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1 Matrices and Determinants

1.1 Matrices

A matrix is a rectangular array of elements. The elements in a matrix are called the entries of

the matrix. We say that matrix A is an m X n_matrix (read as m-by-n matrix) if it has m

rows and n columns. That is,

a1 aqo A1 \ )
A1 Az -+ a
A= ) ) an | b mrows
Am1  Am2 Amn J
n cblumns

where a;; is the entry on the i-th row and j-th column. The entry a;; is called the (i,j)™

entry of A.

Dr. Emily Chawv Page 3



Semester A, 2023 -24

>

MA2001 Multi-variable Calcuds and Lineoar Algebra

Chapter 0

Square matrix: A matrix whose number of rows and number of columns are equal.

For example, (1 ) isa 2 X 2 square matrix.

4 3

Row vector: A matrix which has only one row.

For example, (1 —2 3 7) isarow vector.

Column vector: A matrix which has only one column.

0
For example, | 2 | isa column vector.
-5

Zero matrix: A matrix whose entries are all zeros.

0 0
For example, 0 0] isa 3 X2 zero matrix.
0 0
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Operations of matrices

> Addition/ Subtraction

If A and B are both m X n matrices (i.e. they have the same size), then the sum A + B

and the difference A — B are defined as the m X n matrices such that

A1 0 Qin bi1  bin ajp £ by Ain tbip
Am1 *° Qmn bmi ' bmn Am1 £ bmy 0 Amn £ by
Example 1
@ G (G =037 119=G 9
o G -G 9=035 29-G )

(c) (1 2) + (2) is undefined, since the two matrices do not have the same size.
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Properties of matrix addition:

Suppose that A, B and C are matrices with the same size. Then
1. A+B=B+A
2. (A+B)+C=A+ (B +0C)
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» Multiplication

If A isan m X p matrixand B isa p X n matrix, then the product AB is defined as the

m X n matrix such that

S b
z Aipbrr - z 11 bien
a1 alp b11 bln k=1 k=1
AB = . . : : . : = : ‘., :
Amq amp bpl bpn p p
mXp matrix pXn matrix \Z Amibrr - z amkbkn/
k=1 k=1

-

mxn matrix
where the (i, j)" entry of AB is
p

ailblj + aizsz + -+ aipbpj = z aikbkj .
k=1
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Remarks

1. AB is only defined if the number of columns of the first matrix (i.e. A) is equal to the
number of rows of the second matrix (i.e. B).

2. Ingeneral, AB # BA.
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Example 2

{ 3 =& 0 -2 -9 8 7
Given the matrices A = (2 4 6)' B=|-1 3 and C=| 6 5 —4.
4 -5 3 -2 1

Find (a) AB, (b) BA and (c) CA.

Solution

0 -2 - ~ B _
(a) AB = Q _34 22 —1 _35> = (8 + z31 i 32 —42—+192 —23502 = (5573 —4112)

2x3 matrix - —’ 2x2 matrix
3 X2 matrix

0 =2\ . . o (0-4 048 0-12
(b) BA=<—1 3)(2 = 6)=<—1+6 ~3-12 —5+18>
4 =5/~ - \4-10 12420 20— 30

~ — 2X3 matrix
3 X2 matrix

-4 8 —12
=15 -—-15 13
-6 32 -10

Note: Clearly, AB # BA.

-
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2 8 7\N1 3 s
(c) CA=| 6 5 —4 ( ) is not defined, because the number of columns of
3 _9 1 \2 —4 6

- — ~  2%3 matrix
3 X3 matrix

-

C is not the same as the number of rows of A.
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Properties of matrix multiplication:

Suppose that A, B and C are matrices such that the given matrix multiplication can be
performed. Then

1. kAB = (kA)B = A(kB), where k isascalar.

2 ABC = (AB)C = A(BC)

3. A(B+C)=AB + AC

4 (B+C)A=BA+CA
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> Scalar multiplication

If k isascalarand A isan m X n matrix, we define the scalar multiplication as the m X n

matrix such that

(kall ce ka1n>
kA = : : .
kami - Kamn
For example, if A = (_51 3 _43), then
=1 2 4N (-2 4 8
24=2("g 7 55)=(10 14 —e)

and

-a=-(5 7 5= 5 3
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Properties of scalar multiplication:

Suppose that both A and B are m X n matrices, and p, g are constants, then
(@) pA=Ap
(b) (xq@A=pAtqA
() (pa)A =p(qh) = q(pA)
(d q(A+B)=qA+qB
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» Transpose

If A is an m X n matrix, then the transpose of A (written as A”) is an n X m matrix

which is obtained by interchanging the rows and columns of A:
T

i1 Q12 0 Qqp aij; Qz1 ° Ami
AT = A1 Qo -+ Qzn _ [ @12 Aoy ° Am2
Am1 Am2 °° amn Ain  A2n """ Qmp

N -

nXm matrix

That is, the elements in the it" row of A becomes the elements in the it column of AT.

T 1 4
For example, (i é 2) =<2 5).

1 =1 0\’ 1 4 =2
For example, | 4 2 5] =1-1 2 0]
— 0 3 0 5 3

For example, (1
3
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Properties of transpose:

Suppose that the sizes of the matrices A and B are such that the given operations can be

performed, then
(@) @AH'=4
(b) A+ B) =AT + BT
(c) (kAT = kAT where k isascalar.
(d) (AB)T =BTAT  (not ATBT)
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Square matrix

Given an n X n square matrix A4, i.e.

a1 Qg2

a a
A — :21 :22

anl anz

aln
Aon

ann

We say that the entries aq¢, a,,, ..., Ay, are on the main diagonal of A. The entries a4,

ay;, ..., A,, are called the diagonal entries of A. The entries not on the main diagonal are

called the off-diagonal entries.

Dr. Emily Chawv
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Here are some special square matrices:

K/

+* Diagonal matrix

This is a matrix (usually refers to square matrix) for which all the entries not on the main

diagonal are zeros.

1 0 -2 0 0
Forexample,( )and 0O O 0] arediagonal matrices.
0 2
0O 0 3
The n X n diagonal matrix
d, 0 0 0
0 d, 0 0
D=1 0 0 d; 0
0O 0 O d,

can also be written as

D = diag(dl, dz, d3, ...,dn).
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A useful property of diagonal matrix:

/dl O 0 - 0 \
wD=ko 0 dy - o}mm
0 0 0 - dy
d)™ 0 0 - 0
0 (d)™ 0 0
D™ = 0 0 (d;)™ - 0 ),where m is a positive integer.
0 0 0 o (d)™
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¢ Identity matrix (denoted by 1I,))

This isan n X n square matrix for which all the entries on the main diagonal are 1, and all
the off-diagonal entries are 0.

For example,

_ (1 0 . : : :
I, = (O 1) is called a 2 X 2 identity matrix,

1 0 O
I3 = (O 1 O) is called a 3 X 3 identity matrix,
0 0 1
1 0 0 O
I, = 8 (1) (1) 8 is calleda 4 X 4 identity matrix.
0 0 0 1

A useful property of identity matrix:

If A isany m X n matrix, then

[,LA=A and Al

]
>
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/

" Symmetric matrix

An n X n square matrix A is said to be symmetricif AT = A.

For example,

2 1 1 2 5
(1 O) and 2 =3 0 are both symmetric.
5 0 -1
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1.2 Determinant

Let A be a square matrix. The determinant of A, written as det4 or |4]|, is a number

associated with it and is defined as follows:

(i) If A isa 1X1 matrix,i.e. A= (a),then |detd = a|.

(ii) If A isa 2 X 2 matrix,i.e. A = (a b), then |detA = ad — bc|.
c d
a1 A1n
(i) If A isan n Xn matrix, where n>3,i.e. A= : : |, then
An1  *° Ann
detA = ailAil + aiZAiZ + .-+ ainAin , [ = 1, 2, .., (*)

where AU = (—1)l+] MU

Here, M;; is called the minor of a;; which is the determinant of the submatrix of A
obtained by deleting the i*" row and j™ column of A. The number A;; is called the

cofactor of element a;;.
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In (*), the determinant of A is calculated by expanding detA4 along the i*" row. The

determinant can also be obtained by expanding it along the j* column, i.e.

detA=ale1j+a2jA2j+---+anjAnj , j= 1,2, ..,n. (**)

That is, the same value can be obtained by expanding the determinant along any row

or any column.

Note that (=1)'*/ iseither 1 or —1.The pattern of (—1)*/ is as follows:
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Example 3
1 2 3

Compute the determinant of the matrix A={—-1 4 5 by expanding the determinant
6 7 =2

along (a) the first row, and (b) the second column.

Solution
1 2 3 ~ ~
() |A|=—61 471 _52=1><“7L _52‘—2><‘61 _52‘+3><|61 ‘7*‘
— 1(=8 — 35) — 2(2 — 30) + 3(—7 — 24)
— _80
1 2 3
b) 14 = | — ol 5 aiax|t 3. 1 3
61 471 _52 X‘6 _2‘+ ><|6 _2‘ 7><‘_1 5‘

= —2(2-30) + 4(-2—18) — 7[5 — (-3)]
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Properties of determinants

If A and B are both n X n matrices, m is a positive integer, and k is a scalar, then we

have the following results:

1.

2.

If all elements in a row (or column) of A are zeros, then detA = 0.

The sign of detA is reversed if any two rows (or two columns) of A are interchanged.
det(AT) = det A.

det(AB) = detAdetB (Note: Thisis only true if both A and B are square matrices).
It follows that det(A™) = det(4A---A) = (detA) --- (det4) = (detA)™.

If the elements in any row (or column) of A are multiplied by a number, then detA is

multiplied by that number.

aiq A2 0 Qi ai1 Qq2 0 Qin

ka ka - ka a a oa
For example, 2o S I 2
Ani An2 " Qupn An1  An2 " Apn

It follows that det(kA) = k™ det A.
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6. Thevalue of adeterminantis unchanged if a scalar multiple of one row (or column) is added

to another row (or column).

For example,

Ai1 Q12 0 Qun Ry +kR1 11 12 A1n
a1 Az - Qyn| " |Gzt kayy Gz +kag; o Gz tkag,|
An1 An2 " QAun An1 An2 o Ann
Qi1 Az v A, |G Gzt Agn — kagy
LI n 1 LN ]
az1 Q22 A2n ~ dz1  QAz2 azn — kaz, v
An1 Gnz " Qpy Ap1 Qn2 " QAn, — ka,,
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1.3 Inverse Matrix

Given an n X n square matrix A.The inverse of 4, denotedby A~ !, isan n X n matrix such

that

AA Y =A"1A=1,
where [, isthe n X n identity matrix.
Note that not every square matrix has an inverse.

\/

% If A has an inverse (i.e. A~! exists), then A is called an invertible (or non-singular)

matrix.

\/

% If A doesnothaveaninverse(i.e. A~' does notexist), then A iscalled a non-invertible

(or singular) matrix.

Theorem (To check the existence of inverse matrix)

Let A bean n X n square matrix. Then

A isinvertible ifandonlyif detA # 0| ]
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How to find the inverse of an invertible matrix?
diq A1n
let A= ¢ ™~ i ] bean n Xn square matrix. If det A # 0, then A™! exists.
An1  *° Qnn
1 . : : . :
Method 1: (471 = =y adj A|. Here, the matrix adjA (called the adjoint of A) is the
T
Ay A o Ay
- , Ay Ay o Agg
transposed matrix of cofactors adjA = , : § : , Where
Apr Anz 0 Apg
Aij = (—1)ttJ M;; is the cofactor of the entry a;;, and M;; is called the minor
of a;; which is the determinant of the submatrix of A obtained by deleting the
i row and j" column of A.
Method 2: Gauss-Jordan elimination method:

Dr. Emily Chawv
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Example 4

Find the inverse of the matrix 4 = (é i) by using

(a) the cofactor method,
(b) Gauss-Jordan elimination method.

Solution

(@) 4| = ‘; i‘ — (1)(4)—(2)(3)=4—6=—-2%0,50 A! exists.

The adjoint of A4 is

T _o\T _
aa=(an ) = 0 =G )

Hence, the inverse of A is

-2 1
_1:i . :i 4 —2 _ 3 1
A =madid=5 (5 ) <E _1)

Dr. Emily Chawv
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(b) By the Gauss-Jordan elimination method,

s sl )0 215 D=0 215 )

3 4101
A I,

Remark of (a): For any invertible 2 X 2 matrix (Ccl Z),

_1 B
(Ccl Z) ~ad i bc (—dc ab)'
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Example 5

0 1 =2
Find the inverse of the matrix A = ( 1 -3 0 ) by using
-2 5 3

(a) the cofactor method,

(b) Gauss-Jordan elimination method.

Solution
0 1 -2
@ lAl=|1 =3 o|=-1x|1, J+c2x|l 7|
—2 5 3
=—(B3-0)—-2%x(5-6)=-1%0
. A™1 exists.

Compute A~! byusing |[A~! = —adj A|, where
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‘—3 0‘ _‘1 0 ‘1 -3
(Te 3 T s s i)
ade=|—‘5 3‘ ‘—2 3 _‘—2 sl |
N I < I Y
—9-0 -(3-0) 5-6 \
=<—(3+10) 0—4 —(0+2)
0—-6 —(0+2) 0-1
-9 -3 -1\"
=<—13 —4 —2)
—6 -2 -1
—9 —13 -6
(3 L _2>
-1 -2 -1
Hence,

; L /-9 -13 -6\ /9 13 6
A‘1=made=_—1 -3 —4 =2]1=13 4 2]

-1 -2 -1 1 2 1
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(b) By the Gauss-Jordan elimination method,

/0 1 -2[1 0 0\R16R2<1 -3 0|0 1 o>
1 -3 0|0 1 O]—|( O 1 =21 0 O
k;zs:ggo;) -2 5 310 0 1
A I3
R3+2R1<1 -3 0|0 1 0>R3+R2<1 -3 0|0 1 0)
—0 1 -2|1 0 0)J—/10 1 =211 0 O
0O -1 310 2 1 0 O 111 2 1
R2+2R3<1 -3 0|0 1 0>R1+3R2 1 0 0[9 13 6
—0 1 0|3 4 2)]—|0 1 0|3 4 2
0 0 1l1 2 1 0 0 111 2 1
I3 A1
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2 Solving system of linear equations

Consider the following system of m linear equations in n_unknowns:

( a;1XxX1 + aA12Xy + -+ A1nXn = b1
alel + azzxz + e + aann

I
oy
N

\ A1 X1 + AppXxy, + - + apnXx, = by

The numbers a;; are the coefficients of the system and they are given. The constants
by, b,, ..., b, on the right-hand side of the equations are also known. If all the b;’s are zeros,

then the system is called a homogeneous system. If at least one of the b;’s is non-zero, then

the system is called an inhomogeneous (or non-homogeneous) system.

Our objective is to determine the values of those n unknowns x4, x,, ..., X, which satisfy the

m equations simultaneously.
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In matrix form, the system can be written as

AX = b|,
A11 Q12 0 Qin
a21 azz °e a2n . o o . .
where A = , , : is called the coefficient matrix for the linear system;
Ami1  Am2 Amn
X1
X2 : .
x=1 . is a column vector containing the n unknowns x4, X, ..., Xy;
xn
by
> b . -
and b=| "2 is a column vector containing the m numbers by, b, ..., b,y,.
b

Note: We may also write the system as Ax = b instead of Ax = b.
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For every system of m linear equations in n unknowns, there are three possibilities for the

solutions:
>  Unique solution
> No solution

>  Infinitely many solutions

We say that the system is consistent if it has at least one solution (i.e. either unique solution

or infinitely many solutions). The system is inconsistent if it has no solution.
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This is a powerful technique for solving systems of equations.

Given a system with m linear equations and n unknowns,

ai1 Q12

a a
where A4 = ol ez

Ami1  Am2

IR
Ax = b,

A1n X1 by

Gan , X = x;Z and b= b.z

Amn Xn bm

We construct the augmented matrix (A|E), i.e.

a1 Qg 0 Qup by
A1 Ay ° Qyn b,
Am1 Am2 " Amn bm

Chapter 0

Gaussian elimination is a systematic procedure that uses elementary row operations to

attempt to reduce the augmented matrix to the row echelon form.

Dr. Emily Chawv
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Elementary row operations

The three elementary row operations that can be used in Gaussian elimination are

(1) Interchange two rows. (For example, R; © R,.)
(2) Add a multiple of one row to another row. (For example, R, — 3R;.)

(3) Multiply (or divide) a row by a non-zero constant. (For example, (—1) X R;.)

The solution of a system of linear equations is not changed by performing the row operations.

Note: Inthe Gaussian elimination method, only row operations are allowed.

Column operations are not allowed in Gaussian elimination.
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Definition (Row echelon form)

A matrix is in row echelon form if

» all non-zero rows (rows with at least one non-zero entry) are above any zero rows (rows
whose entries are all zeros); and

» the pivot (which is the first non-zero entry from the left) of a non-zero row is always

strictly to the right of the pivot of the row above it.

In other words, if a matrix is in row echelon form, all entries to the left and below each pivot

must be zeros, and all the zero rows must appear at the bottom of the matrix.

1 4 -3 2 1 3 0
For example, (0 2 1 >, (0 0 4 2), (g ; _01 é) are in row echelon forms.
0O 0 -1 O 0 0 O

(The entries highlighted in red are the pivots of their corresponding rows.)

For matrices in the row echelon form, each row has at most one pivot.
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Example 6 (Unique solution)

Solve the following system of equations using Gaussian elimination:
x — 5y + 2z =-9
{ 2x + 4y — 3z = 3 .
—3x + 9y + 2z = 8

Solution
R;—2R —6
1 =5 2 |9\ 22/l =5 2| -9 \r-(Fr (1 -5
2 4 3|3 |—(0 14 7|21 | 0 14
-3 9 218 0 -6 8 1-19 0 0

This is equivalent to the system

14y — 7z 21 .
5z = —10

{x—5y+22=—9

Solving backward, we obtain the solution

52=-10 = z=-2
14y -7z=21 = y=—(21+72) =,

xX—5+2z=-9 = x=—9+5y_22=_;

Dr. Emily Chawv
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Example 7 (No solution)

Solve the following system of equations using Gaussian elimination:

3x + vy = 4,

{x+2y—z=3
2x — y+ z =2

Solution:

R,—3R
12 -1 3\R3M 1 2 —113 0\, /1 2 -1
3 1 o|jf4)]—({0 -5 3[-5|]—| 0 -5 3
2 =1 112 0 -5 314 0O O 0
Thelastrow (0 0 O | 1) corresponds to the equation

3
_5)
1

Ox+0y+0z=1, ie. 0=1 (Contradiction!!).

The system has no solution.

Remark: After reducing the augmented matrix into row echelon form, if there is a row

which hastheform (0 0 0 --- 0| b) with b # 0, then the system has no solution.
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Example 8 (Infinitely many solutions with 1 free variable)

Solve the following system of equations using Gaussian elimination:
x+ y—6z=26
{Zx — v + 3z =18,
x — 2y + 9z =12

Solution

1 1 —6|6\%22"/1 1 —6|6\, /1 1 —6|6
3711 3 2

(2 -1 3 18>—><0 -3 15 6>—><0 -3 156

1 -2 9112 0 -3 1516 0 0 o010

—

xX+y—6z= 6

The last matrix is equivalent to the system { y—5z=—2

-5 -2

1 1 —-6| 6

Ry/(~3)

2(01
00 o01lo

Chapter 0

There is no row of theform (0 0 0| b), where b # 0, so the system must be consistent.

Note that column 3 has no pivots, so the system has infinitely many solutions and we may

take the corresponding variable (i.e. z) as a free variable.

Dr. Emily Chawv
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Let z = s, where s € R.

Then by solving backward, we have
y=—-2+5z=-2+5s
and X=6—y+6z=6—(—2+5s)+65=8+s.

Hence, the system has infinitely many solutions:

x=8+s, y = —2 + 55, z=5, Wwhere se€ER

Remark:
1 1 —-6] 6

In the above calculation, the last matrix { 0 1 —5]|—2 ] isinrow echelon form. If we just
O 0 010

consider the entries on the left-hand side of the vertical line of this matrix, only column 3 has

no pivots, so we only have one free variable in our solution.
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Example 9 (Infinitely many solutions with 2 free variables)

Solve the following system of equations using Gaussian elimination:
x + 2y + 2z — w=3
{Zx + 5y + 3z + w=4.
3x + 8y + 4z + 3w =5

Solution:
R,—2R
1 2 2 -1|3 Rz—BRi 1 2 2 -—-113 Ry—2R, 1 2 2 -—-113
2 5 3 114|——(0 1 -1 3 |-2]—| 0 1 -1 3 |-2
3 8 4 315 0O 2 -2 6 I1-4 O 0 O 010

Thereisnorowoftheform (0 0 0 O] b),where b # 0, sothe system must be consistent.

Columns 3 and 4 have no pivots, so we take the corresponding variables (i.e. z and w) as free
variables. Then the system has infinitely many solutions.

The last matrix is equivalent to the system

{x+2y+22—w=3
y — z+ 3w =-2"

let z=s and w =t, where s,t € R.
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Then y=-2+4+z—-3w=-2+5s—3t

and x =3—-2y—2z+w=3—-2(-2+s5s—-3t)—2s+t=7—4s + 7t.

Hence, the system has infinitely many solutions
x=7—4s+7t, y=—-2+s—-3t, z=5s, w=t,

where s,t € R

Remark:

In this example, there are two columns (on the left-hand side of the matrix in row echelon

form) with no pivots, so there are two free variables in the solution.
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Linear dependency or independency of vectors

The vectors V4, V,, .., U, are said to be linearly dependent if at least one of them, say v,
can be written as a linear combination of the other 7]”5 (excluding 77).
If none of the vectors v, v,, .., 7, can be written as a linear combination of the others, we

say that the vectors vy, V5, ..., v, are linearly independent.

How to check if v, V5, .., v, are linearly dependent or independent?

We solve the system of linear equations

X1V1 + x5 + -+ x, 0, = 0],

If the trivial solution (i.e. x; = x, =+ = x,, = 0) is the only solution to this system, then the
vectors v, V,, .., U, are linearly independent.
If there exists solutions other than the trivial solution, then the vectors v{, v,, ..., v, are

linearly dependent.

We can solve the above system (v; v, ... v, | 0) by using Gaussian elimination.
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Remark: (An alternative method for 3 vectors in R3)

If v{, v,, U3 arenon-zero vectorsin R3, we may also check the linear independence of these

vectors by evaluating the scalar triple product v{ - v, X v3:

V4, Uy, V5 are linearly independent if and only if v; - v, X v5 # 0}
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3 Vectors

A vector is a quantity that involves both magnitude (size or length) and direction.

Examples of vectors: force, displacement, magnetic field, etc.

Notations

The vector AB is a directed line segment from the initial point A to the terminal point B. We

> —_—
may also rename this vector, for example, let a = AB.

\

A

The magnitude of the vector a is denoted by |aj.

Note: We may also denote the vector a by a.
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—_

> Zerovector 0

A zero vector, denoted by 6, is a vector with magnitude 0. It does not have any direction.

> Unit vector

A unit vector is a vector with magnitude 1.

Given a non-zero vector a (# 6). The unit vector in the direction of @ is given by

-

a

[d

Moreover, any non-zero vector a can be expressed as the product of a magnitude (a

number) and a direction (a unit vector).

a
a= |C_l>| X T
—~ a]
magnitude ——
unit

direction of d
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We now recall the results for vectors in R3:

a;

b,

let d = a,l+ ay) + agk = (Clz) and b =b,T+b,j+ bsk = <b2> be two vectors in

as
R3, and c is a scalar. Then

» Equality of vectors:

d=>b ifandonlyif

» Addition / subtraction of vectors:

bs

aq
Eiib=<a2

as

» Scalar multiplication of vectors:

aq
cd=c (az

as

)|

ca,
caz ||
cas
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a;
> The magnitude of a = (az> is
as

|d)| = \/alz +a22 +a32 .

> The zero vectorin R3 is

0
0 =07+ 0] + 0k = (0).
0

aq
> The unit vector in the direction of a = (az> (+ 6) is
as

a 1 N
— = a,
|a| \/alz +a22 +a32 as

Dr. Emily Chawv
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3.1 Scalar / Dot product of vectors

Scalar product (or dot product) takes two vectors from the same dimensional space and returns

an output which is a scalar (a number).

Let @, b € R3. The scalar / dot product of a and b, denoted by a- b, is defined as

i b= |&||E|cos@

-

where 6 (0° < 6 < 180°) is the smaller angle between d and b a

(when a and b start at the same point). 0

S

—

An alternative formula for computing a - b:

If & = a,l+ a,]+ask and b = b,T+ b,] + b3k, then

C_l)i_)) — a1b1 +a2b2 +a3b3 .

This formula is often used to compute a - b if the components of @ and b are known.

Note: Forvectors a and b in R", a-b can be computed in a similar way.
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Properties of scalar product

_

» d-b=b-d

> (ad+pb)-é=a(@-&)+p(b-c)
» d-0=0-d=0

> d-d=1d? = ldl=Va-a

Result:

Llet @, b # 0. Then
d-b=0 ifandonlyif @ and b are orthogonal / perpendicular (i.e. 8 = 90°).

Therefore, we can use the scalar product to check if two vectors are orthogonal or not.
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3.2 Vector / Cross product of vectors

Vector product (or cross product) takes two vectors from R3 and returns an output which is a

vector. Note that vector product is defined for vectors in R® ONLY.

Definition

-

Let @ and b be vectors in R3. The vector product (or cross product) of a and 1_5, denoted

by @ X b, is given by

@ x b = (|@||b|sin )|

where 6 (0° <6 < 180°) is the smaller angle between d and b
(when a and b start at the same point), and 7 is a unit vector

perpendicular to both a and 1_5, following the right-hand rule.
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Result:

_

Let d,b + 0 be two non-zero vectors in R3. Then

l

_

dxb=0 ifandonlyif d and b areparallel (i.e. # =0° or 180°).

Therefore, a X a = 0 for any vector a.

Using the definition of vector product, we find that

—_ N

IX] =k, TX1=—k, Ixk=1 kx]=-1

{

&
X
~i
Il
=
~l
X
&
Il
|
—

These results are summarized in the following diagram:

Y
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Properties of vector product

let @, b, ¢ bethree vectorsin R3 and a, f be scalars.
(i) dxb=-bxd
(Note: a X b and b X d have the same magnitude but opposite directions.)

(i) adxpb=aB(dxDb)

(iii) ax@41 =dxb+dxd

Remark: In general, a X (E X E) +* (& X 1_5) X C.
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Alternative method for computing cross product using determinants:

aq by
If a=a,l+a,]+azk= (%) and b =Dbyl+ byJ+ bk = <b2> are vectors in R3,
as b3
then
Lot k| T Tk
axb=|a;, a, az| < componentsofad
by by b3|l <« components of b
L1492 a3‘ S 1% a3‘ =11 A4z
=1 — + k ‘
b, bsl™/Iby b3l ™ " lby by

= (aybs — azb,)T — (a;b3 — azby)j + (a;b, — a2b1)E
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Example 10

—_

let d=2T—2]+k and b =7+ 8] — 4k.Find @ X b.
Solution:

Method 1:

dxb=(20—2]+k)x (i+8]— 4k)
=2(IxD+16(Ix)) - 8(ixk)—2( x”)—16(]><f)+8(]><k)+k><z

5 - = ——% -0 = =i
+8(kxj)—4(kxk)
=—7 6

= 16k + 8]+ 2k + 87+ ] — 87
= 97 + 18k
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Method 2: (Using determinant method)

iRl — 1Tk
1| < componentsofa

Qu
X
i}
I
N e~y
I
N

8 —4| — componentsofb
— 7 —2 1 2 2 1 =12 —2
~ 'l —4‘ 11 —4‘+k‘1 8‘
= (8-8)—(-8—1)]+[16 — (=2)]k

= 97 + 18k
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4 Single Variable Calculus

Recall from MA1200 and MA1201 thatif y = f(x) (i.e. y isafunction of a single variable x),
then we may differentiate f(x) with respectto x to get % = f'(x), orintegrate f(x) with

respectto x toget [ f(x)dx = F(x)+ C, where %F(x) = f(x).
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4.1 Differentiation

let u=u(x) and v =v(x) be two differentiable functions in x, and f(u) be a

differentiable function in wu.

dv du
»  Productrule: — (uv) =u— v
d vd—u - u@
1 . a (u\ _ “dx dx
> Quotient rule: — (v) — —
»  Chain rule: [f(u( N] = d[f(U)] ZZ

> Implicit differentiation: Differentiate both sides of F(x,y) =0 w.r.t. x and use

the Chain rule.

> Logarithmic differentiation

L3 Ll Ll Ll Ll d
»  Differentiation of parametric equations: O dx where y = y(t), x = x(t).
dt
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4.2 Integration

> [f(x)dx=Fx)+C
= ff(ax+b)dx=%F(ax+b)+C

>  Method of substitution:

jf'(x) g(f(x)) dx = jg(u) du=Gu)+C = G(f(x)) + C

let u=f(x)
> o)

> Integration by parts:

judv=uv—jvdu

» Integration of rational functions:

proper/improper rational functions, partial fractions
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