Chapter 4

MA2001 Vector Differential Calculus

1. Differentiation of a Vector Function

-

If 7(t) = z(t)i + y(t)] + z(t)k is a vector function of a scalar variable t then the derivative of 7(¢) with

respect to t is:

dr(t)
dt

= lim

[F‘(t—i—ét) —F(t) ]
ot—0

ot

Qi Xt —x(t) - y(tHot)—y(t) 7 o z(tH0t)—2(t) 77
= Jimy ST iy R iy S

= e (t)i+ ()] + Ltk

Example

-

If 7(t) = z(t)i + y(t)] + z(t)k is the position vector of a moving point, where t represents time,

rit+dt)
r(t+o0t)-r(t)=0or
0 r(?)
% = 5121% %represents the velocity of the moving point and is seen to be a vector tangential to the path of
_>

d27

Sarepresents the acceleration of the moving point.

the point at 7(¢). Similarly,

Example
Let C be a space curve with a parametric representation as C : 7(¢) = z(t)i + y(t)] + 2(t)k,a < t < b, the
number ¢ is called a parameter.

C' is a space curve of class C") (a smooth space curve) if z(t), y(t), z(t), a <t < b are continuous and

' (t),y'(t), 2 (t),a < t < b exist and are continuous, by 2'(a),y'(a), z'(a),z'(b), y'(b), 2/ (b) we mean,
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, —
respectively, right-hand and left-hand derivatives, in addition, % (t) # 0,a <t < b.

»dt
The length [ of the curve C'is [ = fab (1) de.

Every smooth cure C' has a parametric representation of particular geometric interest. It is called the

standard representation and is defined as follows.

Let 7(t) represent C on a <t < b and let s(t) = [ |9 (u) | du = K \/(%)2 - (%)2 - (g—Z)Qdu,a <t <hb,
which is the length of the part of C' represented on a < < t. Clearly, s(a) = 0, s(b) = .

Observe that s'(t) = |r"(t)| > 0, so the equation s = s() can be solved for ¢, that is, the function has an
inverse, say t = t(s) of class CO for 0 < s <.

-

Consider 7(s) = 7t(s)] = z[t(s)]i + y[t(s)]7 + z[t(s)]k which is the standard representation of C.

_>
i} = l _ T _1 1 =
Then 7'(s) = 7'(£)t (s) Yo . ' Oww = o @)
s'(t)#0
We find that |7/(s)| = 7 }(t)‘F’(t)‘ = I; :8} =1, 7’(s)is a unit tangent vector at 7(s).
Example
A particle moves such that its position vector at time ¢ is 7(t) = e~ + 2 cos 3t] + 3sin 3tk
Determine its velocity ¢ and acceleration @ at time t = 0.
Solution:
i=19 = —e7 — 6sin 3tj + 9 cos 3tk, 7(0) = —i + 9%, magnitude /82, direction \/%(—z?jL k).
a= % = e'i — 18 cos 3tj — 27sin 3tk, a(0) = i — 187, magnitude /325, direction \/3#75(;— 18;).

The usual rules of differentiation apply



d[a(tz;rz}’(t)] _ dczl(tt) I dljl(tt)
d[cgt(m = cd‘z(tt), ¢ — constant
and also
d[a(gtz}’(t)} _ dZ(tt) ) g( £) +dt) - di(tt)
d[a‘(tzl:b(t)] _ diz*i(tt) % g( £) +a(t) x dz%
Ifd= aJ—i— azj—I— aglg where ay, as, as are functions of several variables ¢, t,--- ,t, then partial

-

derivatives g—z = %—‘;17,74- %—f J+ %—‘Zf’lg, 1 < i < n may be defined in the obvious way. Also, vector
integration may be defined.

Example

If a particle moves with velocity #(t) = 2sinti 4 (cost — 1)j + 6tk and 7 = T att= 0, determine its
position vector 7 at time ¢.

Solution:

7= [94t = [Fdt = [[2sinti + (cost — 1)] + 6tk]dt

=7 [2sintdt + ] [(cost — 1)dt + k [ 6tdt

= (—=2cost)i + (sint — t)] + 3t2k + C

At t=0,0=—2i+ C, hence C' = 2i and 7 = (2 — 2cost)i + (sint — t)j + 3t2k.

Example
Let 7 in polar form be the position vector of a moving particle in R2. Find the velocity and the
acceleration of 7 in polar form.

Solution:

. . cos
Represent 7 in polar form, then ¥ = rR, where R = a unit vector and r = |7].

sin 6



The velocity 7 of the moving particle in polar form is:

> _ dr _ doR) _ d dr B dR d§
V== g = TR+r _d_:R—i_ g dt
. —sind . R .
Let % = = P . Notice that R is perpendicular to P.
cos

Then v = %ﬁ + T%ﬁ .And 7 is the linear combination of two perpendicular unit vectors.

The acceleration @ of the moving particle in polar form is:

s d(ERrep) - _ - - _
= _ v _ @R PrR o drdRd) | drdd B .d% do dP do
a="3 = dat =whtawataal treEl trias
—Prp .y oddd By 0B L d0dPd0 _ | (d0)2| B 1d (240 B
= RE2G 5P +trgEP +rga [ 72 r(dt) R+ 15 (r dt)P
P —cosf .
, where %7 = =—R
—sinf

2. Vector Fields
If at each point (x,y, z) there is an associated vector ¥(x,y, z) = vi(x,y, Z)Z-i— va(x,y, z)j—k v3(z,y, z)lg

then 9(x,y, z) is a vector function and we say that we have a vector field.

Example
(i) A magnetic field B in a region of space, B = Byi + Byj + Bk
e ~
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(ii) The velocity field of water flowing in a pipe, (z,y, 2).

ll A ; > 'l \\
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(iii) The earths gravitational field.

3. The Vector Operator V

Recall that for any scalar field ¢(z,y, z) we may define its gradient grad ¢ = 8‘5@ +2 j + a“"k:

This is also an example of a vector field which gives the magnitude and direction of the greatest rate of
change of ¢ at a point.

If we define the vector operator V = z ~ + ja + k 2 (analogous to D = -4), known as del(or nabla),
then grad ¢ = V.

We may also apply the operator V to a vector function

17(1‘7’3/, Z) = Ul(l',y,Z);‘i' w(x,y,z)j%—v;»,(x,y,z)%.

4. Divergence of a Vector Field

If v(x,y, 2) = v1(z, v, 2)i + vo(,y, 2)J + v3(z,y, z)/; is a vector field, then its divergence is defined as
co 2 Ov ov ov:

dive = 53 + 52 + 52

In terms of the operator V we may write

V.-7= (;8%0 _'_j(% + E%) ' |:U1($,y, Z);+U2(x7ya Z).;"i_ U3($,y, Z)];]

_ Ouleys) | Ouws) | Ovlry.s)

or oy 0z = divy

Note V - ¥ is a scalar function.



Example
Let 7 = 2221 — 2y32] + 2y22k, find V - 7
Solution:

V. -0U= (Z% + j% + E%) : <x2z;— 2827 + xyzzl;) = 2xz — 6z + 2xy2

Physical Interpretation

The idea of divergence is probably most easily illustrated by considering the motion of an incompressible

fluid (for example water) where we take the vector filed to be the velocity ' = vJ—i— vJ—i— vng of the fluid.

Consider a small imaginary rectangular box of dimensions dz, Jy and 0z centered at (z,y, z) in the fluid.
7 A
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We consider the flow of fluid through this box. The volume of fluid crossing a surface in unit time is an
example of flux. Taking the midpoint of a face as a representative point, the flux through the face
ABCD out of the box is vy (;E + %x, Y, z) dydz (v and vy are parallel to ABC'D and make no
contribution) Similarly, the flux through face A’B’C’D’ into the box is vy (x — %"”, Y, z) oydz.

The net flux out of the box is [vl (x + %ﬂc,y, z) — (a: — %’", Y, z)] oydz.

And



(1 (z+Z,y,2) —vi (x— £, y,2)] dydz
[ &L v1(T z 2 : 2’U X z Jl ’ 3U xX z
/ _ Sz sz)2 _sx)\3
_ (vl(x,y,z) + ( 1'2 ) avl(ffyz) + (- 22! )" o? vg(wéy, z) + ( 32') 33@3(;%2) +. )] oydz

(%)3 03vy(,y,2) + .. :| 5y52

Ox3

>

J— _2 6_I 8v1(x,y,2) 2
R ( 2 ) ox + 3!

= Ovy (C(;Exvyvz) + (gla;); 831}%(;7?;?;,’2) + .. .] 5$5y6Z

Similarly by considering the two other pairs of faces, we have that the total flux out of the box is

O(vi(z,y,2)) O(va(z,y,2)) o(v (l‘, ;
[ LR - Qayy 4 SR } dxdydz

n {(g;;); Pui(egs) | (U Palags) | (697 Puay) +...]5x5y52

If we consider the flux per unit volume, we have

dui(ey) | dnalews) | duslews)] o [2 (02 0%vi(egs) | 2 (60)2 Fuaewz) | 2 (62)2 Fuslwyz) | |
[ Oz + Oy + 0z + 3! 23 ox3 +3! 23 Oy3 +3! 23 0z3 +

Take the limit as the volume of the box shrinks to zero we obtain

divii=  lim [y dules) . duGes
§2—0,0y—0,62—0 O 9y 9z
: 2 (00)® Pur(egz) | 2 (1) Pualews) | 2 (02)° Pus(egs) |
+ 520 zilylgo 52—0 [3’ 2 o8 TR o T a8 o3 T

3?}1(%9 2) + 3?}2(3c Y,2) + 3113((;6,?/,2)

As a measure of the net outward flux per unit volume at a point (z,y, z), positive divergence indicates a

source of fluid at the point whilst negative divergence indicates a sink.



If E is an electric field vector, div E measures the charge density at a point.

If for a vector field U, div ¥ = 0 then ¢/ is said to be solenoidal, that is, no net outflow or inflow of fluid/

no electric charge.

Example
Find the electric field at position 7 due to a point charge at the origin.

Solution:

Q  wityj+zk
4meg (x2+y2+z2)%

— 9 x (v o=z
= leE V E 471'50 |:(9x <(I2+y2+z2)g) + Ay ((x2+y2+22)§> + 0z (($2+y2+zz)g>:|

3(z2 24 52
= Q (LBl oen +273_§):&[§_(L+)]:0

E=

ﬁwl‘ﬂ

47T6

4meg 2 rd 4meg | 3 rd

,div E=0 except at the origin.

=3 . S, N . . . .
Hence E is solenoidal (7# 0 ) which is consistent with the above interpretation.

5. Curl of a Vector Field

We define
curlv =V x v = (Z% —I—ja% + E%) X (vlz—l— Ugj—i- 'U3E>

= Z% X (Ulz—f- Ug;—f— U3E> + 5% X <’U1’Z+ ?Jgj—l— ’U3E> —+ E% X (Ulz—f- Ugj—f— 1)3];;)

N T BT T T o T T BT T 0T o D] T P Tt O
—%zxz—l—(%zxg%—azzxk—i—8y]><z+8yj><j+aj k+ Stk xi+ G2k X j+ G2k x k
17k
— i (9vs _ Ovp Our __ Ous Ovy _ Ouy 9 & 8
_Z<8y 8z>+j(8z 8m)+k<8m 8y>_ 9z dy 9z
V1 Uy Us

Note V x ¥ is a vector function.



Example

Let 7 = 2221 — 2y32%] + 2y22k, find curlv.

Solution:
curly =V x o= | 2 8% 2 1= (222 +4P2) 0 + (22 — y22) J.
22z =232 ay?

Physical Interpretation

Again we shall illustrate the idea of curl using the motion of an incompressible fluid with velocity

T =i+ Ugj'. Consider just the xy -plane and a small imaginary rectangle of sides dx and dy centered

at(z,y).

'(X,y)

Flow along AB = length of ABx velocity component along AB = vy (:E, Yy — %y) 0x and flow along

CD = —u (x,y + %) ox.



Sum = [vl (a:,y— %’) — (:E,y~|— %y)] ox

sy dui(ay) |, (—%) 02 (ay)
= |0z, y) + (=F) F52 + g e

57_7,4 2
- (”1<x»y)+%‘8“a(§’y) + Gl onen o gy _onea) gy - G2 OuGa s,

Similarly the sum of flows along BC' 4+ DA is:

Oua(x

(%,y) S0y + (6x)3 3302(93711

3122

6m5y + -

The total circulation (net flow around a closed path) around the rectangle is:

o (2 v (6z)% D3va(x 3 3v
[8 za(xﬂl) v ( ,y):| 5x5y + |:§'2)2 g 82253:1/) (gé)Q g 1 :| 5:c5y—|—

If we consider circulation per unit area, we have

v2(T V1T .1}3 3’1) T 3 31} xT
[a 26<$,y> . 1§y,y>} I [(55!2)2 9 5;34/) _ (§!y2>2 d 5y(3’y)] e

Taking the limit as the area of the rectangle shrinks to zero, we have

. . 3 53 3 53
lim [avza(a:,y) _ 3”18($7y):| +  lim [(;?2 % 'Lg(?y) _ (:;5'1/2)2 0 g(g,y) 4.
6x—0,0y—0 z Y dx—0,0y—0 : Y : Y

— 8U2(I,y) _ 8’[)1($,y)

- ox Oy

= [ Ov ov 7
So curlv = (a—; — a_yl) k
If this quantity is positive/negative/zero a small paddle wheel placed in the fluid at the point P would

rotate anticlockwise/clockwise/remain stationary.

By analogy with a rigid body rotating about an axis with angular velocity w for which the angular
velocity vector is wri, where 7 is a unit vector along the axis of rotation, we may associate with the

rotational effect of the fluid a vector.

10



8112 @1}1 ];
or 0Oy
This is the third component of curl . Similarly, by considering flow in 3 -dimensions we may derive the

full expression for curl ¥ which gives a measure of the rotational effect of the fluid flow at a point.
If His a magnetic field vector, curl H measures the current density at a point.

Example: (An Interpretation of Curl)

Angular Velocity €2 as the Curl of the Tangential Velocity T. Suppose a body rotates with uniform

angular speed w about a line L. See the figure below.

(x,v,2)

L~ (0,0,0)

The angular velocity vector €2 has magnitude w and is directed along L as a right-handed screw would
progress if given the same sense of rotation as the object.Let L go through the origin and let

R = 2i + yj + 2k for any point (z,y,z) on the rotating object. Let T(z,y, z) be the tangential velocity.
Then |T'| = w|R|sinf = |Q x |, where 0 is the angle between R and L. Since T and Q x R are in the
same direction, then T=0QxR.

Now, write = ai + bf+ ck.

i j ok

Then T=QxB=|,4 p ¢ |=(bz—cy)i+ (cx—az)j+ (ay — ba)k.

But

11



curlT =V x T = 9 ) 2

bz—cy cr—az ay-—br

_ [B(ay—bm) o 8(cw—az):| ;_ |:8(zzy—ba:) . 8(bz—cy):| j’_’_ |:8(cz—az) . a(bz—cy)] E

dy 0z oz 0z oz dy
= 2ai 4 2bj + 2ck = 20)

V xT

N

Therefore, 2 = %Curlf =

The angular velocity of a uniformly rotating body is a scalar multiple of the curl of the tangential
velocity. Because of this interpretation, curl was once written rot (for rotation), particularly in British

books on mechanics. This is also the motivation for the term irrotational for a vector field whose curl is

Zero.

Example
Consider a current-carrying conductor with circular cross-section of radius R. Then the magnetic field H

. %;” outside conductor

is H= , where r = (2% + yz)%

%}g;’” inside conductor

}\\;j/> .

H field
Outside the conductor,
i j k
=3 =3 a7 - 1 242 1 22 e —
el =Vxi=| 2 2 2 =00+ (e — B4 e - 2)E=T0
_y . 0
2m(z24y2)  2m(22+4y2)

Inside the conductor,

12



7 — 7 — 0 a o) - ; ; k
curlH =V x H = 3 oz (sz2 + 27rR2) k
Yy  _z
2rR? 2mR? 0

#lg = J— the current density in the conductor.
- - = S . . .
If for a vector field @, curl ¥ = 0, then ¢ is said to be irrotational.
Examples
(i) The magnetic field above, outside the conductor, is irrotational.

(ii) The electric field E due to a point charge is irrotational (exercise).

6. Vector Identities

Some useful results involving the vector operator V are:
f and g are scalar fields, ¢ and  are vector fields.

1) V(f+9)=Vf+Vy

(ii) V(fg9) = fVg+gVf

(iii) V- (¥4 W) =V -0+ V-0

(V) V- (f0)=Vf T+ V-7
(V) VX (U+ W)=V xT+V xd

(Vi) V x (FO) = Vf X T+ [V x 7

(vil) V- (T x W) =w -V x 0 —0-V x @

(viil) V x (7 x @) = (@ - V)T — (5 V)@ + (V - 10)

<y
|
<
S
g

(i) VxVf=10

13



Let v(z,y, z) be a scalar field. Define the Laplacian Vv of v by Vv = % + g—Zg + 327;’.

In del notation Vv = V - Vu.V? = a 2 4 8y2 + a 2% can be applied to a vector field 7 = vyi + Ug] + v3k

and V20 = TF + 5 + 5F = G+ G+ Gak+ Gl GRi+ Gak+ SR+ GBI+ SRk
Example

. = R R
Prove (vi) V x (fv) =V f x0T+ fV XU

Proof:

(=] 2 2 2 | =72 (fu)— & (fr)] +T[2(F) - & (o)l +F [ (F2) - 2 ()]
i fva fos

v 0 v = v
=7 (S 4 s = St = 152) 47 (15 + S = 12— )
+k (fa”2+v af—f%—";—vlg—D :?(‘g—iv3—%vg>+f<%—’;—%>
k

7 (o = ) + 17 (52 - 52) + K (e — ) + (G2 - %2) = VI x T+ [V x 7

Example
Prove (ix) curl(grad f) =V x (Vf) = f
Proof:
s ) ) ? ) ) 7 ) )
Vx(VH=|2 2 2 |=i[2@ -2 (%)]-TBE - L@ +F[2 (%) -4 )]
of of of
ox Oy 0Oz

_ (e _ (o _ n(of 9 rY_ ¢
=1 <8yaz - 8z8y> —J (8:}082 - 628:}0) +k (8161/ - 6y8:v> =0

14



The converse of this result is also true, that is, every irrotational vector field is the gradient of some
scalar field, and has important applications in electromagnetism and fluid dynamics.

Similarly the converse of result (x), which says that every solenoidal vector field is the curl of some
vector field, arises in applications.

Example

Show that V - F = 0 (where F = fi(z,y, 2)i + fo(z,y, 2)] + f3(z,y, 2)k is some differentiable vector field)
implies and is implied by F' =V x H (where H= ha(z,y, 2)i + ho(x,y, 2)] + hs(z, v, Z)E is another

differentiable vector field).

Proof:
i 7k
nil 7o __ [ Oh oh = oh Ohs\ 7 oh oh .
F=Vxfi-det| 2 2 2 — (% - g2) 7 (- g) T+ (Y2 - ) R
hy he hs
Then

F=vV. 7 _ 0 (0hs _ 0hy 9 (O _ dhg 0 (Bha _ O
VF_VVXH_B:E(&y 6z)+6y(82 8x)+82(8x 8y>

_ 9%hs _ 82%hs + 82%ho _ 82%ho + 8%h 8%2hy
~ Oz0y Oyox 0z0x 0x0z

0%h3  0%hz 0%ho 9%ho 9%h1 03hy . 0%hs __ 0%h3 0%hs __ 0%hs 0%hi __ O%hy
If Oxdy’ Oydx’ 0z0x’ Oxdz’ Oydz’ 0z0y are continuous, then Oxdy ~— Oydx’ 0z0x = Oxdz’ Oydz = 020y

L 0%hy _ 9%hs 3?ha  0%ho hy  0%h1 _
It follows that V - I = Oxdy Oyox + 020z 0z0z Oyodz 0z0y 0

Suppose V- ﬁ = 07 that is (%fl(xay>z) + ainy(xvy?Z) + %fg(l’,y,Z) =0

Considerﬁ:VxFI:(%—%)ZjL(%_%)j_i_(%_%)g
(

fl __ Ohsg Oha

oy 0z
Oh Oh,
Solve fo=9u _ Ok .
f — Ohy _ Ol
37 oz Oy

\

15



fl __ Ohs Oho

T oy o
Let hy =0, then fo = _%
=%
f3= %2 = ho(x y, =[5 faty, 2)dt.fo = = G2 = hy(w,y,2) = = [ fo(t,y, 2)dt + k(y, )
Then
ey, 2) = o[- I, fz(t,g;)dwk(y,z)] (s, f?gjy,zw)

zo xo o 0y

e N [afz(t,y,z) + sy ]dt+ Ok(y,2)

_fz 8f1(t,y7 dt + 8k(y, ) _ fﬂ: of1(t ,y7 dt-'- yz)

Of1(ty,2) | 0fa(tw,2) , Of3(tw,=) _ o o
oz + oy + Oz =0

:f1($7y72)_f1 (x07y7z>+ak((93;7)2) = o y7 fl (x07y7 ):>k Y,z f fl o, t, Z) dt

SO hg(l’, Y, Z) = - f;z f2(ta Y, Z)dt + fy@;(’) fl (l‘(),t, Z) dt

FlnauY? _jf f3 t Y, & dt+k |: f;o f2(t7yaz)dt+fygz fl (Sﬂo,t,Z) dt]

Example
Let F = (y— 2)i+ (z — 2)j + (z — y)k. Find a vector field H = hy(z,y, 2)i + ho(z,y, 2)] + hs(z,y, 2)k
with h; = 0 such that F=VxH.

Solution:

~
Sy
ol

V x H = det 2 2

§
@

<
¥l

hi he hs

16



ﬁ:Vxﬁandh1£0:>(y—z);+(z—x)f+(x—y)lgz<%—%);—%;’+8h2%

oy 0z ox T
(
_ » — Ohy  Ohy
Y Z_By oz
That is, { -y — 2
xr
_ Ohs
r—y=5S%
Oz
\
oh 2 oh 2
r—y=2=hy=%—yr,z—r=—-52 = hy =5 —zx +C(y,2).

oh oh ac 2 2 2
y—z=52 -2 =5 =>Cy.2) =% —zy. Thus, hy = 5 + & — 2z — 2y.

—

So, H = <§ — ya:) i+ (% + % —zr — zy) k. (Notice that H is not unique.)
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