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Semester A, 2023 -24 MA2001 Multi-variable Calcudus and Linear Algebrav Chapter 3
1 Double Integrals

Consider a function f(x) of one variable defined over a < x < b.

let xp =a<x; < <xp_1<Xx,=b and 6x; =x; — x;_1.

let P={0x;:1<i<n} and |P|=1m_ax{5xl-:1SiSn}.
Slsn

We define the definite integral of f from a to b as

b n
[ reds = m, > rexoex

which corresponds geometrically, if f(x) is positive, to the area between the graph, the x-axis

and the lines x = a and x = b.

L I Y
T
y= flz) \ y = flz)
P~
A 414
A LA; .
a b_; T1Ty Ti_1T; irn—l1 T
a = Ty b=z,
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A function f(x,y) of two variables defines a surface and, if f(x,y) is positive, we may
analogously determine the volume enclosed by this surface and a cylinder erected on a region

S inthe xy-plane.

z
Surface z= f(x,y)
A1
d 4
\-‘-l-—l-"'-l.-
f{'rl'i_}:[.
-
-~ d
W
A

Region S in the xy-plane

~

Small area 651.}. = 6x; 5}’}'
Divide S into n small area elements such that the (i,j)™ element has area §S;; = 6x; dy;

and contains the point (xl-,yj). Then f(xl-,yj) dx; 8y; is the volume of the column with base

area 0S;; = 0x; 0y; and height f(xl-,yj).
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let P ={8S;; =6x;8y;:1<i<m, 1<j<n}.

We define the double integral of f(x,y) over the region S to be

j fle,y)dxdy =  lim ii f(xi, ;) 6x; 8y; .

all 6x;,6yj—0

The direct evaluation of the limit in the definition of double integral is impractical. We will

calculate the double integral by means of the iterated integrals.

Page 5



Semester A, 2023 -24 MA2001 Multi-variable Calcudus and Linear Algebrav Chapter 3
Rectangular regions

Let f(x,y) be continuous ontheregion S:a<x<b, c<y<d.

Let A(x) = fcdf(x, y) dy, which is the area of the cross section at x, then

b b[ d
J f(x,y)dxdysz(x)dxzj jf(x,y)dy dx.
S a a |c ]
Similarly, we also have
d[ b 7
|| reeyyaxay = [ |[ reuyrax|ay
S ¢ la ]
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Example 1

Evaluate j (2xy + y*) dx dy, where S istherectangle 1<x <2, 0<y<1.

Solution

1 1
j(ny+y2)dxdy=j j(ny+y2)dx dy = jxy+xy dy
0 0

1
3y2 311 /3 1 11
=f[(4y+2y2)—(y+y2)]dy=j(3y+y2)dy=[y +y] =(—+—)—0=—
0 0

2 2
391
or f(ny+y2)dxdy=f j(ny+y2)dy dx=J[xy2+y— dx
1 1

2
f + d + 2_ 22 2\ (1 1\_1
3T “\273)7\(273) 76
1
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Non-rectangular regions

> Vertically simple region

Chapter 3

y y =y2(x)
N R={(x,y) ER?|a<x<h, y;(x) <y <y,(x)}
R b[ Y2(x)
S || remaxay=[| | reydy|dx
0 f.ll {I) i R a [ yi(x) .
» Horizontally simple region
y R={(x,y)eR?|c<y<d x@) <x<x)}
d+ - ----
\ I/ ar x20v)
_ { R S o | fandxdy=[| | fouyax|dy
x=x1(y
Ca = = o 222 R c L x1(y) i
0 7
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> Both vertically and horizontally simple region

1?
A y=y,(x) = x=x1(y)

or

T Y2 (%)

flx,y)dy

| y1(x)

T x2(y)

| x1(Y)

| feyax

MA2001 Multi-variable Calcudus and Linear Algebrav

dx

Chapter 3
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Remark:
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ﬂ 1dx dy = area of the region S if f(x,y) = 1.
S

Chapter 3
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Example 2

Evaluate ﬂ xy?dx dy, where S isthe regionboundedby y =0, y = x? and x = 1.
S

Solution Y
A sketch of the region S is important, but it is not necessary

to be able to visualize the surface f(x,y).

A sketch of the region S is shown on the right.

1] x? T 1 2 1 1 1
xy? x(x2)3 X7 o 1
nyzdxdyzjfxyzdy dszT dxzj 3 dx = ?dx:ﬁ =7
S o |o | 0 0 0 0 0
or
i - : x2v21t Yo 3 3 411 1
ﬂxyzdxdyzj fxyzdx dyzj 4 dy:] y Y dy = Y Y| 2
2 2 2 6 3 24
S 0 vy 0 vy 0 0
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Example 3

Find the limits of integration in

|| reeyaxay

R

where R is the region in the first quadrant bounded by x> + y? =1 and x +y = 1.

Solution

Observe that R is both vertically simple and horizontally simple.
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Method 1: (Treat R as a vertically simple region)

Fix x first, then find the limits for y.

Visa?
|| ooy axay - fl 1] F(y)dy | dx
R 1—x

0

Method 2: (Treat R as a horizontally simple region)

Fix y first, then find the limits for x.

2

jjf(x,y)dxdy=j1 j fxy) dx |dy
R 0

—_
ot
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Example 4

The non-simple region R is the union of the non-overlapping simple regions R; and R,.

i | o) dudy

= f! f(x,y) dxdy + Rf ! f(x,y) dxdy

R
_ 2
2|2+ 1[ 1+y2
=] j f(x,y) dy dx+j f f(y) dx|dy
-211 -1 |-1-y2

Note: In some cases, one order of integration may be easier than the other.

Page 14



Semester A, 2023 -24 MA2001 Multi-variable Calcudus and Linear Algebrav Chapter 3
Example 5

Consider an integrable function f(x,y), which is defined on a region of xy-plane as shown

below:
yA
b
y=x = -x+2
S
0 | >
1 2 x
y=0
We observe that
1[2-Yy ]
|| reyyaxdy = [ | [ rouyyax|ay
S 0 Wy |

looks like easier than

HSN

ﬂ f(x,y)dxdy = j -ff(x, ) dy- dx + -Zj_xf(x, ) dy- dx .
S 0 |o ] 0 |
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Example 6

1| Vx
Change the order of the integration in j J f(x,y)dy|dx.
0 |x

Solution
The line y = x and the parabola y = +/x cutat (0,0) and (1,1).
The domain of integration is the region bounded by ¥y = x and y = +/x (the sameas x = y?).

So

1| Vx 17r vy 7
[|] revay|axc=[| [ reow ax|ar
0 |x 0 Ly? |
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Example 7

il
Change the order of the integration in j J f(x,y)dx|dy.
0 L-Yy

Solution

Let R be the region of integration.

Then R is given by the inequalities —y <x <y and 0 <y < 1.

Therefore, R is bounded by y = x and y = —x between y =0,y = 1.

To find limits for integration in the reverse order, we imagine a vertical line passing from bottom
to the top through the region.

From x = —1 to x =0, itentersat y = —x and leavesat y = 1.

Thenfrom x =0 to x =1, itentersat y = x andleavesat y = 1.

jl-fyﬂx,y)dx_ dy = || £oo) dudy = f-ff(x,y)dy dx+f_f1f(x,y)dy- ix
oL : R -1 [-x | 0 |x |
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2 Change of Variables in Double Integrals

For the definite integral ff f (x) dx, we know that the change of variable x = x(u) produces

b B s
| redx = | Fxan g du

where x(a) = a, x(B) = b.

For the double integral

|| ey axay,

S

the change of variables x = x(u,v), y = y(u,v) gives

jf f(x,y)dxdy = ﬂf[x(u, v),y(u,v)] Zgg‘du dv|,

S

where
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d0x
_A(xy) ou
=) det dy

is called Jacobian of the transformation.

0x

Chapter 3

S* is the region in the uv-plane corresponding to the region S in the xy-plane in a one-to-

one manner. That is, for every point (u,v) in S, there is only one corresponding point (x,y)

in S. Conversely, for every point (x,y) in S, there is only one corresponding point (u,v) in

S*.

Furthermore, the Jacobian ] is either positive throughout S* or negative throughout S™*.

a(x,y)
ad(u,v)

‘ = |J| is the absolute value of the Jacobian.
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Example: Polar coordinates

Using polar coordinates, we have

x=rcosf, y=rsinb|.

Then

dx 0Jx
_9xy) _|or a6|_ |cos® —rsind
a(r,0) dy dy sin@ rcos@

Jdr 00

=7rcos?0 +rsin?0 =r

i.e. |J| =|r| =r and

dx dy - r dr dO

where rdrd6@ corresponds to an element of area in the r8-plane.

Then the integral becomes

ﬂf(x'Y)dXdy=ﬂf(rcos@,rsin@)rdrd@,

S
where S is the region in the r8-plane corresponding to region S in the xy-plane.
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Example 8

Find the moment of inertia of a hollow circular cylinder of inner radius a, outer radius b, height
h and constant density p about the axis of the cylinder. The formula for the moment of inertia

of the hollow circular cylinder is

MI = ﬂ ph(x? + y?) dx dy.
S

y;‘\

@y

NP/
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Solution

Using polar coordinates:

X=1rcosf| |y=rsinf|

the hollow circular ring S of inner radius a, outer radius b is transformed into a rectangle R
in the r@-plane, which is boundedby 6 =0, 86 =2, r=a, r = b.
The region of integration is now a rectangle R inthe r@-plane,

(a<r<b
R'{OSHSZE'

For polar coordinates, the area of a small polar rectangle R is approximately r Ar Af.

(Note 6 = A). y

£
/\/ R \ih

e

\a 7=
\
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Using polar coordinates x =rcosf, y =rsinf, we have

J=r = lll=r

and |dx dy — rdr do|

MI = U ph(x? + y*)dx dy = ﬂ phr?rdr df = phr3dr|do
S

IQ G‘I

R
2| b ] b 2T
=phj jr3dr d@zph(jrSdr jld@
0 |a | a 0
r41° b* a*
_ T 21y — - _
—Ph< 4L)([9]o) Ph<4 4>(27T 0)

where mass = M = phm(b? — a?).
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Example 9

Evaluate the integral ﬂ 3’+x dx dy, where Q isboundedby x+y =2, x=0, y=0.

(Hint: Use the change of variablesu =y —x and v =y + x.)
Solution
We use the change of variables

u=y—xand v=1y+x.
Solving for x and y, we find that

vV—u v+u
and y = >

Under the transformations u =y —x and v=y+x, thelines x+y=2, x=0, y=0

map onto thelines v=2, u—v =0, u+ v = 0, respectively.
Points inside (Q are carried into points inside the triangular region T bounded by v = 2,

0<v<<?2

_ v =0, = 0. Th ,T:{ .
u v u-+v us —USUSU
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The corresponding Jacobian is

dx 0x 1 1
=c’)(x,y)zﬂ %z_f 52_1
owv) |0y |1 1T
ou Jv 2 2
or
dxy) 1.1 1 1
Cd(w,v) Owv) [du OJu _‘— ‘_ 2
a(x,y) dx OJdy 1
v v
dx 0dy
Therefore,
2 v 2 ul?
y—x ul 1 1 u 1 (|ev
jjey+xdxdy=jjev —E‘dudvzzj[jevd‘ ZEJT dv
Q T 0 L o l7p ]

2

3 [re-ean =3 -] =3e-Da-o=e-d

0
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Example 10

By considering % = (foooe‘x2 dx)(foooe‘y2 dy), evaluate I = foooe‘xz dx.

Solution
I? = je‘xz dx je - dy j j =% dy e‘yzdyzj je"‘ze_y2 dx |dy
0 0 0 0 \0
=j je_(xzﬂ’z) dx |dy
0 \0

Note that the integral fooo(foooe‘(x2+y2) dx) dy is equivalent to integrating the function
Flx,y) = e~ ™"+ over the first quadrant of the xy-plane.
y A

_

-

»

X
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Under the transformations x = rcosf and y = rsin @, the first quadrant R of xy-plane is
corresponding to the region R, which is boundedby r =0, 8 =0, 8 = % in r8-plane.

We observe that under x = rcos@ and y = rsin 0, the quarter circle x* + y? = 1,2, where
r = 7"0

x,y = 0, corresponds to the line segment 0<g<C in r8-plane.

-7 T2

Hence, the region R inthe xy-plane is transformed into region R in the r@-plane, where
~ {O <r< o
R: ,
0<60<—=
2

Also, under polar transformation, dx dy — r dr df. So

co / OO

I =j fe_(xzﬂ’z) dx |dy = jf e~(*+¥%) dx dy = ﬂ e " rdrdo
). ,

0 0 R

00}

n
0 2 2 (%) 2 T - i
=j je"‘ rdo dr=fe"’r[9](2)dr=§je"”rdr
0 \0 0

0
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T

(W]

Let u=r?2
= du=2rdr
r=0->u=0
rT=00 — U=00

Hence, we have

3|
0

MA2001 Multi-variable Calcudus and Linear Algebrav

e Y—du =E
2 4

[—e™"]g = —%(e—oo —1) = —%(0 —1) ==

4

Chapter 3
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3 Triple Integrals

Suppose that a scalar field f(x,y,z) is defined at all points (x;,y;,z;) within a region V' of
three-dimensional space. Divide V' into N sub-regions such that the i-th sub-region has
volume 6V, = 6x;0y;6z; and contains a point (xl-,yj,zk).

Let P = {6V, = 6x;6y;62, : 1<i<Nj, 1<j<N, 1<k<Ns}

We define the triple integral of f(x,y,z) over the region I to be

Ny Nz N3

fj f(x, Y, Z) dx dy dz = il Sxi,léi%’};-l,dquo;‘: S“ S“ f(xl-,yj,zk) 5Xi 6}/] 5Zk .
|74

i=1 j=1k=1

We can evaluate triple integrals by iterated single integration.
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Example 11 (Rectangular block)

The density of a rectangular block V bounded by the planes x =1, x=2, y=0, y =3,

z = —1, z = 0 is given by the scalar function p(x,y,z) = x(y + 1) — z. Find the mass of the
block.
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Solution

Mass=flﬂp(x,y,z)dxdydz=J‘ﬂ[x(y+1)—z]dxdydz

2

2 (3[ 0 ] 3 ,21°
:! Oj_jl[x(y+1)—z]dz-dy dxzj Oj[x(y+1)z—7]_1dy dx

1

2 (3 3
' 1 xy? 1

:j jx(y+1)+§]dy dx=j XY toYy dx
1 \o 0

‘ 9 3
=f(§x+3x+§)dx— —x% 4= x]
1
21
=18—T
51
T4
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Non-rectangular block

Suppose that the solid T with piecewise smooth boundary is z-simple: Each line parallel to the
z-axis intersects T (if at all) in a single line segment. This means that T can be described by
the inequalities z,(x,y) < z < z,(x,y) with (x,y) € R, where R is the vertical projection of

T onto the xy-plane. Then

T Z2(xy)
ﬂ f(x,y,z)dxdydz=jf j f(x,y,z)dz|dx dy|
T R _Zl(x!y) _

z-simple
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Similarly, we may integrate first with respect to x if the space region T is x-simple. Thatis, T

is defined by x;(y,z) < x < x,(y,z) with (y,z) € R, where R is the projection of T onto

the yz-plane.

]

x-simple
T X2(¥.,2)
jﬂf(x,y,z)dxdydz=ﬂ f f(x,y,z)dx|dy dz
T R 1x1(y.2) |
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Also, we may integrate first with respect to y if the space region T is y-simple. Thatis, T is

defined by y,(x,z) <y < y,(x,2z) with (x,z) € R, where R isthe projection of T onto the

xz-plane.
y-simple
[ yZ(X,Z) i
ﬂ f(x,y,z)dxdydz=jf j f(x,y,z)dy|dx dz
T R _yl(x,z) .
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Remarks

(@) If f(x,y,z) =1, then

j j j 1 dxdydz = volume of the region V.
vV

(b) If the scalar function p(x,y,z) gives the density at a point (x,y,z) of the region V,

then

fU p(x,y,z) dxdydz = mass of the region V.
Vv

(c) Ifthe scalar function p(x,y,z) gives the charge density at a point (x,y,z) of the region

I, then

f J J p(x,y,z) dxdydz = total charge within the region V.
v
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Example 12

Evaluate

1
M (X +y+2z+ 1) dxdydz
V

where V is the region enclosed by the planes x =0, y =0, z=0, x+y+z = 1.

2/\ y+2=1
1 /
X+z= z=1l-x-y
0 >
] y
1 y=1-x
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Solution

The projection of V' on xy-planeis oy, whichisboundedby x =0, y=0, y=1—x.

Ik

Il
O\H
_A

1-x-y
y+2z+1)3dxdydz_ ﬂl j (x+y+22+1)3dz dxdy

f1x1xy 1 (1-x
_1 1-x—y
dz|dydx = [ ] dyrd
lJ (x+y+22+1)3Z Y fj4(x+y+22+1)20 Y
0 0

<f [4(x+;/+1)2_4(3—916—)’)2]dy dx:j[4(x+y+1)_4(3—x—Y)]o “

Il
0\’_\

L0
—” ( 1 )]d—[ +1|+1| 1|3 |]
h 4(x + 1) 4(3—x) x X o=
—( 1+11 21 2) (0+11 =4 3)
—\Tg T e 4T

ln3 1

4 2
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Example 13

Evaluate

J J j 2xyz dxdydz,
%

where I/ is the region bounded by the parabolic cylinder z = 2 — %xz and the planes y = x,

y =0 and z = 0 as shown in the following diagram.

The region

\y
—

N7

P

1

I
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Solution

Projecting I/ onto the xz-plane gives o,, whichis boundedby z = 2 — %xz, x=0, z=0.

f || 2yz dxdyaz = || 1

Z_EXZ x
dxdz = J f J 2xyzdy |dz|dx
= J f [xyzz]z dz |dx = f j x3z dz | dx
0 0 /
¢ [ 123,215 2 2 x3 (2 2
:j [T] dX:J j Zx _x + — x7)d
0 0 0 0

f 2xyz dy

0 0
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Alternatively, projecting V' onto the xy-plane gives gy, whichis boundedby y =0, y = x,

X = 2.

j j j 2xyz dxdydz =
%

- - i 1
2 _*.2
2 5 /2 5%

2Xyz dz

\

dx

Il

1
2
0

2 x 2 x
1., 1 2

21472% 2
j[j[xyz I, dy]dxzj“xy(Z—z )dy‘dx
0o Lo o Lo
2 X 2

xy? _1 2)2 _fx3( _1 2)2
j[Z(Z Zx de— > 2 2x dx
0
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Example 14

Evaluate

J J j xyz dxdydz,
%

where V is the region enclosed by the surface x> + y? +z2 =1 where x >0, y>0, z=> 0
and theplanes x =0, y =0, z=0.

Solution

The projection of V onto xy-planeis g, whichis bounded by the curve x* 4+ y* =1, where

x=0, y=0 andthelines x =0, y =0.
0<x<1
xy:{

0<y<+1-—x?

Then 0 <z <,/1—x2—y2
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f f f xyz dxdydz =
%

/

Il

MA2001 Multi-variable Calcudus and Linear Algebrav

[ 1—x2—y2

()

V1—x2

0

J1—x2

—_

f XyZ dz

| j [x;;zz

7

0

x3y — xy3

0

[ (5=

2

dy

.

1

dxdy = f

V1-x2

|

2

; [x(l — x?) B x3(1 — x?) B x(1— x?%)

J xyzdz |dy

Chapter 3

dx

dx

j(x —2x3 + x°) dx
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Example 15

An iterated integral like

1| o /¥?
f f f(x,y,z)dz |dy|dx
0 |-1\o

is called an iterated integral with order dz dy dx.

With the aid of the following figure, change the order of the iterated integral

2
fol [f_ol (foy f(x,y,2) dz) dy] dx to an equivalent iterated integral with order dy dz dx.

ol

(03 - 1{3 1) 4
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Solution inear Algeb

1| o /¥? 7 .
f f f f(x; y; Z) dZ dy dx = j j f(X, y, Z) dde dx
0 0

-1

0 Oyz

|

1
Of [ revnay|ar|ax
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Example 16

Find the volume V of the region R bounded by the parabolic cylinder z = 4 — x? in the first
octant and the planes x =0, y =0, y=6, z=0.
Solution

4—x2

. _
Vzﬂfldxdydzz j j 1dz |dy|dx
0 \ o J

R
6 : 2[ 6 :
f 18- ay| d Jj(él—xz)dy dx
0 i 0 i

[(4 — x?)y]§ dx = J 6(4 — x?) dx
0

o'\n\:

Il
O\N

[
~ ST

= [24x — 2x3]3
= [24(2) — 2(2)°] -
= 32
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4 Change of Variables in Triple Integrals

Consider the triple integral

I = Jlﬂf(x,y,z) dx dy dz.

Using the change of variables x = x(u,v,w), y =y(u,v,w), z = z(u,v,w), we have

1= ][ et v, w) v vw), 2w |5 222 dudv a
= x(u,v,w),y(u,v,w), z(u,v,w udvdw,
Y 3w, v, w)
V*
Jdx OJx O0x
Ju Jv Jw
a(x,y, dy 9y 0 : . :
where | = (%,9.2) =det| 2 Z ZX | jsthe Jacobian of the transformation.
d(u,v,w) du Jdv Ow
0z 9z 0z
Ju OJv OJOw

V" is the region in uvw-space corresponding to the region V in xyz-space in a one-to-one
manner. The most popular alternative coordinate systems to Cartesian coordinates are

cvlindrical polar coordinates and spherical polar coordinates.
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Cylindrical Polar Coordinates:

e P(r. 0, z)

*Q(r.6,0)

X

x=rcosf, y=rsinf, z=z

r=20 0<60<2n, —w<z<®

In particular: r = constant — cylinder
6 = constant — plane

Z = constant — plane

Chapter 3
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The volume of the cylindrical block is approximately 7 Ar A@ Az. (Note § = A)

_0(x,y,2) det dy

_a(r,H,z)_ © ar

= Jl=r

dx OJdx 0
v 5% 5
dy Jdy
0z gg gi
\ar a0 02/

dxdydz — rdrdfdz

)

= det(

—rsin@ 0
r cos @

0) = 1rcos?0 +rsin?0 =r.
1

where r dr dB dz corresponds to an element of volume in cylindrical polar coordinates.
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Example 17

Find the volume of the region V between the surfaces x% + y? = 2, z = x? + y? + 2 and the

' z=x"+y*+2 parabolic bowl
:
N !
NN - 4

< ¥ +y*=2  cylinder

plane z = 0.

>y

Solution

Cartesian coordinates:

We observe that the projection of V onto xy-planeis x? + y% < 2.So

x2+y?+2 V2 [ v2=xZ /x%+y?+2
Volume = f f j 1dxdydz = J f f 1dz |dxdy = j j f 1dz |dy|dx
|4 x2+y?<2 0 —\/2 _—\/sz 0
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Cylindrical polar coordinates:

Under the cylindrical transformations x =rcos@, y =rsinf and z = z, the region V s
transformed into the region V' in r0z-space.
The projection of V' onto r@-planeis 0 <6 <2m, 0 <r <+/2.

Then 0 <z<x?’+4+y?+2 ie. 0<z<r?+2.

Thus,
242
Volume = Ujldxdydz = Jﬂrdrdﬁdz = ﬂ f rdz |drd6
0<6<2m \ 0
0<r<v2

V2 2 /1242 21

V2 [2n V2
:j j j rdz |d6 dr:f f rz]62+2) do|dr = j jr(r2+2) do|dr
o [0 \o o [o 0

[ " e ) o] - o

4
an (r3+2r)dr = 2m [Z + rzl
0

0
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Example 18

Using cylindrical polar coordinates, evaluate

ﬂ (x% + y?) dxdydz,
v

where V is the solid enclosed by x? + y% = 2z and z = 2.
Solution
Under the cylindrical transformations x =rcos@, y =rsin0 and z = z, the solid V in
xyz-space is transformed into V' in réz-space.
The projection of V' onto r8-plane is
0<0<2m 0<r<2

X2+2 7,.2
Then Zy =7SZS2.

Thus,

Page 51



Semester A, 2023 -24 MA2001 Multi-variable Calcudus and Linear Algebrav Chapter 3

U (x% +y*2) dxdydz—ﬂfr rdrdfdz = ﬂ (jrde) drd6

0<0=<2m 2
0<r<2 2

/2 \ | 2 [ 21 .
2
jr3dz do drzj Jr3<2—?>d8 dr
r? 0 |o |
2 |
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Spherical Polar Coordinates:

2]

X =psingpcosfO, y=psingpsinfd, z=pcoso

p=>0, 0<¢p<m 0<6<2nm

In particular: p = constant — sphere
¢ = constant — cone

6 = constant — plane

Chapter 3
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3]

L ﬁﬁzpl ﬁil’l{i]z Adg

e iR T R .
%
il . T S ——

ry= 050 {g

71 AB = py sin ¢, AO

The volume of the spherical block is approximately p? sin ¢ Ap Ag ABG.
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The corresponding Jacobian is

dx O0x Ox
dp 0d¢ 06 _ _ |
a(x,y,2) dy dy dy sin¢pcosf pcos¢pcosf —psingsinb
] = —— = det = det| singpsinfd pcos¢psind psingcosb
d(p, p,6) dp d¢p 06
P, P, P COS¢ —p Sin¢ 0

\OZ 0z 62/
dp d¢ 06

pcos¢pcosf —psingsinb
pcospsinf  psing cosb

sin¢pcosd —psingsinb

— (=psind) |, $sin® psingcosh

= Ccos ¢ |
= cos ¢ [p? cos ¢ sin ¢ (cos? @ + sin? )] + p sin ¢ [p sin? ¢ (cos?  + sin? 9)]
= p?(cos? ¢ + sin? ¢) sin ¢
= p?sin¢

= |J| = |p?sing| = p?sing (+ sing =0 for 0 < ¢ < m.)

s |dxdydz — p*singpdp d¢p dO)|,

where p?sin¢ dp d¢ d8 corresponds to an element of volume in spherical polar coordinates.
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Example 19

Find an equation for the sphere x? + y? 4+ (z — 1)? = 1 in spherical coordinates.
Solution
x‘+y*+(z—-1)?%=1
= p?sin? ¢ cos? O + p? sin® psin?G + (pcos¢p —1)%2 =1
x=p sin ¢ cos 6

y=psing¢sinf
Z=p cos ¢

= p?sin? ¢ (cos? O +sin?0) + (p?cos?¢p —2pcosp +1) =1

= p?(sin®¢ + cos?¢p) —2pcosp =0

= p?—2pcosd =0

= p(p—2cos¢p) =0

= p=0 or p=2cos¢
Note that p = 0 only corresponds to the point (0, 0, 0), it does not represent the given sphere.

. In spherical coordinates, the equation for the given sphere is
p = 2 cos o.
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Example 20

Find the volume of the “ice cream cone” D cut from the solid sphere p < 1 bythecone ¢ = %

Solution

The volume is V = ﬂf p?sing dp d¢ db.
D

To find the limits of integration for evaluating the integral, we take the following steps.

Step 1: Sketch the diagram.

» N

We sketch the solid D and its projection R on the xy- M

Sphere:p =1
plane. phere:p

We draw aray M from the origin through D making an
angle ¢ with the positive z-axis. We also draw L, the

projection of M on the xy-plane, along with the angle

6@ that L makes with the positive x-axis.
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Step 2: Find the p-limits of integration.

Z
A

Ray M enters D at p =0 andleavesD at p = 1. Sphere: p = 1

0<p=<1.

Step 3: Find the ¢-limits of integration.

The cone ¢ = g makes an angle of g with the positive z-axis. e Ly

T

For any given 8, theangle ¢ canrunfrom ¢ =0 to ¢ = 3

T
0<¢<-.

Step 4: Find the 8-limits of integration.
Theray L sweepsover R as 6 runsfrom 6 =0 to 6 = 2m.

0<0 < 2m.
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. The volume is

o[ 3 /1 '
V=fl)ﬂpzsinqbdpd¢d9=0f _Of ijzsinc[)dp dqb_d@
L R L
zoj Oj ([?smqb]()dqb d@:oj _Ojgsmqﬁdqﬁ_ do
:jn [——cosgbﬁ dezjn—%<%—1)d9

= [o)"
_T
3
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Example 21

Convert

1—x2 1

1
j j j 1dz |dy|dx
-1

|—V1-x2 \JxZ+y2

to an integral using spherical coordinates with order df dp d¢ and then evaluate the obtained

integral.
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Solution

For

. _
j j j 1dz |dy|dx,
—1

| —V1-x2 \\/x2+y2

the integration is done in the solid IV which is bounded above by z =1 and bounded below

by z = /x? + yZ.

Under the spherical transformations

y =psin¢sing,

{x = psin¢ cos b
Z=pcoso

IV is transformed into

"’—M:\N

0
y*: <0
0

IANIA A

0
¢
p

A A IA
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[ V1—x2 1 seco /2m

1 ] z ]
_jl j j 1dz dy-dx=0j j Jpzsinqbdﬁ dp-dqb

Vi—xZ \/xZ+y? L0 O
T T
2 /seco 4 sec ¢
=j f 2np?sing dp |dp = 2m ([—smcb] ) d¢
0 \ 0
Y T
1 4
_2m J f Sln¢
£y sec3 psing dep = oS 4)

0

e

21 [(cos gb) 213

)
_?nf cosp) 3 d(cosp) = —
0

Chapter 3
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