is nonzero indicates
that xi is linearly independent of (x1, · · · ,xi−1) and Q represents the left (or column)
subspace of X.
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