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1  Matrices and Determinants 

1.1 Matrices 

A matrix is a rectangular array of elements. The elements in a matrix are called the entries of 

the matrix. We say that matrix 𝐴 is an 𝒎× 𝒏 matrix (read as 𝑚-by-𝑛 matrix) if it has 𝑚 

rows and 𝑛 columns. That is, 

𝐴 = (

𝑎11 𝑎12 ⋯
𝑎21 𝑎22 ⋯

⋮ ⋮
    
𝑎1𝑛
𝑎2𝑛
⋮

 𝑎𝑚1 𝑎𝑚2 ⋯    𝑎𝑚𝑛 

)

⏟                

 

}
 

 

 

𝑛 columns

𝑚 rows 

where 𝑎𝑖𝑗 is the entry on the 𝑖-th row and 𝑗-th column. The entry 𝑎𝑖𝑗 is called the (𝒊, 𝒋)th 

entry of 𝐴.  
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➢  Square matrix:  A matrix whose number of rows and number of columns are equal.  

 For example, (
1 −2
4 3

) is a 2 × 2 square matrix.   

 

➢   Row vector:  A matrix which has only one row. 

   For example, (1  − 2   3   7) is a row vector. 

 

➢   Column vector:  A matrix which has only one column. 

   For example, (
0
2
−5
) is a column vector. 

 

➢   Zero matrix:  A matrix whose entries are all zeros. 

   For example,  (
0 0
0 0
0 0

) is a 3 × 2 zero matrix. 



Semester A, 2023-24        MA2001  Multi-variable Calculus and Linear Algebra     Chapter 0 

Dr. Emily Chan                                  Page 5 

Operations of matrices 

➢ Addition/ Subtraction 

If 𝐴 and 𝐵 are both 𝑚 × 𝑛 matrices (i.e. they have the same size), then the sum 𝐴 + 𝐵 

and the difference 𝐴 − 𝐵 are defined as the 𝑚 × 𝑛 matrices such that 

 

𝐴 ± 𝐵 = (

𝑎11 ⋯ 𝑎1𝑛
⋮ ⋱ ⋮
𝑎𝑚1 ⋯ 𝑎𝑚𝑛

) ± (
𝑏11 ⋯ 𝑏1𝑛
⋮ ⋱ ⋮
𝑏𝑚1 ⋯ 𝑏𝑚𝑛

) = (
𝑎11 ± 𝑏11 ⋯ 𝑎1𝑛 ± 𝑏1𝑛

⋮ ⋱ ⋮
𝑎𝑚1 ± 𝑏𝑚1 ⋯ 𝑎𝑚𝑛 ± 𝑏𝑚𝑛

) 

 

Example 1 

(a) (
1 2
3 4

) + (
−2 4
1 3

) = (
1 + (−2) 2 + 4
3 + 1 4 + 3

) = (
−1 6
4 7

) 

(b) (
1 2
3 4

) − (
−2 4
1 3

) = (
1 − (−2) 2 − 4
3 − 1 4 − 3

) = (
3 −2
2 1

) 

(c) (
1 2
3 4

) + (
5
6
)  is undefined, since the two matrices do not have the same size. 
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Properties of matrix addition: 

Suppose that 𝐴, 𝐵 and 𝐶 are matrices with the same size. Then  

1. 𝐴 + 𝐵 = 𝐵 + 𝐴 

2. (𝐴 + 𝐵) + 𝐶 = 𝐴 + (𝐵 + 𝐶) 
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➢ Multiplication 

If 𝐴 is an 𝒎× 𝒑 matrix and 𝐵 is a 𝒑 × 𝒏 matrix, then the product 𝐴𝐵 is defined as the 

𝒎× 𝒏 matrix such that 

𝐴𝐵 = (

𝑎11 ⋯ 𝑎1𝑝
⋮ ⋱ ⋮
𝑎𝑚1 ⋯ 𝑎𝑚𝑝

)

⏟            
𝒎×𝒑 matrix

(

𝑏11 ⋯ 𝑏1𝑛
⋮ ⋱ ⋮
𝑏𝑝1 ⋯ 𝑏𝑝𝑛

)

⏟          
𝒑×𝒏 matrix

=

(

 
 
 
 
∑𝑎1𝑘𝑏𝑘1

𝑝

𝑘=1

⋯ ∑𝑎1𝑘𝑏𝑘𝑛

𝑝

𝑘=1

⋮ ⋱ ⋮

∑ 𝑎𝑚𝑘𝑏𝑘1

𝑝

𝑘=1

⋯ ∑𝑎𝑚𝑘𝑏𝑘𝑛

𝑝

𝑘=1 )

 
 
 
 

⏟                      
𝒎×𝒏 matrix

 

 where the (𝑖, 𝑗)th entry of 𝐴𝐵 is 

𝑎𝑖1𝑏1𝑗 + 𝑎𝑖2𝑏2𝑗 +⋯+ 𝑎𝑖𝑝𝑏𝑝𝑗 = ∑𝑎𝑖𝑘𝑏𝑘𝑗

𝑝

𝑘=1

 . 
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Remarks 

1. 𝐴𝐵 is only defined if the number of columns of the first matrix (i.e. 𝐴) is equal to the 

number of rows of the second matrix (i.e. 𝐵).  

2. In general, 𝐴𝐵 ≠ 𝐵𝐴. 
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Example 2 

Given the matrices  𝐴 = (
1 3 5
2 −4 6

),  𝐵 = (
0 −2
−1 3
4 −5

)  and  𝐶 = (
−9 8 7
6 5 −4
3 −2 1

).  

Find  (a)  𝐴𝐵,  (b)  𝐵𝐴  and  (c)  𝐶𝐴. 

Solution 

(a) 𝐴𝐵 = (
1 3 5
2 −4 6

)
⏟        
2×𝟑 matrix

(
0 −2
−1 3
4 −5

)
⏟      
𝟑×2 matrix

= (
0 − 3 + 20 −2 + 9 − 25
0 + 4 + 24 −4 − 12 − 30

)
⏟                  

2×2 matrix

= (
17 −18
28 −46

) 

(b) 𝐵𝐴 = (
0 −2
−1 3
4 −5

)
⏟      
3×𝟐 matrix

(
1 3 5
2 −4 6

)
⏟        
𝟐×3 matrix

= (
0 − 4 0 + 8 0 − 12
−1 + 6 −3 − 12 −5 + 18
4 − 10 12 + 20 20 − 30

) 

= (
−4 8 −12
5 −15 13
−6 32 −10

) 

  Note:  Clearly, 𝐴𝐵 ≠ 𝐵𝐴. 
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(c) 𝐶𝐴 = (
−9 8 7
6 5 −4
3 −2 1

)
⏟          

3×𝟑 matrix

(
1 3 5
2 −4 6

)
⏟        
𝟐×3 matrix

  is not defined, because the number of columns of 

𝐶 is not the same as the number of rows of 𝐴. 
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Properties of matrix multiplication: 

Suppose that 𝐴 , 𝐵  and 𝐶  are matrices such that the given matrix multiplication can be 

performed. Then  

1.  𝑘𝐴𝐵 = (𝑘𝐴)𝐵 = 𝐴(𝑘𝐵),  where 𝑘 is a scalar. 

2.  𝐴𝐵𝐶 = (𝐴𝐵)𝐶 = 𝐴(𝐵𝐶) 

3.  𝐴(𝐵 + 𝐶) = 𝐴𝐵 + 𝐴𝐶 

4.  (𝐵 + 𝐶)𝐴 = 𝐵𝐴 + 𝐶𝐴 
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➢ Scalar multiplication 

If 𝑘 is a scalar and 𝐴 is an 𝑚 × 𝑛 matrix, we define the scalar multiplication as the 𝑚 × 𝑛 

matrix such that 

𝑘𝐴 = (
𝑘𝑎11 ⋯ 𝑘𝑎1𝑛
⋮ ⋱ ⋮

𝑘𝑎𝑚1 ⋯ 𝑘𝑎𝑚𝑛

). 

 

For example, if 𝐴 = (
−1 2 4
5 7 −3

), then  

2𝐴 = 2(
−1 2 4
5 7 −3

) = (
−2 4 8
10 14 −6

) 

and    

−𝐴 = −(
−1 2 4
5 7 −3

) = (
1 −2 −4
−5 −7 3

). 
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Properties of scalar multiplication: 

Suppose that both 𝐴 and 𝐵 are 𝑚 × 𝑛 matrices, and 𝑝, 𝑞 are constants, then 

(a) 𝑝𝐴 = 𝐴𝑝 

(b) (𝑝 ± 𝑞)𝐴 = 𝑝𝐴 ± 𝑞𝐴 

(c) (𝑝𝑞)𝐴 = 𝑝(𝑞𝐴) = 𝑞(𝑝𝐴) 

(d) 𝑞(𝐴 ± 𝐵) = 𝑞𝐴 ± 𝑞𝐵 
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➢ Transpose 

If 𝐴 is an 𝑚 × 𝑛 matrix, then the transpose of 𝐴 (written as 𝐴𝑇 ) is an 𝑛 ×𝑚 matrix 

which is obtained by interchanging the rows and columns of 𝐴: 

𝐴𝑇 = (

𝑎11 𝑎12 ⋯
𝑎21 𝑎22 ⋯
⋮ ⋮ ⋱

    
𝑎1𝑛
𝑎2𝑛
⋮

 𝑎𝑚1 𝑎𝑚2 ⋯    𝑎𝑚𝑛 

)

𝑇

= (

𝑎11 𝑎21 ⋯
𝑎12 𝑎22 ⋯
⋮ ⋮ ⋱

    
𝑎𝑚1
𝑎𝑚2
⋮

 𝑎1𝑛 𝑎2𝑛 ⋯   𝑎𝑚𝑛 

)

⏟                
𝑛×𝑚 matrix

 

That is, the elements in the 𝑖th row of 𝐴 becomes the elements in the 𝑖th column of 𝐴𝑇. 

 

For example, (
1 2 3
4 5 6

)
𝑇

= (
1 4
2 5
3 6

). 

For example, (
1 −1 0
4 2 5
−2 0 3

)

𝑇

= (
1 4 −2
−1 2 0
0 5 3

).   

For example, (
2
1
3
)

𝑇

= (2 1 3).  (The transpose of a column vector is a row vector.) 
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Properties of transpose: 

Suppose that the sizes of the matrices 𝐴 and 𝐵 are such that the given operations can be 

performed, then  

(a) (𝐴𝑇)𝑇 = 𝐴 

(b) (𝐴 + 𝐵)𝑇 = 𝐴𝑇 + 𝐵𝑇 

(c) (𝑘𝐴)𝑇 = 𝑘𝐴𝑇  where 𝑘 is a scalar. 

(d) (𝐴𝐵)𝑇 = 𝐵𝑇𝐴𝑇   (not 𝐴𝑇𝐵𝑇) 
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Square matrix 

Given an 𝑛 × 𝑛 square matrix 𝐴, i.e.  

𝐴 = (

𝒂𝟏𝟏 𝑎12 ⋯
𝑎21 𝒂𝟐𝟐 ⋯
⋮ ⋮ ⋱

    
𝑎1𝑛
𝑎2𝑛
⋮

 𝑎𝑛1 𝑎𝑛2 ⋯    𝒂𝒏𝒏 

). 

We say that the entries 𝑎11, 𝑎22, …, 𝑎𝑛𝑛 are on the main diagonal of 𝐴. The entries 𝒂𝟏𝟏, 

𝒂𝟐𝟐, … , 𝒂𝒏𝒏 are called the diagonal entries of 𝐴. The entries not on the main diagonal are 

called the off-diagonal entries.  
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Here are some special square matrices: 

❖ Diagonal matrix 

This is a matrix (usually refers to square matrix) for which all the entries not on the main 

diagonal are zeros.  

For example, (
1 𝟎
𝟎 2

) and (
−2 𝟎 𝟎
𝟎 0 𝟎
𝟎 𝟎 3

) are diagonal matrices. 

 

The 𝑛 × 𝑛 diagonal matrix  

𝐷 =

(

 
 

𝑑1 0
0 𝑑2

       
0 ⋯
0 ⋯

     
0
0
 

0  0
⋮  ⋮

      
𝑑3 ⋯
⋮ ⋱

     
0
⋮

  0  0       0 ⋯     𝑑𝑛)

 
 

 

can also be written as  

𝐷 = 𝑑𝑖𝑎𝑔(𝑑1, 𝑑2, 𝑑3, … , 𝑑𝑛). 
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A useful property of diagonal matrix: 

If 𝐷 =

(

 
 

𝑑1 0
0 𝑑2

       
0 ⋯
0 ⋯

     
0
0
 

0  0
⋮  ⋮

      
𝑑3 ⋯
⋮ ⋱

     
0
⋮

  0  0       0 ⋯     𝑑𝑛)

 
 

, then  

𝐷𝑚 =

(

 
 
   
(𝑑1)

𝑚 0

0 (𝑑2)
𝑚          

0      ⋯    
0     ⋯   

      
0
0
      

 
 0          0
 ⋮          ⋮

          
(𝑑3)

𝑚 ⋯
⋮ ⋱

          
0
⋮

       0          0              0       ⋯     (𝑑𝑛)
𝑚 )

 
 

, where 𝑚 is a positive integer. 
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❖ Identity matrix (denoted by 𝑰𝒏) 

This is an 𝑛 × 𝑛 square matrix for which all the entries on the main diagonal are 1, and all 

the off-diagonal entries are 0. 

For example,  

𝐼2 = (
1 0
0 1

)  is called a 2 × 2 identity matrix,   

𝐼3 = (
1 0 0
0 1 0
0 0 1

)  is called a 3 × 3 identity matrix, 

 𝐼4 = (

1 0
0 1

     
0 0
0 0

0 0
0 0

     
1 0
0 1

)  is called a 4 × 4 identity matrix. 

 

A useful property of identity matrix: 

 If 𝐴 is any 𝑚 × 𝑛 matrix, then  

𝐼𝑚𝐴 = 𝐴    and    𝐴𝐼𝑛 = 𝐴. 
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❖  Symmetric matrix 

  An 𝑛 × 𝑛 square matrix 𝐴 is said to be symmetric if 𝐴𝑇 = 𝐴. 

For example,  

  (
2 1
1 0

)  and  (
1 2 5
2 −3 0
5 0 −1

)  are both symmetric. 
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1.2 Determinant 

Let 𝐴  be a square matrix. The determinant of 𝐴 , written as det𝐴  or |𝐴|, is a number 

associated with it and is defined as follows: 
 

(i) If 𝐴 is a 1 × 1 matrix, i.e. 𝐴 = (𝑎), then  det 𝐴 = 𝑎 . 
 

(ii) If 𝐴 is a 2 × 2 matrix, i.e. 𝐴 = (
𝑎 𝑏
𝑐 𝑑

), then  det 𝐴 = 𝑎𝑑 − 𝑏𝑐 . 

 

(iii) If 𝐴 is an 𝑛 × 𝑛 matrix, where 𝑛 ≥ 3, i.e. 𝐴 = (

𝑎11 ⋯ 𝑎1𝑛
⋮ ⋱ ⋮
𝑎𝑛1 ⋯ 𝑎𝑛𝑛

), then   

det 𝐴 = 𝑎𝑖1𝐴𝑖1 + 𝑎𝑖2𝐴𝑖2 +⋯+ 𝑎𝑖𝑛𝐴𝑖𝑛  ,     𝑖 = 1, 2, … , 𝑛,    (*) 

where 𝐴𝑖𝑗 = (−1)
𝑖+𝑗  𝑀𝑖𝑗  . 

Here, 𝑀𝑖𝑗 is called the minor of 𝑎𝑖𝑗 which is the determinant of the submatrix of 𝐴 

obtained by deleting the 𝑖th row and 𝑗th column of 𝐴. The number 𝐴𝑖𝑗  is called the 

cofactor of element 𝑎𝑖𝑗.  
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In (*), the determinant of 𝐴 is calculated by expanding 𝐝𝐞𝐭𝑨 along the 𝒊th row. The 

determinant can also be obtained by expanding it along the 𝒋th column, i.e. 

det 𝐴 = 𝑎1𝑗𝐴1𝑗 + 𝑎2𝑗𝐴2𝑗 +⋯+ 𝑎𝑛𝑗𝐴𝑛𝑗  ,     𝑗 = 1, 2, … , 𝑛.    (**) 

That is, the same value can be obtained by expanding the determinant along any row 

or any column. 

 

Note that (−1)𝑖+𝑗 is either 1 or −1. The pattern of (−1)𝑖+𝑗 is as follows: 

( 

+  −  +  −  ⋯
−  +  −  +  ⋯
+  −  +  −  ⋯
⋮     ⋮     ⋮     ⋮       

) 
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Example 3 

Compute the determinant of the matrix 𝐴 = (
1 2 3
−1 4 5
6 7 −2

)  by expanding the determinant 

along (a) the first row, and (b) the second column. 

Solution 

(a) |𝐴| = |
𝟏 𝟐 𝟑
−1 4 5
6 7 −2

| = 1 × |
4 5
7 −2

| − 2 × |
−1 5
6 −2

| + 3 × |
−1 4
6 7

| 

= 1(−8 − 35) − 2(2 − 30) + 3(−7 − 24) 

= −80 

(b) |𝐴| = |
1 𝟐 3
−1 𝟒 5
6 𝟕 −2

| = −2 × |
−1 5
6 −2

| + 4 × |
1 3
6 −2

| − 7 × |
1 3
−1 5

| 

= −2(2 − 30) + 4(−2 − 18) − 7[5 − (−3)] 

= −80 
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Properties of determinants 

If 𝐴 and 𝐵 are both 𝑛 × 𝑛 matrices, 𝑚 is a positive integer, and 𝑘 is a scalar, then we 

have the following results: 

1. If all elements in a row (or column) of 𝐴 are zeros, then det 𝐴 = 0. 

2. The sign of det 𝐴 is reversed if any two rows (or two columns) of 𝐴 are interchanged. 

3. det(𝐴𝑇) = det 𝐴. 

4. det(𝐴𝐵) = det 𝐴 det 𝐵  (Note: This is only true if both 𝐴 and 𝐵 are square matrices). 

It follows that  det(𝐴𝑚) = det(𝐴𝐴⋯𝐴) = (det 𝐴)⋯ (det𝐴) = (det 𝐴)𝑚. 

5. If the elements in any row (or column) of 𝐴 are multiplied by a number, then det 𝐴 is 

multiplied by that number.  

For example,  |

 𝑎11 𝑎12 ⋯
𝒌𝑎21 𝒌𝑎22 ⋯
⋮ ⋮ ⋱

    

𝑎1𝑛
𝒌𝑎2𝑛
⋮

 𝑎𝑛1  𝑎𝑛2 ⋯     𝑎𝑛𝑛 

| = 𝒌 | 

𝑎11 𝑎12 ⋯
𝑎21 𝑎22 ⋯
⋮ ⋮ ⋱

    
𝑎1𝑛
𝑎2𝑛
⋮

𝑎𝑛1  𝑎𝑛2 ⋯   𝑎𝑛𝑛

 |. 

It follows that  det(𝑘𝐴) = 𝑘𝑛 det 𝐴. 
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6. The value of a determinant is unchanged if a scalar multiple of one row (or column) is added 

to another row (or column).  

For example, 

| 

𝑎11 𝑎12 ⋯
𝒂𝟐𝟏 𝒂𝟐𝟐 ⋯
⋮ ⋮ ⋱

    
𝑎1𝑛
𝒂𝟐𝒏
⋮

𝑎𝑛1 𝑎𝑛2 ⋯    𝑎𝑛𝑛

 | =⏞
𝑹𝟐+𝒌𝑹𝟏

|

  𝑎11 𝑎12 ⋯
𝒂𝟐𝟏 + 𝒌𝒂𝟏𝟏 𝒂𝟐𝟐 + 𝒌𝒂𝟏𝟐 ⋯

⋮ ⋮ ⋱
   

𝑎1𝑛
𝒂𝟐𝒏 + 𝒌𝒂𝟏𝒏

⋮
  𝑎𝑛1              𝑎𝑛2        ⋯          𝑎𝑛𝑛 

|   ✓ 

 

| 

𝑎11 𝑎12 ⋯
𝑎21 𝑎22 ⋯
⋮ ⋮ ⋱

    
𝒂𝟏𝒏
𝒂𝟐𝒏
⋮

𝑎𝑛1 𝑎𝑛2 ⋯    𝒂𝒏𝒏

 | =⏞
𝑪𝒏−𝒌𝑪𝟏

| 

𝑎11 𝑎12 ⋯
𝑎21 𝑎22 ⋯
⋮ ⋮ ⋱

    
𝒂𝟏𝒏 − 𝒌𝒂𝟏𝟏
𝒂𝟐𝒏 − 𝒌𝒂𝟐𝟏

⋮
𝑎𝑛1 𝑎𝑛2 ⋯    𝒂𝒏𝒏 − 𝒌𝒂𝒏𝟏

 |    ✓ 
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1.3 Inverse Matrix 

Given an 𝑛 × 𝑛 square matrix 𝐴. The inverse of 𝐴, denoted by 𝐴−1, is an 𝑛 × 𝑛 matrix such 

that  

𝐴𝐴−1 = 𝐴−1𝐴 = 𝐼𝑛 

where 𝐼𝑛 is the 𝑛 × 𝑛 identity matrix.  

Note that not every square matrix has an inverse. 

❖  If 𝐴 has an inverse (i.e. 𝑨−𝟏  exists), then 𝐴 is called an invertible (or non-singular) 

matrix.  

❖  If 𝐴 does not have an inverse (i.e. 𝑨−𝟏 does not exist), then 𝐴 is called a non-invertible 

(or singular) matrix. 

  

Theorem (To check the existence of inverse matrix) 

Let 𝐴 be an 𝑛 × 𝑛 square matrix. Then  

 𝑨 is invertible   if and only if   𝐝𝐞𝐭𝑨 ≠ 𝟎 .              
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How to find the inverse of an invertible matrix? 

Let 𝐴 = (

𝑎11 ⋯ 𝑎1𝑛
⋮ ⋱ ⋮
𝑎𝑛1 ⋯ 𝑎𝑛𝑛

) be an 𝑛 × 𝑛 square matrix. If det 𝐴 ≠ 0, then 𝐴−1 exists. 

Method 1:  𝑨−𝟏 =
𝟏

𝐝𝐞𝐭𝑨
 adj 𝑨 . Here, the matrix adj 𝐴  (called the adjoint of 𝐴 ) is the 

transposed matrix of cofactors adj 𝐴 = (

𝐴11 𝐴12 ⋯
𝐴21 𝐴22 ⋯
⋮ ⋮ ⋱

    
𝐴1𝑛
𝐴2𝑛
⋮

 𝐴𝑛1  𝐴𝑛2 ⋯    𝐴𝑛𝑛 

)

𝑇

, where 

𝐴𝑖𝑗 = (−1)
𝑖+𝑗  𝑀𝑖𝑗 is the cofactor of the entry 𝑎𝑖𝑗, and 𝑀𝑖𝑗 is called the minor 

of 𝑎𝑖𝑗 which is the determinant of the submatrix of 𝐴 obtained by deleting the 

𝑖th row and 𝑗th column of 𝐴.  

 

Method 2:  Gauss-Jordan elimination method:  

(𝐴|𝐼𝑛) → ⋯ → (by performing some row operations) → ⋯ → (𝐼𝑛|𝐴
−1) 
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Example 4 

Find the inverse of the matrix 𝐴 = (
1 2
3 4

) by using  

(a) the cofactor method, 

(b) Gauss-Jordan elimination method. 

Solution 

(a) |𝐴| = |
1 2
3 4

| = (1)(4) − (2)(3) = 4 − 6 = −2 ≠ 𝟎, so 𝐴−1 exists. 

 The adjoint of 𝑨 is  

adj 𝐴 = (
𝐴11 𝐴12
𝐴21 𝐴22

)
𝑇

= (
4 −3
−2 1

)
𝑇

= (
4 −2
−3 1

). 

 Hence, the inverse of 𝑨 is 

𝐴−1 =
1

|𝐴|
adj 𝐴 =

1

−2
(
4 −2
−3 1

) = (
−2 1
3

2
−
1

2

).  
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(b)  By the Gauss-Jordan elimination method, 

 (
1 2
3 4⏟
𝑨

 | 
1 0
0 1⏟
𝑰𝟐

)
𝑅2−3𝑅1
→     (

1 2
0 −2

 | 
1 0
−3 1

)
𝑅1+𝑅2
→    (

1 0
0 −2

 | 
−2 1
−3 1

) 

−
1

2
×𝑅2

→    (
1 0
0 1⏟
𝑰𝟐

 | 
−2 1
3

2
−
1

2⏟    
𝑨−𝟏

)  

 

 Hence, 𝐴−1 = (
−2 1
3

2
−
1

2

). 

 

Remark of (a):  For any invertible 2 × 2 matrix (
𝑎 𝑏
𝑐 𝑑

), 

(
𝑎 𝑏
𝑐 𝑑

)
−1

=
1

𝑎𝑑 − 𝑏𝑐
(
𝑑 −𝑏
−𝑐 𝑎

). 
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Example 5 

Find the inverse of the matrix 𝐴 = (
0 1 −2
1 −3 0
−2 5 3

)  by using  

(a)  the cofactor method, 

(b)  Gauss-Jordan elimination method. 

Solution 

(a) |𝐴| = |
0 1 −2
1 −3 0
−2 5 3

| = −1 × |
1 0
−2 3

| + (−2) × |
1 −3
−2 5

| 

  = −(3 − 0) − 2 × (5 − 6) = −1 ≠ 0 

  𝐴−1 exists.  

 

 Compute 𝐴−1 by using 𝐴−1 =
1

|𝐴|
adj 𝐴 , where  
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adj 𝐴 =

(

  
 

|
−3 0
5 3

| − |
1 0
−2 3

| |
1 −3
−2 5

|

− |
1 −2
5 3

| |
0 −2
−2 3

| − |
0 1
−2 5

|

|
1 −2
−3 0

| − |
0 −2
1 0

| |
0 1
1 −3

| )

  
 

𝑻

 

= (

−9 − 0 −(3 − 0) 5 − 6
−(3 + 10) 0 − 4 −(0 + 2)
0 − 6 −(0 + 2) 0 − 1

)

𝑇

 

= (
−9 −3 −1
−13 −4 −2
−6 −2 −1

)

𝑇

 

= (
−9 −13 −6
−3 −4 −2
−1 −2 −1

) 

 Hence,  

𝐴−1 =
1

|𝐴|
adj 𝐴 =

1

−1
(
−9 −13 −6
−3 −4 −2
−1 −2 −1

) = (
9 13 6
3 4 2
1 2 1

). 
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(b)  By the Gauss-Jordan elimination method, 

 

(

 
 0 1 −2
1 −3 0
−2 5 3⏟        

𝑨

 |
| 
1 0 0
0 1 0
0 0 1⏟    

𝑰𝟑 )

 
 𝑅1↔𝑅2
→    (

1 −3 0
0 1 −2
−2 5 3

 | 
0 1 0
1 0 0
0 0 1

) 

𝑅3+2𝑅1
→     (

1 −3 0
0 1 −2
0 −1 3

 | 
0 1 0
1 0 0
0 2 1

)
𝑅3+𝑅2
→    (

1 −3 0
0 1 −2
0 0 1

 | 
0 1 0
1 0 0
1 2 1

) 

𝑅2+2𝑅3
→     (

1 −3 0
0 1 0
0 0 1

 | 
0 1 0
3 4 2
1 2 1

)
𝑅1+3𝑅2
→     

(

 
 1 0 0
0 1 0
0 0 1⏟    

𝑰𝟑

 |
| 
9 13 6
3 4 2
1 2 1⏟      

𝑨−𝟏 )

 
 

 

 

 Hence, 𝐴−1 = (
9 13 6
3 4 2
1 2 1

). 
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2  Solving system of linear equations 

Consider the following system of 𝒎 linear equations in 𝒏 unknowns: 

{

𝑎11𝑥1  +  𝑎12𝑥2  +  ⋯ + 𝑎1𝑛𝑥𝑛  =  𝑏1
𝑎21𝑥1  +  𝑎22𝑥2  +  ⋯ + 𝑎2𝑛𝑥𝑛  =  𝑏2

⋮
 𝑎𝑚1𝑥1  +  𝑎𝑚2𝑥2 +  ⋯ +  𝑎𝑚𝑛𝑥𝑛  =  𝑏𝑚

. 

 

The numbers 𝑎𝑖𝑗  are the coefficients of the system and they are given. The constants 

𝑏1, 𝑏2, … , 𝑏𝑚 on the right-hand side of the equations are also known. If all the 𝑏𝑖’s are zeros, 

then the system is called a homogeneous system. If at least one of the 𝑏𝑖’s is non-zero, then 

the system is called an inhomogeneous (or non-homogeneous) system. 

 

Our objective is to determine the values of those 𝑛 unknowns 𝑥1, 𝑥2, … , 𝑥𝑛 which satisfy the 

𝑚 equations simultaneously. 
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In matrix form, the system can be written as 

𝐴𝑥⃗ = 𝑏⃗⃗ , 

where 𝐴 = (

𝑎11 𝑎12 ⋯ 
𝑎21 𝑎22 ⋯ 
⋮ ⋮ ⋱ 

   
𝑎1𝑛
𝑎2𝑛
⋮

𝑎𝑚1 𝑎𝑚2 ⋯    𝑎𝑚𝑛

) is called the coefficient matrix for the linear system;  

𝑥⃗ = (

𝑥1
𝑥2
⋮
𝑥𝑛

)  is a column vector containing the 𝑛 unknowns 𝑥1, 𝑥2, … , 𝑥𝑛;  

and  𝑏⃗⃗ = (

𝑏1
𝑏2
⋮
𝑏𝑚

)  is a column vector containing the 𝑚 numbers 𝑏1, 𝑏2, … , 𝑏𝑚. 

 

Note:  We may also write the system as 𝐴𝑥 = 𝑏 instead of 𝐴𝑥⃗ = 𝑏⃗⃗. 
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For every system of 𝑚 linear equations in 𝑛 unknowns, there are three possibilities for the 

solutions: 

➢  Unique solution 

➢ No solution 

➢ Infinitely many solutions 

 

We say that the system is consistent if it has at least one solution (i.e. either unique solution 

or infinitely many solutions). The system is inconsistent if it has no solution. 
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2.1 Gaussian elimination 

This is a powerful technique for solving systems of equations.  

Given a system with 𝑚 linear equations and 𝑛 unknowns, 

𝐴𝑥⃗ = 𝑏⃗⃗,    

where  𝐴 = (

𝑎11 𝑎12 ⋯
𝑎21 𝑎22 ⋯
⋮ ⋮ ⋱

    
𝑎1𝑛
𝑎2𝑛
⋮
 

 𝑎𝑚1 𝑎𝑚2 ⋯   𝑎𝑚𝑛  

), 𝑥⃗ = (

𝑥1
𝑥2
⋮
𝑥𝑛

)  and  𝑏⃗⃗ = (

𝑏1
𝑏2
⋮
𝑏𝑚

). 

 

We construct the augmented matrix (𝐴|𝑏⃗⃗), i.e.   

(

𝑎11 𝑎12 ⋯
𝑎21 𝑎22 ⋯
⋮ ⋮ ⋱

    
𝑎1𝑛
𝑎2𝑛
⋮

  𝑎𝑚1 𝑎𝑚2 ⋯   𝑎𝑚𝑛  

| 

𝑏1
𝑏2
⋮
𝑏𝑚

 ). 

Gaussian elimination is a systematic procedure that uses elementary row operations to 

attempt to reduce the augmented matrix to the row echelon form. 
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Elementary row operations 

The three elementary row operations that can be used in Gaussian elimination are  

(1) Interchange two rows.  (For example, 𝑅1 ↔ 𝑅2.) 

(2) Add a multiple of one row to another row.  (For example, 𝑅2 − 3𝑅1.) 

(3) Multiply (or divide) a row by a non-zero constant.  (For example, (−1) × 𝑅1.) 

 

The solution of a system of linear equations is not changed by performing the row operations. 

 

Note:  In the Gaussian elimination method, only row operations are allowed.  

       Column operations are not allowed in Gaussian elimination.   
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Definition (Row echelon form) 

A matrix is in row echelon form if 

➢  all non-zero rows (rows with at least one non-zero entry) are above any zero rows (rows 

whose entries are all zeros); and 

➢  the pivot (which is the first non-zero entry from the left) of a non-zero row is always 

strictly to the right of the pivot of the row above it. 

 

In other words, if a matrix is in row echelon form, all entries to the left and below each pivot 

must be zeros, and all the zero rows must appear at the bottom of the matrix. 

For example, (
𝟏 4 −3
0 𝟐 1
0 0 −𝟏

), (
𝟐 1
0 0
0 0

     
3 0
𝟒 2
0 0

), (
𝟑 1 −1
0 𝟐 0

    
2
5
) are in row echelon forms. 

(The entries highlighted in red are the pivots of their corresponding rows.) 

 

For matrices in the row echelon form, each row has at most one pivot.  
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Example 6  (Unique solution) 

Solve the following system of equations using Gaussian elimination: 

{
      𝑥 −  5𝑦 +  2𝑧 = −9
    2𝑥 +  4𝑦 −  3𝑧 =  3   
−3𝑥 +  9𝑦 +  2𝑧 =  8  

. 

Solution 

( 
1 −5 2
2 4 −3
−3 9 2

 | 
−9
3
8
 )

𝑅2−2𝑅1
𝑅3+3𝑅1
→     ( 

1 −5 2
0 14 −7
0 −6 8

 | 
−9
21
−19

 )
𝑅3−(

−6

14
)𝑅2

→        ( 
1 −5 2
0 14 −7
0 0 5

 | 
−9
21
−10

 ) 

This is equivalent to the system  

{
𝑥 −  5𝑦 +  2𝑧 = −9 
        14𝑦 −  7𝑧 =  21 
                         5𝑧 = −10

. 

Solving backward, we obtain the solution  

5𝑧 = −10   ⇒     𝒛 = −𝟐 

14𝑦 − 7𝑧 = 21   ⇒     𝒚 =
1

14
(21 + 7𝑧) =

𝟏

𝟐
  

𝑥 − 5𝑦 + 2𝑧 = −9   ⇒     𝒙 = −9 + 5𝑦 − 2𝑧 = −
𝟓

𝟐
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Example 7  (No solution) 

Solve the following system of equations using Gaussian elimination: 

{ 

  𝑥 +  2𝑦 −  𝑧 =  3
3𝑥 +   𝑦            =  4
2𝑥 −   𝑦 +   𝑧 =  2

 . 

Solution: 

( 
1 2 −1
3 1 0
2 −1 1

 | 
3
4
2
 )

𝑅2−3𝑅1
𝑅3−2𝑅1
→     ( 

1 2 −1
0 −5 3
0 −5 3

 | 
3
−5
−4
 )
𝑅3−𝑅2
→    ( 

1 2 −1
0 −5 3
0 0 0

 | 
3
−5
1
 ) 

The last row (0 0 0  | 1) corresponds to the equation  

0𝑥 + 0𝑦 + 0𝑧 = 1,  i.e. 𝟎 = 𝟏 (Contradiction!!). 

  The system has no solution. 

 

Remark:  After reducing the augmented matrix into row echelon form, if there is a row 

which has the form (𝟎 𝟎 𝟎  ⋯   𝟎 | 𝒃) with 𝒃 ≠ 𝟎, then the system has no solution. 
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Example 8  (Infinitely many solutions with 1 free variable) 

Solve the following system of equations using Gaussian elimination: 

{

 𝑥 +    𝑦 −  6𝑧 =  6
2𝑥 −    𝑦 +  3𝑧 = 18
   𝑥 −  2𝑦 +  9𝑧 = 12 

. 

Solution 

( 
1 1 −6
2 −1 3
1 −2 9

 | 
6
18
12
 )

𝑅2−2𝑅1
𝑅3−𝑅1
→     ( 

1 1 −6
0 −3 15
0 −3 15

 | 
6
6
6
 )
𝑅3−𝑅2
→    ( 

1 1 −6
0 −3 15
0 0 0

 | 
6
6
0
 ) 

𝑅2/(−3)
→     ( 

𝟏 1 −6
0 𝟏 −5
0 0 0

 | 
6
−2
0
 ) 

The last matrix is equivalent to the system {
𝑥 + 𝑦 − 6𝑧 =   6
         𝑦 − 5𝑧 = −2

. 

There is no row of the form (0 0 0 | 𝑏), where 𝑏 ≠ 0, so the system must be consistent.  

Note that column 3 has no pivots, so the system has infinitely many solutions and we may 

take the corresponding variable (i.e. 𝑧) as a free variable.  
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Let 𝑧 = 𝑠, where 𝑠 ∈ ℝ.  

Then by solving backward, we have 

𝑦 = −2 + 5𝑧 = −2 + 5𝑠 

and 𝑥 = 6 − 𝑦 + 6𝑧 = 6 − (−2 + 5𝑠) + 6𝑠 = 8 + 𝑠.         

Hence, the system has infinitely many solutions:      

𝑥 = 8 + 𝑠,    𝑦 = −2 + 5𝑠,    𝑧 = 𝑠,   where  𝑠 ∈ ℝ. 
 

 

Remark: 

In the above calculation, the last matrix ( 
𝟏 1 −6
0 𝟏 −5
0 0 0

 | 
6
−2
0
) is in row echelon form. If we just 

consider the entries on the left-hand side of the vertical line of this matrix, only column 3 has 

no pivots, so we only have one free variable in our solution. 
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Example 9  (Infinitely many solutions with 2 free variables) 

Solve the following system of equations using Gaussian elimination: 

{ 

  𝑥 +  2𝑦 +  2𝑧 −    𝑤 = 3
2𝑥 +  5𝑦 +  3𝑧 +    𝑤 = 4
3𝑥 +  8𝑦 +  4𝑧 +  3𝑤 = 5

. 

Solution: 

( 
1 2 2
2 5 3
3 8 4

    
−1
1
3
| 
3
4
5
 )

𝑅2−2𝑅1
𝑅3−3𝑅1
→     ( 

1 2 2
0 1 −1
0 2 −2

    
−1
3
6
 |
3
−2
−4
)
𝑅3−2𝑅2
→     ( 

𝟏 2 2
0 𝟏 −1
0 0 0

    
−1
3
0
 |
3
−2
0
) 

There is no row of the form (0 0 0    0 | 𝑏), where 𝑏 ≠ 0, so the system must be consistent. 

Columns 3 and 4 have no pivots, so we take the corresponding variables (i.e. 𝑧 and 𝑤) as free 

variables. Then the system has infinitely many solutions. 

The last matrix is equivalent to the system 

{
𝑥 +  2𝑦 +  2𝑧 −   𝑤 =  3
               𝑦 −   𝑧 +  3𝑤 = −2

 . 

Let 𝑧 = 𝑠 and 𝑤 = 𝑡, where 𝑠, 𝑡 ∈ ℝ.  
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Then 𝑦 = −2 + 𝑧 − 3𝑤 = −2 + 𝑠 − 3𝑡 

and 𝑥 = 3 − 2𝑦 − 2𝑧 + 𝑤 = 3 − 2(−2 + 𝑠 − 3𝑡) − 2𝑠 + 𝑡 = 7 − 4𝑠 + 7𝑡. 

 

Hence, the system has infinitely many solutions 

𝑥 = 7 − 4𝑠 + 7𝑡,  𝑦 = −2 + 𝑠 − 3𝑡,  𝑧 = 𝑠,  𝑤 = 𝑡, 

where 𝑠, 𝑡 ∈ ℝ 

 

Remark: 

In this example, there are two columns (on the left-hand side of the matrix in row echelon 

form) with no pivots, so there are two free variables in the solution.  
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Linear dependency or independency of vectors 

The vectors 𝑣1⃗⃗⃗⃗⃗, 𝑣2⃗⃗⃗⃗⃗, … , 𝑣𝑛⃗⃗⃗⃗⃗ are said to be linearly dependent if at least one of them, say 𝑣𝑖⃗⃗⃗ ⃗ 

can be written as a linear combination of the other 𝑣𝑗⃗⃗⃗ ⃗’s (excluding 𝑣𝑖⃗⃗⃗ ⃗). 

If none of the vectors 𝑣1⃗⃗⃗⃗⃗, 𝑣2⃗⃗⃗⃗⃗, … , 𝑣𝑛⃗⃗⃗⃗⃗ can be written as a linear combination of the others, we 

say that the vectors 𝑣1⃗⃗⃗⃗⃗, 𝑣2⃗⃗⃗⃗⃗, … , 𝑣𝑛⃗⃗⃗⃗⃗ are linearly independent. 

 

How to check if 𝒗𝟏⃗⃗ ⃗⃗⃗, 𝒗𝟐⃗⃗ ⃗⃗⃗, … , 𝒗𝒏⃗⃗ ⃗⃗ ⃗ are linearly dependent or independent? 

We solve the system of linear equations 

𝑥1𝑣1⃗⃗⃗⃗⃗ + 𝑥2𝑣2⃗⃗⃗⃗⃗ + ⋯+ 𝑥𝑛𝑣𝑛⃗⃗⃗⃗⃗ = 0⃗⃗ . 

If the trivial solution (i.e. 𝑥1 = 𝑥2 = ⋯ = 𝑥𝑛 = 0) is the only solution to this system, then the 

vectors 𝑣1⃗⃗⃗⃗⃗, 𝑣2⃗⃗⃗⃗⃗, … , 𝑣𝑛⃗⃗⃗⃗⃗ are linearly independent. 

If there exists solutions other than the trivial solution, then the vectors 𝑣1⃗⃗⃗⃗⃗ , 𝑣2⃗⃗⃗⃗⃗ , … , 𝑣𝑛⃗⃗⃗⃗⃗  are 

linearly dependent. 

We can solve the above system (𝑣1⃗⃗⃗⃗⃗  𝑣2⃗⃗⃗⃗⃗ … 𝑣𝑛⃗⃗⃗⃗⃗ | 0⃗⃗) by using Gaussian elimination. 
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Remark:  (An alternative method for 3 vectors in ℝ3) 

If 𝑣1⃗⃗⃗⃗⃗, 𝑣2⃗⃗⃗⃗⃗, 𝑣3⃗⃗⃗⃗⃗ are non-zero vectors in ℝ𝟑, we may also check the linear independence of these 

vectors by evaluating the scalar triple product 𝑣1⃗⃗⃗⃗⃗ ∙ 𝑣2⃗⃗⃗⃗⃗ × 𝑣3⃗⃗⃗⃗⃗: 

𝑣1⃗⃗⃗⃗⃗, 𝑣2⃗⃗⃗⃗⃗, 𝑣3⃗⃗⃗⃗⃗  are linearly independent if and only if  𝑣1⃗⃗⃗⃗⃗ ∙ 𝑣2⃗⃗⃗⃗⃗ × 𝑣3⃗⃗⃗⃗⃗ ≠ 0 . 
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3  Vectors 

A vector is a quantity that involves both magnitude (size or length) and direction. 

Examples of vectors:  force, displacement, magnetic field, etc. 

 

Notations 

The vector 𝐴𝐵⃗⃗⃗⃗ ⃗⃗  is a directed line segment from the initial point 𝐴 to the terminal point 𝐵. We 

may also rename this vector, for example, let 𝑎⃗ = 𝐴𝐵⃗⃗⃗⃗ ⃗⃗ . 

 

 

 

 

The magnitude of the vector 𝑎⃗ is denoted by |𝑎⃗|. 

 

Note:  We may also denote the vector 𝑎⃗ by 𝑎. 

𝐴 

𝐵 

𝑎⃗ 
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➢ Zero vector 𝟎⃗⃗⃗ 

 A zero vector, denoted by 0⃗⃗, is a vector with magnitude 0. It does not have any direction. 

 

➢ Unit vector 

 A unit vector is a vector with magnitude 1. 

Given a non-zero vector 𝑎⃗ (≠ 0⃗⃗). The unit vector in the direction of 𝒂⃗⃗⃗ is given by  

𝑎⃗

|𝑎⃗|
 . 

 

Moreover, any non-zero vector 𝑎⃗ can be expressed as the product of a magnitude (a 

number) and a direction (a unit vector). 

𝑎⃗ = |𝑎⃗|⏟
𝑚𝑎𝑔𝑛𝑖𝑡𝑢𝑑𝑒

×
𝑎⃗

|𝑎⃗|⏟
𝑢𝑛𝑖𝑡  

𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑎⃗⃗
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We now recall the results for vectors in ℝ𝟑:   

Let 𝑎⃗ = 𝑎1𝑖 + 𝑎2𝑗 + 𝑎3𝑘⃗⃗ = (

𝑎1
𝑎2
𝑎3
)   and  𝑏⃗⃗ = 𝑏1𝑖 + 𝑏2𝑗 + 𝑏3𝑘⃗⃗ = (

𝑏1
𝑏2
𝑏3

)   be two vectors in 

ℝ3, and 𝑐 is a scalar. Then 

➢ Equality of vectors: 

𝑎⃗ = 𝑏⃗⃗  if and only if  𝑎1 = 𝑏1   ,   𝑎2 = 𝑏2    &   𝑎3 = 𝑏3 . 
 

➢ Addition / subtraction of vectors: 

𝑎⃗ ± 𝑏⃗⃗ = (

𝑎1
𝑎2
𝑎3
) ± (

𝑏1
𝑏2
𝑏3

) = (

𝑎1 ± 𝑏1
𝑎2 ± 𝑏2
𝑎3 ± 𝑏3

) . 

 

➢ Scalar multiplication of vectors: 

𝑐𝑎⃗ = 𝑐 (

𝑎1
𝑎2
𝑎3
) = (

𝑐𝑎1
𝑐𝑎2
𝑐𝑎3
) . 
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➢ The magnitude of 𝑎⃗ = (

𝑎1
𝑎2
𝑎3
) is 

|𝑎⃗| = √𝑎1
2 + 𝑎2

2 + 𝑎3
2 . 

 

➢ The zero vector in ℝ3 is  

0⃗⃗ = 0𝑖 + 0𝑗 + 0𝑘⃗⃗ = (
0
0
0
). 

 

➢ The unit vector in the direction of 𝑎⃗ = (

𝑎1
𝑎2
𝑎3
) (≠ 0⃗⃗) is 

𝑎⃗

|𝑎⃗|
=

1

√𝑎1
2 + 𝑎2

2 + 𝑎3
2
(

𝑎1
𝑎2
𝑎3
) 

 

 



Semester A, 2023-24        MA2001  Multi-variable Calculus and Linear Algebra     Chapter 0 

Dr. Emily Chan                                  Page 51 

3.1  Scalar / Dot product of vectors 

Scalar product (or dot product) takes two vectors from the same dimensional space and returns 

an output which is a scalar (a number). 

Let 𝑎⃗, 𝑏⃗⃗ ∈ ℝ3. The scalar / dot product of 𝑎⃗ and 𝑏⃗⃗, denoted by 𝑎⃗ ∙ 𝑏⃗⃗, is defined as 

𝑎⃗ ∙ 𝑏⃗⃗ = |𝑎⃗||𝑏⃗⃗| cos 𝜃 , 

where 𝜃  (0° ≤ 𝜃 ≤ 180° ) is the smaller angle between 𝑎⃗  and 𝑏⃗⃗ 

(when 𝑎⃗ and 𝑏⃗⃗ start at the same point). 

 

An alternative formula for computing 𝒂⃗⃗⃗ ∙ 𝒃⃗⃗⃗: 

If 𝑎⃗ = 𝑎1𝑖 + 𝑎2𝑗 + 𝑎3𝑘⃗⃗ and 𝑏⃗⃗ = 𝑏1𝑖 + 𝑏2𝑗 + 𝑏3𝑘⃗⃗, then  

𝑎⃗ ∙ 𝑏⃗⃗ = 𝑎1𝑏1 + 𝑎2𝑏2 + 𝑎3𝑏3  . 

This formula is often used to compute 𝑎⃗ ∙ 𝑏⃗⃗ if the components of 𝑎⃗ and 𝑏⃗⃗ are known. 

Note:  For vectors 𝑎⃗ and 𝑏⃗⃗ in ℝ𝑛,  𝑎⃗ ∙ 𝑏⃗⃗ can be computed in a similar way.  

𝑏⃗⃗ 

𝑎⃗ 

𝜃 
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Properties of scalar product 

Let 𝑎⃗, 𝑏⃗⃗ be vectors and 𝛼, 𝛽 be scalars. Then 

➢  𝑎⃗ ∙ 𝑏⃗⃗ = 𝑏⃗⃗ ∙ 𝑎⃗ 

➢  (𝛼𝑎⃗ + 𝛽𝑏⃗⃗) ∙ 𝑐 = 𝛼(𝑎⃗ ∙ 𝑐) + 𝛽(𝑏⃗⃗ ∙ 𝑐) 

➢  𝑎⃗ ∙ 0⃗⃗ = 0⃗⃗ ∙ 𝑎⃗ = 0 

➢  𝑎⃗ ∙ 𝑎⃗ = |𝑎⃗|2 ⇒  |𝑎⃗| = √𝑎⃗ ∙ 𝑎⃗ 

 

Result: 

Let 𝑎⃗, 𝑏⃗⃗ ≠ 0⃗⃗. Then  

𝑎⃗ ∙ 𝑏⃗⃗ = 0   if and only if  𝑎⃗ and 𝑏⃗⃗ are orthogonal / perpendicular (i.e. 𝜃 = 90°). 

 

Therefore, we can use the scalar product to check if two vectors are orthogonal or not. 
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3.2  Vector / Cross product of vectors 

Vector product (or cross product) takes two vectors from ℝ3 and returns an output which is a 

vector. Note that vector product is defined for vectors in ℝ𝟑 ONLY.  

 

Definition 

Let 𝑎⃗ and 𝑏⃗⃗ be vectors in ℝ3. The vector product (or cross product) of 𝑎⃗ and 𝑏⃗⃗, denoted 

by 𝑎⃗ × 𝑏⃗⃗, is given by  

𝑎⃗ × 𝑏⃗⃗ = (|𝑎⃗||𝑏⃗⃗| sin 𝜃)𝑛⃗⃗ , 

where 𝜃  (0° ≤ 𝜃 ≤ 180° ) is the smaller angle between 𝑎⃗  and 𝑏⃗⃗ 

(when 𝑎⃗  and 𝑏⃗⃗  start at the same point), and 𝑛⃗⃗  is a unit vector 

perpendicular to both 𝑎⃗ and 𝑏⃗⃗, following the right-hand rule. 

 

 

𝑎⃗ × 𝑏⃗⃗ 

𝑎⃗ 

𝑏⃗⃗ 
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Result: 

Let 𝑎⃗, 𝑏⃗⃗ ≠ 0⃗⃗ be two non-zero vectors in ℝ3. Then  

𝑎⃗ × 𝑏⃗⃗ = 0⃗⃗   if and only if  𝑎⃗ and 𝑏⃗⃗ are parallel (i.e. 𝜃 = 0° or 180°). 
 

Therefore, 𝑎⃗ × 𝑎⃗ = 0⃗⃗ for any vector 𝑎⃗. 

 

Using the definition of vector product, we find that  

𝑖 × 𝑗 = 𝑘⃗⃗,    𝑗 × 𝑖 = −𝑘⃗⃗,     𝑗 × 𝑘⃗⃗ = 𝑖,    𝑘⃗⃗ × 𝑗 = −𝑖,    𝑘⃗⃗ × 𝑖 = 𝑗,    𝑖 × 𝑘⃗⃗ = −𝑗 
 

These results are summarized in the following diagram: 

 

Also, 𝑖 × 𝑖 = 𝑗 × 𝑗 = 𝑘⃗⃗ × 𝑘⃗⃗ = 0⃗⃗. 
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Properties of vector product 

Let 𝑎⃗, 𝑏⃗⃗, 𝑐 be three vectors in ℝ3, and 𝛼, 𝛽 be scalars. 

(i) 𝑎⃗ × 𝑏⃗⃗ = −𝑏⃗⃗ × 𝑎⃗ 

(Note: 𝑎⃗ × 𝑏⃗⃗ and 𝑏⃗⃗ × 𝑎⃗ have the same magnitude but opposite directions.) 

 

(ii) 𝛼𝑎⃗ × 𝛽𝑏⃗⃗ = 𝛼𝛽(𝑎⃗ × 𝑏⃗⃗) 

 

(iii) 𝑎⃗ × (𝑏⃗⃗ + 𝑐) = 𝑎⃗ × 𝑏⃗⃗ + 𝑎⃗ × 𝑐    

and 

(𝑎⃗ + 𝑏⃗⃗) × 𝑐 = 𝑎⃗ × 𝑐 + 𝑏⃗⃗ × 𝑐  

 

Remark:  In general, 𝑎⃗ × (𝑏⃗⃗ × 𝑐) ≠ (𝑎⃗ × 𝑏⃗⃗) × 𝑐. 
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Alternative method for computing cross product using determinants: 

If  𝑎⃗ = 𝑎1𝑖 + 𝑎2𝑗 + 𝑎3𝑘⃗⃗ = (

𝑎1
𝑎2
𝑎3
)   and  𝑏⃗⃗ = 𝑏1𝑖 + 𝑏2𝑗 + 𝑏3𝑘⃗⃗ = (

𝑏1
𝑏2
𝑏3

)   are vectors in ℝ3 , 

then 

𝑎⃗ × 𝑏⃗⃗ = |
𝑖 𝑗 𝑘⃗⃗
𝑎1 𝑎2 𝑎3
𝑏1 𝑏2 𝑏3

|    

⟵ 𝑖  ,   𝑗  ,   𝑘⃗⃗

⟵ components of 𝑎⃗

⟵ components of 𝑏⃗⃗

 

= 𝑖 |
𝑎2 𝑎3
𝑏2 𝑏3

| − 𝑗 |
𝑎1 𝑎3
𝑏1 𝑏3

| + 𝑘⃗⃗ |
𝑎1 𝑎2
𝑏1 𝑏2

| 

= (𝑎2𝑏3 − 𝑎3𝑏2)𝑖 − (𝑎1𝑏3 − 𝑎3𝑏1)𝑗 + (𝑎1𝑏2 − 𝑎2𝑏1)𝑘⃗⃗ 
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Example 10 

Let 𝑎⃗ = 2𝑖 − 2𝑗 + 𝑘⃗⃗ and 𝑏⃗⃗ = 𝑖 + 8𝑗 − 4𝑘⃗⃗. Find 𝑎⃗ × 𝑏⃗⃗. 

Solution: 

Method 1: 

𝑎⃗ × 𝑏⃗⃗ = (2𝑖 − 2𝑗 + 𝑘⃗⃗) × (𝑖 + 8𝑗 − 4𝑘⃗⃗) 

= 2 (𝑖 × 𝑖)⏟  
=0⃗⃗⃗

+ 16 (𝑖 × 𝑗)⏟  

=𝑘⃗⃗

− 8(𝑖 × 𝑘⃗⃗)⏟    
=−𝑗

− 2 (𝑗 × 𝑖)⏟  

=−𝑘⃗⃗

− 16 (𝑗 × 𝑗)⏟  
=0⃗⃗⃗

+ 8 (𝑗 × 𝑘⃗⃗)⏟    
=𝑖

+ 𝑘⃗⃗ × 𝑖⏟
=𝑗

+ 8(𝑘⃗⃗ × 𝑗)⏟    
=−𝑖

− 4(𝑘⃗⃗ × 𝑘⃗⃗)⏟    
=0⃗⃗⃗

 

= 16𝑘⃗⃗ + 8𝑗 + 2𝑘⃗⃗ + 8𝑖 + 𝑗 − 8𝑖 

= 9𝑗 + 18𝑘⃗⃗ 
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Method 2: (Using determinant method) 

𝑎⃗ × 𝑏⃗⃗ = |
𝑖 𝑗 𝑘⃗⃗
2 −2 1
1 8 −4

|   

⟵ 𝑖  ,   𝑗  ,   𝑘⃗⃗

⟵ components of 𝑎⃗

⟵ components of 𝑏⃗⃗

 

= 𝑖 |
−2 1
8 −4

| − 𝑗 |
2 1
1 −4

| + 𝑘⃗⃗ |
2 −2
1 8

| 

= (8 − 8)𝑖 − (−8 − 1)𝑗 + [16 − (−2)]𝑘⃗⃗ 

= 9𝑗 + 18𝑘⃗⃗ 
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4 Single Variable Calculus 

Recall from MA1200 and MA1201 that if 𝑦 = 𝑓(𝑥) (i.e. 𝑦 is a function of a single variable 𝑥), 

then we may differentiate 𝑓(𝑥) with respect to 𝑥 to get 
𝑑𝑦

𝑑𝑥
= 𝑓′(𝑥), or integrate 𝑓(𝑥) with 

respect to 𝑥 to get ∫𝑓(𝑥) 𝑑𝑥 = 𝐹(𝑥) + 𝐶, where 
𝑑

𝑑𝑥
𝐹(𝑥) = 𝑓(𝑥). 
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4.1 Differentiation 

Let 𝑢 = 𝑢(𝑥)  and 𝑣 = 𝑣(𝑥)  be two differentiable functions in 𝑥 , and 𝑓(𝑢)  be a 

differentiable function in 𝑢. 

➢ Product rule:  
𝑑

𝑑𝑥
(𝑢𝑣) = 𝑢

𝑑𝑣

𝑑𝑥
+ 𝑣

𝑑𝑢

𝑑𝑥
 

➢ Quotient rule:  
𝑑

𝑑𝑥
(
𝑢

𝑣
) =

𝑣 
𝑑𝑢

𝑑𝑥
 − 𝑢 

𝑑𝑣

𝑑𝑥

𝑣2
 

➢ Chain rule:   
𝑑

𝑑𝑥
[𝑓(𝑢(𝑥))] =

𝑑[𝑓(𝑢)]

𝑑𝑢
∙
𝑑𝑢

𝑑𝑥
 

➢ Implicit differentiation: Differentiate both sides of 𝐹(𝑥, 𝑦) = 0 w.r.t. 𝑥 and use 

the Chain rule.  

➢ Logarithmic differentiation 

➢ Differentiation of parametric equations:  
𝑑𝑦

𝑑𝑥
=
  
𝑑𝑦

𝑑𝑡
  

𝑑𝑥

𝑑𝑡

,  where 𝑦 = 𝑦(𝑡), 𝑥 = 𝑥(𝑡). 
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4.2 Integration 

➢  ∫𝑓(𝑥) 𝑑𝑥 = 𝐹(𝑥) + 𝐶 

  ⇒  ∫ 𝑓(𝑎𝑥 + 𝑏) 𝑑𝑥 =
1

𝑎
𝐹(𝑎𝑥 + 𝑏) + 𝐶 

 

➢  Method of substitution:   

∫𝑓′(𝑥) 𝑔(𝑓(𝑥)) 𝑑𝑥 =⏟
let 𝑢=𝑓(𝑥)

⇒  
𝑑𝑢
𝑑𝑥
=𝑓′(𝑥)

∫𝑔(𝑢) 𝑑𝑢 = 𝐺(𝑢) + 𝐶 = 𝐺(𝑓(𝑥)) + 𝐶 

 

➢ Integration by parts:   

∫𝑢𝑑𝑣 = 𝑢𝑣 −∫𝑣 𝑑𝑢 

 

➢ Integration of rational functions: 

  proper/improper rational functions, partial fractions    


