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







DuCxy

BuAxx

Let  𝜉 = 𝑃𝑥

where  𝑃 is non-singular (invertible, full-rank)



൝
ሶ𝜉 = Φ 𝜉 + Ψ 𝑢
𝑦 = Ω 𝜉 + Δ 𝑢

Find: Φ = 𝑃𝐴𝑃−1 , Ψ = ? , Ω = ? , Δ = ? (5 minutes)











DuCxy

BuAxx

Let  𝜉 = 𝑃𝑥

where  𝑃 is non-singular (invertible, full-rank)



൝
ሶ𝜉 = Φ 𝜉 + Ψ 𝑢
𝑦 = Ω 𝜉 + Δ 𝑢

Find: Φ = 𝑃𝐴𝑃−1 , Ψ = ? , Ω = ? , Δ = ?

Solution: Φ = 𝑃𝐴𝑃−1 , Ψ = 𝑃𝐵 , Ω = 𝐶𝑃−1 , Δ = 𝐷











DuCxy

BuAxx

Laplace Transform 

𝑠𝑋 𝑠 = 𝐴𝑋 𝑠 + 𝐵𝑈(𝑠) 𝑌 𝑠 = 𝐶𝑋 𝑠 + 𝐷𝑈(𝑠)
 𝑠𝐼 − 𝐴 𝑋 𝑠 = 𝐵𝑈(𝑠)
 𝑋 𝑠 = 𝑠𝐼 − 𝐴 −1𝐵𝑈 𝑠

 𝑌 𝑠 = 𝐶𝑋 𝑠 + 𝐷𝑈(𝑠)
= 𝐶 𝑠𝐼 − 𝐴 −1𝐵 + 𝐷 𝑈 𝑠
≔ 𝐺 𝑠 𝑈(𝑠)

Similarly,

൝
ሶ𝜉 = Φ 𝜉 + Ψ 𝑢
𝑦 = Ω 𝜉 + Δ 𝑢

𝑌 𝑠
= Ω 𝑠𝐼 − Φ −1Ψ+ Δ 𝑈 𝑠
≔ ෨𝐺 𝑠 𝑈(𝑠)











DuCxy

BuAxx

𝑌 𝑠 = 𝐶 𝑠𝐼 − 𝐴 −1𝐵 + 𝐷 𝑈 𝑠 ≔ 𝐺 𝑠 𝑈(𝑠)

൝
ሶ𝜉 = Φ 𝜉 + Ψ 𝑢
𝑦 = Ω 𝜉 + Δ 𝑢

𝑌 𝑠 = Ω 𝑠𝐼 − Φ −1Ψ+ Δ 𝑈 𝑠 ≔ ෨𝐺 𝑠 𝑈(𝑠)

Find: Relationship between  𝐺(𝑠) and  ෨𝐺(𝑠) (10 minutes)

Recall: Φ = 𝑃𝐴𝑃−1 , Ψ = 𝑃𝐵 , Ω = 𝐶𝑃−1 , Δ = 𝐷



Solution:   𝐺 𝑠 = ෨𝐺(𝑠)

𝑌 𝑠 = 𝐶 𝑠𝐼 − 𝐴 −1𝐵 + 𝐷 𝑈 𝑠 ≔ 𝐺 𝑠 𝑈(𝑠)

𝑌 𝑠 = Ω 𝑠𝐼 − Φ −1Ψ+ Δ 𝑈 𝑠 ≔ ෨𝐺 𝑠 𝑈(𝑠)

Recall: Φ = 𝑃𝐴𝑃−1 , Ψ = 𝑃𝐵 , Ω = 𝐶𝑃−1 , Δ = 𝐷

Proof:

෨𝐺 𝑠 = Ω 𝑠𝐼 − Φ −1Ψ+ Δ

= 𝐶𝑃−1 𝑠𝑃𝑃−1 − 𝑃𝐴𝑃−1 −1𝑃𝐵 + 𝐷

= 𝐶𝑃−1 𝑃 𝑠𝐼 − 𝐴 𝑃−1 −1 𝑃𝐵 + 𝐷

= 𝐶𝑃−1𝑃(𝑠𝐼 − 𝐴)−1𝑃−1𝑃𝐵 + 𝐷

= 𝐶 𝑠𝐼 − 𝐴 −1 𝐵 + 𝐷

= 𝐺(𝑠)











DuCxy

BuAxx

𝑌 𝑠 = 𝐶 𝑠𝐼 − 𝐴 −1𝐵 + 𝐷 𝑈 𝑠 ≔ 𝐺 𝑠 𝑈(𝑠)

൝
ሶ𝜉 = Φ 𝜉 + Ψ 𝑢
𝑦 = Ω 𝜉 + Δ 𝑢

𝑌 𝑠 = Ω 𝑠𝐼 − Φ −1Ψ+ Δ 𝑈 𝑠 ≔ ෨𝐺 𝑠 𝑈(𝑠)

 𝐺 𝑠 = ෨𝐺(𝑠)

Theorem:

Non-singular state transformation  𝜉 = 𝑃𝑥 does not
change the Transfer Matrix (Function) of an LTI system











DuCxy

BuAxx

Laplace Transform (with initial condition)  

𝑠𝑋 𝑠 − 𝑋 0 = 𝐴𝑋 𝑠 + 𝐵𝑈(𝑠)
 𝑠𝐼 − 𝐴 𝑋 𝑠 = 𝑋 0 + 𝐵𝑈(𝑠)
 𝑋 𝑠 = 𝑠𝐼 − 𝐴 −1 𝑋 0 + 𝑠𝐼 − 𝐴 −1𝐵𝑈 𝑠

Inverse Laplace Transform 

𝒙 𝑡 = 𝐿−1 𝑠𝐼 − 𝐴 −1 𝑋 0 + 𝐿−1 𝑠𝐼 − 𝐴 −1𝐵𝑈(𝑠)

=  Φ 𝑡 𝒙 0 + 0׬
𝑡
Φ 𝑡 − 𝜏 𝐵𝒖 𝜏 𝑑𝜏

Convolution 

Next, consider:



𝒙 𝑡 =  Φ 𝑡 𝒙 0 + 0׬
𝑡
Φ 𝑡 − 𝜏 𝐵𝒖 𝜏 𝑑𝜏

Φ 𝑡 = 𝑒𝐴𝑡 (𝐴 is  𝑛 × 𝑛)

Φ 𝑡 − 𝜏 = 𝑒𝐴 𝑡−𝜏

𝒙 𝑡 =  eA𝑡𝒙 0 + 0׬
𝑡
𝑒𝐴 𝑡−𝜏 𝐵𝒖 𝜏 𝑑𝜏

𝑒𝛼𝑥 = 1 + 𝛼𝑥 +
𝛼2

2!
𝑥2 +

𝛼3

3!
𝑥3 +⋯⋯

 𝑒𝛼𝐴 = 𝐼 + 𝛼𝐴 +
𝛼2

2!
𝐴2 +

𝛼3

3!
𝐴3 +⋯⋯

Cayley-Hamilton Theorem 

𝑒𝛼𝐴 = 𝐼 + 𝛽1𝐴 +
𝛽2

2!
𝐴2 +

𝛽3

3!
𝐴3 + ⋯⋯ +

𝛽𝑛−1

𝑛−1 !
𝐴𝑛−1

𝛽𝑖 are some functions of  𝛼

(matrix exponential)



Cayley-Hamilton Theorem 

For  𝑛 × 𝑛 matrix  𝐴

𝐴𝑛 can be expressed in terms of 𝐼, 𝐴, 𝐴2, 𝐴3, ⋯ , 𝐴𝑛−1

𝐴𝑛+1 can be expressed in terms of 𝐼, 𝐴, 𝐴2, 𝐴3, ⋯ , 𝐴𝑛−1

𝐴𝑛+2 can be expressed in terms of 𝐼, 𝐴, 𝐴2, 𝐴3, ⋯ , 𝐴𝑛−1

… … 

Example: 𝐴 =
1 2
3 4

(𝑛 = 2)



𝐴2 = 𝛼 𝐴 + 𝛽 𝐼
𝐴3 = 𝑎 𝐴 + 𝑏 𝐼 𝐼 =

1 0
0 1

Find: 𝛼, 𝛽, 𝑎, 𝑏 (5 minutes)



Cayley-Hamilton Theorem 

For  𝑛 × 𝑛 matrix  𝐴

𝐴𝑛+1 can be expressed in terms of 𝐼, 𝐴, 𝐴2, 𝐴3, ⋯ , 𝐴𝑛−1

𝐴𝑛+2 can be expressed in terms of 𝐼, 𝐴, 𝐴2, 𝐴3, ⋯ , 𝐴𝑛−1

𝐴𝑛+3 can be expressed in terms of 𝐼, 𝐴, 𝐴2, 𝐴3, ⋯ , 𝐴𝑛−1

… … 

Example: 𝐴 =
1 2
3 4

(𝑛 = 2)



𝐴2 = 5 𝐴 + 2 𝐼
𝐴3 = 27 𝐴 + 10 𝐼
𝐴4 = 145 𝐴 + 54 𝐼
… …

𝐼 =
1 0
0 1

Solutions:



𝑒𝛼𝐴 = 𝐼 + 𝛼𝐴 +
𝛼2

2!
𝐴2 +

𝛼3

3!
𝐴3 +⋯⋯

Exercise:

𝐴 =
1 2
3 4

(𝑛 = 2)



𝐴2 = 5 𝐴 + 2 𝐼
𝐴3 = 27 𝐴 + 10 𝐼

𝐼 =
1 0
0 1

Recall:

𝑒
−
1 2
3 4

𝑡
≈ 𝐼 + −𝑡 𝐴 +

−𝑡 2

2!
𝐴2 +

−𝑡 3

3!
𝐴3

= ?

(5 minutes)



𝑒𝛼𝐴 = 𝐼 + 𝛼𝐴 +
𝛼2

2!
𝐴2 +

𝛼3

3!
𝐴3 +⋯⋯

Solution:

𝐴 =
1 2
3 4

(𝑛 = 2)



𝐴2 = 5 𝐴 + 2 𝐼
𝐴3 = 27 𝐴 + 10 𝐼

𝐼 =
1 0
0 1

Recall:

𝑒
1 2
3 4

𝑡
≈ 𝐼 − 𝑡𝐴 +

𝑡2

2!
𝐴2 −

𝑡3

3!
𝐴3

=
1 0
0 1

− 𝑡
1 2
3 4

+
𝑡2

2

7 10
15 22

−
𝑡3

6

37 54
81 118

=
1 − 𝑡 +

7

2
𝑡2 −

37

6
𝑡3 −2𝑡 + 5𝑡2 − 9𝑡3

−3𝑡 +
15

2
𝑡2 −

81

6
𝑡3 1 − 4𝑡 + 11𝑡2 −

59

3
𝑡3



More about Matrix Exponential
(for diagonal matrices)

𝐴 =

𝑎1 0
0 𝑎2

⋯ 0
0 ⋮

⋮ 0
0 ⋯

⋱ 0
0 𝑎𝑛

𝑒𝐴 =

𝑒𝑎1 0
0 𝑒𝑎2

⋯ 0
0 ⋮

⋮ 0
0 ⋯

⋱ 0
0 𝑒𝑎𝑛

Exercise:

𝒙 𝑡 = 0׬
𝑡∗
𝑒
1 0
0 1

𝑡∗−𝜏 0 1
1 0

𝒖 𝜏 𝑑𝜏 = ?    (5 minutes)  

(both 𝒙(𝑡) and  𝒖 𝑡 are 2 × 1 vectors)



More about Matrix Exponential
(for diagonal matrices)

𝐴 =

𝑎1 0
0 𝑎2

⋯ 0
0 ⋮

⋮ 0
0 ⋯

⋱ 0
0 𝑎𝑛

𝑒𝐴 =

𝑒𝑎1 0
0 𝑒𝑎2

⋯ 0
0 ⋮

⋮ 0
0 ⋯

⋱ 0
0 𝑒𝑎𝑛

𝒙 𝑡 = න
0

𝑡∗

𝑒
1 0
0 1

𝑡∗−𝜏 0 1
1 0

𝒖 𝜏 𝑑𝜏

= න
0

𝑡∗

𝑒𝑡
∗−𝜏 0
0 𝑒𝑡

∗−𝜏

0 1
1 0

𝒖 𝜏 𝑑𝜏

=

0 න
0

𝑡∗

𝑒𝑡
∗−𝜏𝑑𝜏

න
0

𝑡∗

𝑒𝑡
∗−𝜏𝑑𝜏 0

𝒖 𝜏 𝑑𝜏 =
(𝑒𝑡

∗
−1)𝑢2

(𝑒𝑡
∗
− 1)𝑢1

Solution:



END


