MA1201 Calculus and Basic Linear Algebra ll Solution of Problem Set 2
Problem 1
(a) Lety_1+i:>d_y:_£:>dx_—£dy

dx x3 2 7

Then the mtegral becomes

1 1
etz e X7 [ %8 1r 1, 1 41
J. 3 dxzf 3 —Tdy =—§fe dy=—§e +C=—§e x* + C.

O eyoto20 0P gagee L
Lety =1-2x =>dx— 6x° = dx = 6x2dy.

Then the integral becomes

1
J.xz sec(1—2x3)dx = fxz sec(1 — 2x3) (—mdy> = secydy

6
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1 1
= —glnlsecy +tany|+ C = —glnlsec(l —2x3) +tan(1 — 2x3)| + C.

(©) P A S
Let y=1+x :dx—4x =>dx—4x3dy.

Then the integral becomes

1 1
f 11\/1+x4dx—j \/1+x4 —dy =ZJ 81+ x*d =—f(y—1)2\/§dy
7
y2

1 5 3 1 1 y? y
—4f<y2—2y2+y2)dy Z 7—2?4‘?
2 2 2
=—(1+x4)2——(1+x4)2+ (1+x4)2+C

(d) 2 3y 1
Let y = x% > — =2x = dx = —dy.
et y=x Ix X X % y
Then the integral becomes
1 1
fxcosz(xz) dx = fxcosz(xz) (—dy) =—fcoszydy
2x 2
171 1
= EJ > [cos(y +y) + cos(y —y)]dy = ZJ(COS 2y + 1)dy
—1<1 in2y + )+C—1 in(2x? +x2+C
=z\zsin2y +y —851n(x) 2 .
(e) y
L = —_— - = - —
et y cosx:dx sinx = dx smxdy
Together with the fact that sin 2x = 2 sinx cos x, the integral then becomes
1 3
Jsian\/cosxdx = stinxcosx\/cosx(—mdy) = —2Jyﬁdy= —ijfdy
5
=22 o= tsixtc
= — ?+ ——gcos x+C.
2
(f) dy 1
Let y=1+4+e* = —=¢e* = dx =—dy.
ety e Ix e X = y

Then the integral becomes

J(l + ex)3 j(l + ex)3 ex J(l ¥ ex)3 1y fyy__gldy = j(y—z —y~*)dy

=y l4= y"2+C—

+ +
1+e* 2(1+ e¥)?
_1_
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d 1
(€) Lety=x2—1=>%=2x=>dx=§dy.
When x =1, y=12—-1=0. When x =2, y =22 —-1=3.
Then the integral becomes
2 3 1 13 1 e3 1
x%-1 — x?-1(___ — y —_oy13 =___
J.lxe dx foxe (Zxdy) zfoe dy 2e lo > T
(h) dy 1
L =] 5 ——=—-= = xdy.
et y=Inx X% dx = xdy
When x =5, y=1In5. When x=1, y=In1=0.
Then the integral becomes
>sin?(ln x 05 5in2(In x In5
f #dx=f #(xdy)=f sin? y dy
1 X 0 X 0
In5 1 In5
=f —E(cos(y+y)—c05(y—y))dy=—EJ (cos2y — 1)dy
0 0
= 1<1 2 )1115 1'(21 5)+115
=-3 2sm y—y = 4sm n 2n .
(i) Following the idea of Example 7, let y = x2 +4% —2x:>dx—$dy.
We compute the integral by decomposing it as foIIows
f3x+2d_j 3xd+f 2 d‘j 3x (1d)+2j 1 d
x%+4 = x2+4x x2+4x x%+4 2% x+4x
—Bfld +2f ! d —31 +1 1t 12X +C—31|2+4L+t‘4x+c
=5 yy 2 (£)2+1 x—zny 21an > —znx an 5 .
2 2
(i 2 dy 1
L =x°—-2 —=2x—-2 = .
et y=x x+5=>dx X = dx 2x_zdy

Similar to (i), the integral can be computed as
J 2x + 1 p _J 2x — 2 p +J 3 p
X2—2x+57 " ) x2—2x 45" X2—2x+5
_f 2x — 2 ( 1 d)+3f 1 d
B x2—2x+5 x—2 y x2—2x+5 x

i oo [y i e

an1 22 +C = In|x? -2 +m+3t X1
1 an 2 = 1n|x X 2 an 2 .
2

= In| |+3
= In|y 1



(k)

(1)

(m)

(n)

(o)
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1

d
Let y = 3x2 +6x+19=>d—y—6x+6=>dx—6x+6dy.
Then the mtegral can be computed as
J‘ f 4x + 4 4 d
3x2+6x+19 3+ 6x +19° 3x2 +6x+19
211 1
dy — dx==|—-dy—4 d
3fyy f3x2+6x+19x 3fyy f3(x+1)2+16x
2 Inly| 4 1 g
nyl|——-—- 2 X
R EE)
4 X7y
2 1[ 1 V3 V3
=21 19| — > —=tan™!(—
3n|3x + 6x + 19| 2 \/§a <4x+4> +C
Z
2 1 V3 V3
=—=In|3x?+ 6x + 19| ——tan"!(—x+— | + C.
3 V3 4 4
) dx
Letx=sm9$E=cost9=>dx=cost9d9.
The integral then becomes
1 1
—dx=f c059d6=J_ d9=jcsc20d0
fx%/l — x? sin? 6 v1 — g’in2 0 sin? §
sSino=x
cos @=V1-x2 m
=—cotf+C = — + C.
X
Let x = ——tanf = 2 = L sec?0 = dx = = sec? 6 do
et x = —tan — = —sec X = —sec
V3 dd 3 V3
The integral becomes
f 1 J _f 1 (1 0d0 fsecH _1 1 20
2= (3¢ T V3) sec30 T y3) secd
(1+3x )2 1 5 2
1+3(5tan20)
1j 6d0 = —sing+c=t Y _ ¢ = +c
=—| cos = —sin = =
V3 V3 V31 + 3x2 V1 + 3x2
Let y= 42+ 152 Cgr s dr = —d
et y=4x 1x - 8% x =o—dy.
Then the integral becomes
1
f o f f 3y§+c > 4x2+1+C
- = —+/4x .
V4xz +1 Vé4x? + \/_ 8% 4
Let x = osinf = =3 0050 > dx = >cos0db
=- =5 — == = =- .
et x = sin 79 = 78 X = cos

Then the integral becomes
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2

3 3 9
J-\/9—16x2dx=.[\/9—16(—sin9) (ZCOSGCM):ZICOSZHCM

4
9r1 9 9
=Zfz[cos(9+0)+cos(9—0)]d0 =§Jc0520d0 +§f1d9

= % o 29+99+C—9 in @ 9+99+C
= g sin 3 = gsin cos 3
9/4\VI—16x2 9 __4 1 9 4
( )T +§sm‘1§x+C=§x 9—16x2+§sm‘1§x+C.

8

3

(p) Using completing square technique, we first rewrite the integral as

1 1
f 3dxzf 3dx.
[ 2

(x? + 6x + 10)2 (x+3)2+1]

dx
Let x+3 =tanf = — =sec?f = dx = sec® 6 db.

do
Then the integral becomes
1 1 1
f 3dx=f—35ec20d0=f—9d9=fcos€d9=sin9+C
[(x+3)2+1]2 (tan2 @ + 1)2 sec
x+3
= + C.
Vx? + 6x + 10
(a) dy .
L = _— - = —-— .
et y=cosx = I sinx = dx sinxdy

The integral then becomes
1
fsin7xdx = jsin7x<——dy) = —jsin6xdy = —j(l — cos? x)3dy

sinx
= —f(l —y2)3dy = —f(l —3y? 4+ 3y* —y®)dy

3 .y 3 cos’ x
=—y+y3—§y +7+C=—cosx+cos3x—§cos x + + C.
(r) . dy
Let y = > = =>dx = dy.
et y =sinx = ——=cosx = dx = ——dy

The integral can be rewritten as

fsin3xc055xdx = fsin3xc055x<

dy) = f sin3 x cos*xdy = f sin3 x (1 — sin? x)%dy

cos x L
= jy3(1—y2)2dy= J(y3 —2y5+y7)dy=y7—yg+y§+5
_ sin4x_sin6x+sin8x+c
4 3 8
Problem 2
(a) Take u =x and dv =e ¥dx 2> v = [e ¥¥dx = —§6_3x.

Using integration by parts, we get

1 1 1 1
jxe"3xdx = —§xe_3x — J —§e‘3xglic = —§xe‘3x +—J e 3%dx

“ —— 3
u dv —_— ~—————du
ulv 1 v
-3x -3x
=—=xe " ——e " + (.
3 9

1 3
(b) Take u =Inx and dv=\/§dx=>v=f\/§dx=fx5dx=§x5.
Using integration by parts, we get
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e e 2 E 32 §
J-\/Elnxdx=.[ lnx\/}dx=—x21nx|f—f —x2d(Inx)
1 1y dv 3 3

- 1 - du
uv| v
2 3 2 3 2 (¢ 3/1
=§eZIne—§x21n1—§f1 xZ(;dx>
3
_2% 2 e%d_Z% 2x2
—§e —§f1 X x—§€ —§?|1
2
2 % 4 %+4_2 %_{_4
3% T 9% TgT 9 Ty
(c) Take u = x? and dv = sinxdx = vzfsinxdxz—cosx.
Using integration by parts, we get
J.Eisinxdxz —x? cosx—f—cosxd(xz) = —xzcosx+2fxcosxdx.

u dv uv v du
To compute the second integral, we take u = x and dv = cosxdx = v = [cosxdx =

sinx. Using integration by parts, we have

f&cosxdx =xsinx — | sinxdx = xsinx + cosx + C.

—— e
u dv uv v du

Therefore, we conclude that

fxz sinxdx = —x? cosx + 2xsinx + 2 cosx + C.

(d) We first rewrite the integral by using product-to-sum formula:

1 1 1
fxsinzxdx=fx[—z(cos(x+x)—cos(x—x))]dx=—EJ£c052xdx+EJxdx
u dv

u=x
dv=cos2xdx

1
:v=fcoszidx=§sm2x 11 - jl .y +1 xz
= 5| 7 xsin2x 5 sin 2x dx 513
du
uv v
- '2+1( - 2)+x2+c— ! sin2v— Scos2x + 4
= =g Xsin2x + 2~ cos2x 2 = =g ¥sin2x —gcos2x +— .
3
(e) Take u = cos™'x and dv = x?dx = v = [ x%dx = x?

Using integration by parts, we have

x3 x3
sz cos 'xdx = j cos 1 x (x%dx) = ?cos‘lx - f?d(cos‘1 x)

u dv — — du
uv v
X 1 x3 4
—?COS X+§fﬁ X
y=1-x2
ay__
dxf:Zxxg ) +1f X3 ( 1d)_x3 ) 1J1_yd
—3cosx3\/1_7xz2xy—3c05x6 yy
1 3
x3 1 1 1 x3 1{ y2 P
= = cos 1x——J(y_5—y2)dy=?cos 1x—€ YT_% +C
2 2



(f)

(8)

(h)

(i)
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Take u =tan"'x and dv =dx > v = [dx = x.

Using integration by parts, we have
X

J-tan_lxdx = xtan‘lx—fxd(tan‘lx) = xtan_lx—f dx
—_— 14 x2
u dv uv vdu
y=1+x2
ay_
ﬁdgzxt_l f x (1d>—t"1 1J1d
2 xtanlx 1_{_xzzxy—xanxzyy

_ 1,1 _ 1,1 2
=xtan"t'x 2ln|y|+C—xtan X 21n|1+x|+C.

Take u = cscx, dv = csc?xdx = v = [ csc? x dx = — cotx.
Using integration by parts, we have

3 _ 2 - _ | (=
J.csc xdx —J.(EEE_JJC(CSC xdx) = —cscx cotx f( cotx) d(cscx)
u

dv uv v du

= —cscxcotx—fcscxcotzxdx= —cscxcotx—fcscx(csczx—l)dx
=—cscxcotx—fcsc3xdx+Jcscxdx

= —cscx cotx — In|cotx + cscx| — f csc3 x dx.
Summing up, we get

fcsc3xdx = —cscx cotx — In|cotx + csc x| —fcsc3xdx
= chsc3xdx = —cscx cotx — In|cotx + csc x|

1
= f csc3 xdx = —E(cscxcotx + In|cotx + cscx|) + C.

Take u = cos?x, dv = cosxdx = v = [ cosx dx = sinx.
Using integration by parts, we have

f cos3 xdx = f cos? x (cosx dx) = cos? xsinx — f (sinx) d(cos? x)

u dv uv v du

= coszxsinx—jsinx(—z cos x sinx)dx = coszxsinx+2[sin2xcosxdx
= coszxsinx+2[(1—coszx)cosxdx
=coszxsinx+2fcosxdx—2fcos3xdx

= cos? xsinx + 2sinx — Zf cos3 x dx.
Summing up, we get

fcos?’xdx=coszxsinx+251nx—2fcos3xdx
= 3 | cos®xdx = cos? xsinx + 2sinx
:>fcos3xdx=§(coszxsinx+25inx)+6.

1 1 _
Take u = (Inx)? and dv=x—2dx=>v=fx—2dx=—x 1=—2

Using integration by parts, we have
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€ Inx\° e 1 (Inx)? e 1
f (—) dxzf (lnx)z(—zdx)z— |f—f ——d(lnx)?
1 v X 1 X 1 AT
a ) dv uv v
ﬁ(lnx)ziz(lnx)(z) (Ine)?> (In1)? ®Inx 1 e 1
= — + —de=——+2J (lnx)(—zdx>
e 1 1 X e ; —\x
u ~——
dv
u=lnx
dv—lzdx
1 1
wfx_fx: X In x e 1
= ——+2 ——|§—f ——d(Inx)
e X 1 X
uv v
1 Ine Inl €1 1 2 1 5
=42 ——+—+f — dx =————+2(——)|;=2——.
e e 1 1 X e e b e

We take u = sin3x and dv = e*dx = v = [ e*dx = e*. Using integration by parts, we get

fex sin3x dx = e* sin3x—jexd(sin3x) = e* sin 3x—3jex cos 3x dx

U=cos 3x
dv=e*dx=v=[e*dx=e*
~

e*sin3x — 3 (ex cos3x — f e*d(cos 3x)>

=e*sin3x —3e*cos3x —9 j e”* sin 3x dx.

Summing up, we get

fexsiandx = e*sin3x — 3e”* cos 3x—9Jex sin 3x dx

:10f

e*sin3x dx = e* sin 3x — 3e* cos 3x

1 3
X o} _ X o} _ X
:ofe sin 3x dx —10e sin 3x —108 cos3x + C.

Problem 3

(a)

(b)

dy
Lety=Zex+1:dx

The integral then becomes

1
—=2ex=>dx=2—d

exy

1

1
J e?*sin(2e* + 1) dx = J e?*sin(2e* + 1) (Zex> dy = EJ e*sin(2e* + 1) dy

_1fy—1

2) 2
u=y

dv=sinydy

1

1
siny dy =nysinydy—1fsinydy =

=v=]sinydy=-cosy 1

N

1

4

Let y =2Vx=>—=—

dx /x

4

1
(—y cosy — f(— cosy)dy + 708 y)
1

1
——=ycosy +-=siny +-cosy+

4 4

1
= dx = Vxdy

When x =1, y =2. Whenx =0, y =0.

The integral then becomes

1

i

1
ysinydy+Zcosy
\; dv

1 1 1
—Z(Zex + 1) cos(2e* +1) + Zsin(Ze" +1)+ Zcos(Zex +1)+C.



(c)

(d)

(e)
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1 2 2 1 (2
f sin(2vx) dx = f sin(2vx) (Vxdy) = f %siny dy = Ef ysiny dy
0 0 0 [

dv
u=y
dv=sinydy
Sv= fsmydy——cosy1 1
= 2( —ycosy|§— f (- cosy)dy>=—c052+§smy|0
1
= —c052+§sm2.
d 1 2
Lety=1+§/§=>d—z=—2=>dx=3x§dy.
3x3

When x =1, y=2. When x =0, y=1.

1 2 2 2
fln(1+i/§)dx=f 3x§1n(1+i/§)dy=3f (y —1?Inydy.
0 1 1

Using integration by parts with u(y) =Iny and dv=(y—1)3dy = v = [(y — 1)?dy =
(- 1)3

. We get

—1)3 2(y—1)3
L(y—l)zmydy=(yT)lny|%—jl Y=L dany)

1 Zy3 — 3y? +3y—1 1 1
=§ln2——f dy —ln2——f y —3y+3—;>dy

1 1 y3 3y
=—-In2—-=- ———+3y Iny ||

3 3\ 3

Let y=lnx=>-—=—=dx =xd
.
et y=Inx x = xdy

Then the integral becomes

f cos(lnx) dx = jxcos(ln x)dy = j e¥ cosy dy.

Using similar techniques as in Problem 2(j) (integration by parts twice), we get
j e cosydy = %(ey cosy + e¥ siny).

Therefore, we conclude that

1 1
f cos(Inx) dx = > (eYcosy +eYsiny) = > (elnx cos(Inx) + e™* sin(In x))

1
=5 cos(Inx) + 5 sin(In x).

dy
Let y = si > = =>dx = d
et y=sinx I Ccos x X o5 x y

Together with the fact that sin 2x = 2 sin x cos x, the integral can be rewritten as
1
f sin 2x In(sinx) dx = 2 f sin x cos x In(sin x) (m dy) =2 f ylnydy

2
Using integration by parts with w =Iny and dv =ydy > v = [ydy = y?, the latter integral

can be computed as
2

2 2 2
Y v [ Yo (22 >_y_ _lf
fylnydy— 3 Iny f 3 d(Iny) = 3 Iny f 5 (ydy Iny ydy

2 2
y y

-7 _2 _
5 n|y| 2 +C

Therefore, we conclude that



(f)

(8)

(h)
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y? y?

n‘x
J-sin 2xIn(sinx) dx = 2 (—lny — —> + C = sin? x In|sin x| —

2 4

dy
Lety=x+3=>E=1=>dx=dy.
The integral becomes

J.(x+1)ln(x+3)dx=f(y—2)lnydy.

Using integration by parts with u(y) =Iny and dv = (y —2)dy = v = [(y — 2)dy . 22)2.
The later integral can be computed as
o-2° (y - )2 (y —2)? 1y’ —4y+4
f(y—Z)lnydy— f ny) = —lny——f—dy
2 2 y

(y - 2)2 4 (y —2)? y*

Tlny zf(y 4+y)dy Tlny—7+2y—21ny+C.
Thus we conclude that

(y —2)? y?
(x+1)1n(x+3)dx=Tlny—7+2y—21ny+6
x —1)? x + 3)?
=%ln|x+3|—%+2(x+3)—21n|x+3|+€.

Let y = 1 =d d
— - = — = —
et y=e* e* X =—xay
When x = 2, y = e? —1.Whenx——1,y——e—1.

The integral then becomes
fz @2 4 fez—l @2x (1 4 ) j-ez—l eX 4 J«ez—ly_l_ 1d
X = y Yy = —ay
p e* -1 e-1 -1 e-1 €1 e-1 VY

e“—1 1 2 4
=f (1+;)dy=(y+lny)|§_1 =e?—e+Inle?—1| —Inle —1].
e—1

Let y = Z:dy—z =d —1d
ey—x dx—X X—ny

The integral then becomes

1 1
J x3 cos(3x?) sin(x?) dx = j x3 cos(3x?) sin(x?) (Z dy) = Ef y cos 3y siny dy
1 1
= Efy [5 (sin(y + 3y) + sin(y — 3y))] dy

1 1
4fysm4ydy—zfysm2ydy

1 ycos4y —cos4y 1/ ycos2y —cos 2y
(L [y ) d(emn [,

4 4 4 4 2 2
= 1 4y + 1 4y + 1 2 1 2y +C
= — gV cos4y 64sm Y + gy cos2y 16sm y
= - ix 2 cos(4x?) + isin(4x2) + lxz cos(2x?) — isin(ZxZ) +C
16 64 8 16 '
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dx
Let x =2siné@ :%=2c059=>dx=2c059d9

Then the integral becomes

fo\/éL—xzdx: f4sin29\/4—4sin20(2c059d0) = 16Jsin20c0529d9

2

1
= 16f(sin9cos 0)2do = 16f (Esin 29) do = 4J sin? 26 d@

1
= 4f —3 [cos(260 + 20) — cos(20 — 26)]d8 = — Jcos 40 d6 + Zf 1d6

1
—Esin49+29+C = —sin26 cos260 + 260 + C
—25sin@ cos O [cos? O —sin? 0] + 260 + C

__ ¥ 4—x2(4—x? x? st E 4
T4 2 4 4 St

1 x? X
= —-x4—x? 1——]+2sin -+ C.

2 2

Let y =4+ Z:dy—z = dx = 1d

et y= X T X X = % y.
Then the integral becomes

1 1

f x3sin(4 + x?) dx = f x3sin(4 + x?) (5 dy) = Ef(y —4)sinydy.
Using integration by parts with u =y — 4 and dv =sinydy = v = [sinydy = —cosy. The
later integral can be computed as
f(y— 4)sinydy = —(y —4)cosy — f(—cosy)d(y—él) =U4-y) cosy+fcosydy

=(4—y)cosy +siny + C.

Hence, we can conclude that
2

1 X 1
fx3 sin(4 + x?) dx = E[(4—y) cosy +siny]+C = —7cos(4+x2) +§sin(4+x2) +C.

Problem 4

(a)

We shall compute fezx sin 3x dx using integration by parts.
: 1 . .
We take u = sin3x and dv = e**dx 2> v = fezxdx = Eezx. Using integration by parts, we get

. 1 . 1 . 1 . 3
fezx sin3x dx = Eezx sin 3x — fiezxd(sm 3x) = Eez" sin 3x — Ef e?* cos 3x dx

u=cos 3x
1
= 2e sin 3x > 2e cos 3x 2e cos 3x
= ler sin3x — Eezx cos3x — gf e?* sin 3x dx
2 4 4 |
Summing up, we get

. . 9 .
e**sin3xdx = Eez" sin 3x — Zezx cos 3x — ZJ e%* sin 3x dx
13

= —f e?*sin3x dx = 192x sin 3x _§92x cos 3x
4 2 4

= f e**sin3x dx = iez"sinSx - ieu cos3x +C
13 13 '
In a similar fashion, we obtain

j e%* cos3x dx = ier sin 3x + iezx cos3x +C
13 13 '

_10_
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(b)  Comparing with the similar integral in (a), there is an extra term "x" in the integrand. In order to

apply the previous result, one has to eliminate "x" from the integrand. This can be done by using
integration by parts.

We take u = x and dv = e?* cos3xdx = v = [ e** cos3xdx = 13_3er sin 3x + 12—362" cos 3x.
Using integration by parts, we get

f xe?* cos 3x dx
=x (ier sin 3x + iezx oS Sx) — f (i e%*sin 3x + ier cos 3x> dx
13 13 13 13
3 2 3 2
= Exezx sin 3x + Exezx cos 3x — E,f e?*sin 3x dx — 1—3f e?* cos 3x dx.
3 2 3 /2 3
= Exezx sin 3x + Exezx cos 3x — E(ﬁ e?* sin 3x — Eezx oS 3x>
- i(iez" sin 3x + ier cos 3x> +C
3 13 213 1132 5
= Exezx sin 3x + Exezx cos 3x — 1—6962" sin 3x + Eez" cos3x + C.
Problem 5

The first objective is to eliminate the term "x" in the integrand. This can be done by using integration by
parts.
Using integration by parts with u = x and dv = f'(x)dx = v = [ f'(x)dx = f(x), we have

b b b
[zrea=ywi-[ a=rim-a@- [ f@ax=s-a
a u dv uv a 4, du =1 -1 a -

Problem 6
We first simplify the first integral foax3f(x2)dx on the left hand side.

Let y = Z:dy—z =>dx = 1d

et y=x Iy X x =-—dy.
When x =a, y = a%. When x =0, y = 0.
Then the integral foax3f(x2)dx can be rewritten as

a a? 1 1 a?
[ wranax= [ wred(ga) =3[ o

0 0 x 2 ),

2 2

Since the definite integrals foa yf(y)dy and foa xf (x)dx give the same values. Therefore we conclude
that

foax3f(x2)dx - %fazxf(x)dx = %f

0 0

a? a

1 2
yf(y)dy — Ef xf(x)dx = 0.

0

Problem 7
Using integration by parts with u = x(1 — x) and dv = f"(x)dx => v = [ f"(x)dx = f'(x), we have

[ xa -0 @ar = x1 -0 @I - [ £/ @dix -]
0 0

=O—0—j f’(x)(l—Zx)dx=J (2x—1) f'(x)dx
0 0 u dv

_11_
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u=2x-1
dv=f"(x)dx
sv=[ f'(x)dx=f(x)

1 1
= (2x = DGO —f fGd@x—1) = £(1) - (—@) - zf Fl)dx=2—2=0.

~——————
=1

Problem 8

(a) Using integration by parts with u = x™ and dv=e 3*dx > v = [ e 3¥dx = —56‘3", we have

1 1 11 1 n (!
I, = J. x"e 3dx = —=x"e 3|} —f ——e ¥ d(x™) = —=e3 +—f x"le 3%dx
. 3 .3 3 3],

1 ., n
:—§€ +§In—1'

(b) Using the reduction formula in (a), the integral can be computed as

1 1 3 1 1 1 2
J;) xde 3 dx =13 = —§e_3 t3h = —§e_3 +15 = —Ee_3 + (——6_3 +§Il>

2 2 2/ 1 1 8 2 1
e+ =—=e3 +—<——e‘3 +—IO) =——e3 +—f x%e 3 dx
3 3 3 .

1 8 2 2 26
e 3 +§f0 e 3%dx = —56‘3 —ﬁe‘”l}) =———e3,

Problem 9

a+1
(a) Using integration by parts with u = (Inx)" and dv = x%dx => v = [ x*dx = ’;+1

(since a #

—1), we have

a+1 e ,a+l

e
I, =f x*(Inx)"dx = (Inx)™|§ —f d(lnx)™
1 1

a+1

ea+1 e xa+1 1
= - n(lnx "_1—dx)
a+1 fl a+ 1( (Inx) X
ea+1 e a+1 n
= ——— | x%(Inx)" tdx = -1, .
a+1 a+1); (Inx) a+1 a+1""
(b) Using the reduction formula in (a) (set a = 2), the integral can be compute as
n=3

]e 2 (Inx)*d _Ia;2e3 31_e3 e’ 2,\_2, _2 e’ 1
JNRRer =l =g =y 3 T3 ) T3 T3 3 T30

2 2 (¢ 2 2 (¢ 2 2 4 2
=§e3—§f1 xz(lnx)odx=§e3—§f1xzdx=§e3—2—7x3§=—63+—.

a+1

(c) When a = —1, the integral becomes [, = ff (0

be applied. One can compute this integral using method of substitution.

dx and the above reduction formula cannot

Let y =1 :>dy—1=>d = xd
et y=Inx b x = xdy.

When x =e, y=Ine=1. When x =1, y=In1=0.
The integral then becomes

€ (lnx)" 1 n+1 1
In=f( )dx=fy”dy=y lo =
1 0

X n+1 n+1

Problem 10
(a) Using integration by parts with u = (x? + a®*)" and dv = dx = v = [ dx = x, the integral can
be expressed as

_12_
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I, = f(x2 + a®)dx = x(x* + a®)" — f xd(x? + a®)"
=x(x%+a*)" — J. x(n(x? + a?)"1(2x)dx)
=x(x?+a*)" — anxz(x2 + a®)" ldx
= x(x? +a®)" - Zrzf(x2 +a? —a?)(x? + a®)" ldx

=x(x?+a®>)" — an(x2 + a®)"dx + 2na? f(xz + a®)" ldx
= x(x? + a®)" — 2nl,, + 2na®l,_,.
Summing up, we obtain
I, = x(x* + a®)" — 2nl,, + 2na®l,,_,
= (2n+ DI, = x(x? + a®)™ + 2na’l,,_,

=], = ! x(x? +a®)" + a’l,_,.
"o2n+1 2n+1" "
(b) Using the reduction formula in (a), we can compute the integral as
1 8
f(x2 +a®)tdx =1, = ax(x2 +a®)* + §a213
1 8 1 6
= ax(x2 +a?)* + §a2 (;x(x2 +a?)® + §a212>
1 8
= ax(x2 +a?)* + aazx(x2 +a?)3 + ﬁa“lz
1 8 16 1 4
_ = 2 2N4 4 O 2,002 2\3 4~ a4z 2 2N2 4 L2
—9x(x +a*) +63a x(x*+a*) +21a <5x(x + a*) +5a 11>
1 8 16 64 1 2
= §x(x2 +a?)* + aazx(x2 +a?)3 + ﬁa“x(x2 +a?)? + Eaﬁ <§x(x2 +a?) + gazlo)
1 8 16 64
= §x(x2 +a?)* + aazx(x2 +a?)3 + ﬁa‘*x(x2 +a?)? + Eaéx(x2 + a?)
+ 128 SJ 1d
315° )
1 8 16 64 128
= §x(x2 +a?)* + aazx(x2 +a?)3 + ﬁa‘*x(x2 +a?)? + Eaéx(x2 +a?) + Eas + C.
Problem 11
(a) Using integration by parts with u = x™ and dv = cos3xdx = v = [ cos3x dx = ésin 3x, we
have

1 1 1 n
I, = jx” cos 3x dx =§x" sin3x—J§sin3xd(xn) =§x" sin3x—§jx"_1 sin 3x dx

u=xn"1
dv=sin 3xdx

sv={sin 3xdx=—% cos 3x n 1 1

=2 gx” sin 3x —§<—§x"‘1 cos 3x — f —3cos 3x d(x”‘1)>

1 _ n L nn—1) 5
= gx” sin 3x +§x”‘ cos 3x —fo”‘ cos 3x dx

nn—1)

= lx” sin 3x + Ex"‘1 cos 3x —
3 9 9 n¥

_13_
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(b) Using the reduction formula in (a), the integral can be computed as

f‘* 3xdx = = x* sin 3x + 2 cos 3x — 21
X" COS oXx x—3x Sin 5x 9x COS 5x 3 2
= Lt sin3x 4 2 cos3 4(12'3+2 3 21)
—3x Sin sx 9x COS 5Xx 3 3x Sin s>x 9JCCOS X 9 0

8
— 4o _ A3 a2l _ —_—
—3x sm3x+9x cos 3x 9x sin 3x 27xcos3x 27fcos3xdx

8 8
T A x.3 _ 2 _ _ ‘
—3x sm3x+9x cos 3x 9x sin 3x 27xc053x 81sm3x+C.

Problem 12

(a) Using similar method as in Example 28 of Lecture Note 2, we use integration by parts with u
n—1

cos™1x and dv = cosxdx = v = [ cosxdx = sinx and obtain

VA V[ V[

> > i
2 2 = 2

I, = f cos™ x dx = fﬂcos“‘1 x (cosx dx) = cos™ 1 xsinx|?; — Jnsinx d(cos™ 1 x)
- -7 u dv 2 -7

N

T

2 7
=0-— jnsinx ((n—1)cos™2x (—sinxdx)) = (n—1) J nsinz x cos™ 2 x dx
2

i s s

2 2 2
=(n-1 f 7T(l —cos?x)cos™ %2 xdx =(n—1) f 7Tcos"_2 xdx—(n—1) f 7Tcosnxdx

2 2 2

=n—-VD,_, —(n—1DI,.
Summing up, we have

n
L=m—D ,—(-Dly=>nl,=-D,,=>1,= Tln—z-

(b) Using the reduction formula obtained in (a), the first integral can be computed as
7 n=54 n=34 8 (2 8 I 16
J_ECOS xdx =15 = §I3 = g(gh) =Ej_%cosxdx =Esz|_% =T

Using the same reduction formula, the second integral can be computed as
Vi Y T

T
2 sa2 4 2 2 4 2 4 2 6
sin“ x cos* x dx = (1 —cos“x)cos*xdx = cos*xdx — cos®xdx =1, — I
TL' TL' Y V[
2

_3, 51_3<11) 5<31)_51 15<11)_15f§( o
=1 4= 0 2| = 20—48_gcosx X

4% 6% 4\2 6 \4 870 24
_15(% 15 % 15 5
T48)n TRl b L T

(c)

d
Let x =sin#@ :£= cos@ = dx = cos 6 de.

When x =1, § =sin"!'1 = g When x = —1, § =sin"!(-1) = _g_

The integral becomes

_14_
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A

J- (1—x2)2 dx—J- (1 — sin? 9)2(c059d9)—f (cos? 0)2(c056d9) —f cos® 0 do

from (b) 15 from (b) 5
=1 Iy = f (cosx)%dx = —m.
48 16
Problem 13
(a) Using integration of parts with u(x) = sec™ ?x and dv = sec’xdx = v = [ sec?xdx = tanx
and obtain
T T T
4 4 L 4
I, = J. secx dx = f sec" 2 x (sec? x dx) = sec™ *xtanx |3 — f tan x d(sec™ 2 x)
0 0 M 2 0
oyt
4 V2 13
- n-—2 4 n-3
= (\/E) — | tanx[(n —2)sec™ ° x (secxtanx)dx]
0 d d(sec™ 2 x)d(secx)

4 n—2 ,)—
dx(sec x) d(secx) dx

Y
- 3
= (\/E)n ‘_ (n— 2)[ sec™ 2 xtan? x dx
0

1+tan? x=sec? x

= (\/E)n_z —(n—2) f sec™ % x (sec®x — 1)dx
= (\/E)n_z -(n—-2) f sec" xdx + (n—2) f sec™ 2 x dx
=(V2)" " = (=2, + (n— 2y

Summing up, we obtain

Lh=(2)""" ==l + @M=y > I =

(b) First Integral

dx
Let x = tané :»E—sec 6 = dx = sec? 09 dé.

When x = 1, e_tan-11=§. When x =0, § = tan"10 = 0.

The integral then becomes
s s

1 3 7 3 4
f (1+ x?)2dx = f (1+tan?0)zsec?0dl = f sec®0df = Is.
0 0 0

Using the reduction formula in (a), we have

3 T
(V2)" 3 V2 3(V2 1 7V2 3 (3 V2 3 u
15:T+Z3:7+Z<7+§ 1)=T+§f0 se09d9:T+§ln|sec9+tan9|g
7V2 3
Z?-l-—lnl\/_-l-ll
Hence, we can conclude that
1 3 7V2 3
f(1+x2)§dx=15=?+§ln|\/§+1|.
0

Second Integral

_15_
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dx
Let x = 2secH :E= 2secftanf = dx = 2secBtan 6 do.
When x = 2v2, V2 =sec =0 = cos‘l%zg. When x =2, 1=secd =260 =cos 11=0.
The integral then becomes

2v2 %
f x%\/x2 — 4dx = f
2

0

Vs
4
4sec?@+/4sec?f —4(2secHtanf do) = 16f sec3 @ tan? 6 db

0

i i i
= 16f sec3 6 (sec’ 8 — 1)do = 16f sec® 0 do — 16f sec36df = 16Is — 161,
0 0 0

=16<7:3/— §1n|\/_+1|)—16<\/— —ln|\/_+1|>—6\/_ 2In[v2 +1|.

Problem 14

(a)

(b)

Using the integration by parts with u = x™ ! and dv = xVa?2 —x2dx = v =
y=a?-x2

3 3
[xVa? —x2dx = —lf\/_dyz—gyfz—g(az—xz)i we have
3 a 1 3
I, —f "Ja?—x dx—— x" " (a% - 2)7|8—f —E(az—xz)id(x"_l)
0

3 n—1 ¢
=0—0+—f x”_z(az—xz)zdxz—f x"2(a? — x?)y/a? — x2dx
n—l n—1 n—1
j "2 a? — x2dx — f "Ja 2 _x2dx =2 a Ly, — 3 I,.

Summmg up, we have
n—1 n—1 n—1
In = azln_z - —In = In = ( )azln_z.

3 3 n+ 2
Remark of (a)
It is not a good idea to use integration by parts with u = x™ and dv = Va? — x2dx. Itis
. VaZz-x2  a? .
because the function v becomes v = [Va? — x2dx = - = % + a?sm‘lgand the

integral will becomes

a
f x™Ja? — x2dx
0

L(xva?—x% a® _ x\ ¢ L fewat-x* a® _ x
=x"\—————+—=sin"" —||lg—n| x ———+—sin" " — | dx.
2 2 a 6 2 2 a

The computation will be tedious. Hence, one has to modify the choice of v (or dv) so that the
integral will not be too complicated after using integration by parts.

Using the reduction formula in (a), we have

a 3 a a a
J xz(az—xz)fdx=J xz(az—xz)\/az—xzdxzazf xzmdx—j x*Ja? — x2 dx
0 0
1 3 1 1 1
=a212—14=a2<za210)——a212:—a4] —=a ( 210>:—10:—f v a?—x%dx

6 4 2 4
xasinG
:E—acose 4 T 6 /si 2 6 6
- a_jz 2c0529d9=a—J 1(C0529+1)d6=a—(51n29+9>2—a—(z)=g
5 ) a 8 ), 2 16 o 16\2 32°
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Problem 15
(a) Using integration by parts with u = (sin"'x)" and dv =dx = v = fdx = x, we have
x(sin~tx)* 1!
I, = J-(sin"1 x)*dx = x (sin”1x)" — f xd(sinT'x)" =x (sin"'x)" —n f — dx
n I-x2
x
=x (sin"1x)" — f (sin"tx)"1 dx
S Vioe
dv
u=(sin_1x)n_1

dv= x

Vl x2
dx=—V1-x2
N —xZ

= x (sinT'x)* —n (—\/ 1—x2(sin"tx)* ! — f —+/1 — x2d(sin™?! x)"‘1>
1 n 4 e V1 — x2(sin"1 x)"2

=x (sin"'x)" + ny 1 — x2(sin" 1 x) 1—n(n—1)f Nea dx

=x (sin"1x)" + n\/m(sin_1 )"t —nn-1) f(sin_1 x)" 2 dx

=x (sin"1x)" + ny/1 — x2(sin"1x)* 1 —n(n - DI,_,.

dx

sv=|

(b) Using the reduction formula in (a), the first integral can be computed as

I(Sin_l x)3dx = I; = x (sin™" x)3 + 3y/1 — x2(sin" x)2 — 61,
=x (sin"'x)? + 31 — x2(sin"1 x)? — 6[ sin™! x dx ... (*)

To compute the last integral, we use integration by parts with u = sin"'x anddv =dx = v =
[ dx = x and obtain

fsm xdx = xsin~ x—fxd(sm Xx) = xsin~ x—f

v1-— x2
y=1- x?
ay_
ax— 2x

2 xsinTlx+= j dy =xsin"'x+,[y+C=xsin"'x+/1—-x2+C.

We conclude from (*) that
_f(sin‘1 x)3dx = x (sin"1x)3 + 3y1 — x2(sin"1x)? — 6xsin"1x — 641 —x2 + C.
Consider the second integral, we use integration by parts with u = (sin"!x)® and dv =

_x — 1 =2
N dx>v = 1 —x% (from (a)), we have

x(sin™?! x)5d f( 9 )5< X >
x =] (sin"tx x
V1—2x2 \/—7362

= —(sin™'x)%/1 — x2 — f —1—x2d(sin"! x)°>

V1 —x2(sin" 1 x)* p
x
V1—2x2

= —(sin"1x)°/1—x2+5 f(sin‘lx)“dx = —(sin"'x)%y/1 — x2 + 5],

= —(sin"x)°y1 —x2 +5I, ...... (*%)

Note that I, can be computed as

= —(sin'x)%/1 —x2 + f 5

_17_
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I, = x(sin"1x)* + 4(sin" 1 x)3{/1 — x2 — 121,
= x(sin"tx)* + 4(sin"1x)3{/1 — x%2 — 12 (x(sin_1 x)? + 2(sin"1x)3{1 — x%2 — 210)

= x(sin™tx)* + 4(sin"* x)3y/1 — x2 — 12x(sin"* x)? — 24(sin 1 x)3y1 — x2 + 24.[ 1dx
= x(sin"1x)* + 4(sin"1 x)3y/1 — x2 — 12x(sin" 1 x)? — 24(sin"*x)3y1 — x2 + 24x + C.

x(sin~ x)5

Substitute this into (**), we obtain the value of f?dx. (We skip the detail to save

space).

Problem 16

(a)

(b)

(c)

Note that 3x — x? = x(3 — x), we may try the following decomposition:
1 1 A B
3x —x2  x(3—x) _;+m
=1=A(3 —x) + Bx.

e Substitute x = 3, wehavel =3B =B —é
e Substitute x = 0,wehavel =34=> A4 —§
The integral can be computed as
1
3x—x2 f dx+3f3_ =—ln|x|——1n|3—x|+C

Note that the denominator consists of a repeated factor (x — 1)2, we should try the following

decomposition:
2x%2 —5x+5 A B C
G-—12(-2) xr—-1 Gx=-12 x—2
=>2x2-5x+5=A(x-1)(x-2)+B(x—-2)+ C(x — 1)

e Put x=1,wehave 2=—-B > B =-2.

e Put x =2,wehave 3=0C.
e Compare the coefficientof x?2: 2=A4+C=>A=—1.
The integral can be computed as

j(jjc—zl_)ZE;();tSZ)d“‘fm f(—l)zd"”f 1zdx

2
=—In|x -1+ ——+3In|x — 2| + C.
x—1

Note that the rational function is the improper one, we first use long division (numerator divided by
denominator) to decompose the integrand into the sum of polynomial and proper rational function.
3x* —5x3+x2+2x+1 Bx3—2x2—-x)(x—-1D+x+1
f 3x3 —2x2—x dx:f 3x3 —2x2 —x dx
x+1 x? x+1
:f(x_l)dx+f3x3—2x2—xdx:7_x+f3x3—2x2—xdx ...... (%)
To compute the second integral, we first note that 3x3 — 2x? — x = x(3x + 1)(x — 1). We then

decompose the integrand as follows:
x+1 _ x+1 A B C

3x3—2x2—x_x(3x+1)(x—1)=;+3x+1+x—1
>x+1=ACBx+1)(x—1)+Bx(x—1) + Cx(3x + 1).

_18_
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e Putx=01=—A=>A4A=-1.

. Putx=1,2=4C=>C=%.

1 2 4B 3
e Putx=—-—-, - =——>=>B=—-,
3’ 3 9 2

Then the second integral can be computed as
1

f x+1 d—fld 3f1d+1f ;
3 —2x2 —x T T ) X)) 31T o1

1 1
= —In|x| —Eln|3x + 1] +§ln|x —1|+C.

From (*), we conclude that

3x* —5x3 +x%2+2x+1 x? 1 1
f 3x3 — 2x2 — x dx=7_x_1n|x|—§1n|3x+1|+§ln|x—1|+C.

Since the denominator consists of a quadratic factor, we shall decompose the integrand as follows:
3x%2 + 10 Ax + B C
32 —6x+10) (Z—6x+10) x+3
= 3x2+10=(Ax + B)(x + 3) + C(x? — 6x + 10)
e Putx=-3,37=37C=>C-=1.
e Compare the coefficientof x?2 : 3=4+C > A = 2.
e Compare the constantterm: 10 =3B + 10C = B = 0.
Thus the integral can be computed as

3x% + 10 4 f 2x 4 +f 1
x+3) 2 —6x+10) " " )2 —6x+107 " ) x+3

—f 20 d+f dx+Injx+3)
T x0T 2 —6x 10 r T

Let y=x?—6x+10
ay_
a—2x—6

1 1

= —d 6| ——————d 1 3
jy y + J(x—3)2+1 x + In|x + 3|

=Inly|+6tan" (x —3) +In|x + 3|+ C

=In|x? — 6x + 10| + 6tan"*(x — 3) + In|x + 3| + C.

dx

Since the denominator contains a quadratic factor, we shall decompose the integrand as follows:
—7x +19 . Bx+C
(2x + 1) (x%2 — 4x +9) S+l 2 —4x+9
= —7x+19 =A% —4x+9) + (Bx + C)(2x + 1).

1 45 45
e Pput x=—5,wehave 7=:A:>A=2.

e Compare the coefficientof x>: 0 =4+ 2B = B = —1.
e Comparetheconstantterm: 19 =94+ C = C = 1.
Then the integral becomes
—x+1
dx +f

—7x +19 . _J ;
2x+ D2 —dx+9) 7~ X2 —4x+9%

_Zf 1 p J‘ x—1 P
- 2x +1 x x2—4x+9 x
1

X —2 1
=2 dx — | ——%  _dx— | ———4d
12x+1 x Jx2—4x+9 x fx2—4x+9 x

2x+1
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Let y=x2—4x49
ay

dx:ix_4 In|2x + 1 ! 1al ! d
B n|2x l_ZJ.y y_f(x—2)2+5x
1 1 1
= ln|2x+ 1| —Elnlyl _Ef(xTdex
V5
2%+ 1] — S Injx? — 4x + 9] — 2| —tant X2 | 4 ¢
= In|2x > nlx X 5\ T an NG
V5
1 V5 x — 2
=1In|2x + 1] — =In|x? — 4x + 9] — —tan~! + C.
2 5 NG
(f) Note that by synthetic division 4x3 —3x + 1 = (x + 1)(2x — 1)?, we shall decompose the
integrand as follows:
8x% —3x — 2 8x% —3x — 2 A B C

10 3241 Gt D2x—12 x+1 221" Zx=-1)72
58x2-3x—-2=AQx—-1D?*+Bx+1)2x—-1)+C(x+1)
e Putx=- —2=3C=(C=-1
e Putx=-1,9=94=>4=1.
e Compare the coefficient of x?: 8 = 44 + 2B = B = 2.
Then the integral can be computed as

f8x2_3x_2d _j 1 J +21 1 p j 1 p
43 —3x+1 T Jx 1™ -1 a1z

1
=In|lx+1|+In|2x - 1|+ ———+ C.

2(2x—1)
(g) Note that the denominator contains a quadratic factor, we should decompose the integrand as
follows:
x?—-5x—-5 A Bx +C

(x—2)(x%2 +2x + 3) _x—2+x2+2x+3
=>x2-5x—5=Ax%?+2x+3) + (Bx + O)(x — 2).
e Putx=2 —-11=11A=>A4=—-1.
e Compare the coefficientof x>: 1=A4+B = B = 2.
e Compare the constantterm: —5=34—-2C=>C = 1.
Thus the integral can be computed as

x° —5x — 2x +1
J(x—Z)(x2+2x+3) J +Jx2+2x+3dx
2x+2 1
:_lnlx_2|+fx2+2x+3 x_fx2+2x+3dx
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y=x%+2x+3
T ez [y [
B x yy X2+2x+3
1
= —Inlx — 2| +1 — | ————d
n|x | + In|y| f(x+1)2+2x
In|x — 2| + In|x? + 2x + 3| ! ! d
= —In|x — n|x X -— | ————dx
V2 <x+1)2+1
V2
V2 x+1
= —In|x — 2| + In|x? + 2x + 3| — —tan™! + C.
2 7z

Similar to (c), the integrand is again an improper rational function, one has to use long division and

rewrite the integrand as the sum of a polynomial and a proper rational function:

fx5+2x4—x+2d j‘(x2+1)(x3+2x2—x—2)+4
X =

d
x3+2x2—x—-2 x3+2x2—x—-2 x

4 x3 4
= 2+ 1)d f dx = — f dx ...
f(x + Dex + x3+2x2—x—2 X 3+x+ x3+2x%2—x-—2 X (%)

Note that by synthetic division x3 + 2x?2 —x —2 = (x — 1)(x + 1)(x + 2), we can decompose the
integrand as follows:
dx =
B2t —x—2% x—1+x+1+x+2
2>4=Ax+1D)x+2)+Bx—1Dx+2)+C(x—1)(x+ 1).
e Putx=-1,4=B(-2)(1)>B=-2.
4

o Putx=-2,4=C(-3)(-1)=C =3

f 4 A B C

2
>
Therefore the second integral of (*) can be computed as

f 4 d_2f1d2f1d+4f1d
Br2axr—x—270"3)x1% x+ 1773 x 42

2 4
= §ln|x— 1| — 2In|x + 1] +§ln|x+2| +C.

e Putx=14=6A>A4=

From (*), we conclude that

x5+ 2x*—x+2 x3 2 4
jx3+2x2_x_2dx=?+x+§ln|x—1|—21n|x+1|+§ln|x+2|+C.

Since there is a repeated factor x3 in the denominator, we shall decompose the integrand as
follows:
2x?—x+1 A B C D
x3(x—1) =;+x_2+F+x—1
=>2x2—x+1=Ax*(x—1)+Bx(x — 1) + C(x — 1) + Dx3.
e Putx=1, 2=0D.
e Putx=01=—-C>C=-1.
S Ax?(x—1)+Bx(x—1)=2x>—x+1+(x—1) —2x% = —2x3 + 2x? = -2x%(x — 2)
>Ax+B=-2x>A4A=-2, B=20
Hence, the integral can be computed as

2x —x +1 1 1 1 1
f—x3(x—1) dx=—2f;dx—fx—3dx+2fx_1dx=—21n|x|+2—xz+21n|x—1|+C_

_21_



Page 22 of 24

(i) There are two quadratic factors in the denominator, we decompose the integrand as
3x3 —2x —20 _Ax+B Cx+D
(x2+3)(2x2 —6x+5) x2+3 +2x2—6x+5
Method | (Compare of coefficients):
=3x3—-2x—20=(Ax+B)(2x2—6x+5)+ (Cx+D)(x*+3) (¥
=R2A+C)x®+ (—6A+ 2B +D)x*+ (54— 6B +3C)x + 5B + 3D

e Compare the coefficientof x3: 24+ C = 3+ -+ (1)
e Compare the coefficient of x%: —6A+ 2B+ D =0 -+ - (2)
e Compare the coefficientof x: 54— 6B +3C = —2 -+ - -+ (3)
e Compare the constant term : 5B + 3D = —20 «++ e - 4
3(2)--(4): —18A+ B =20+ (5)
3(1)—((3): A+ 6B =11+ (6)

(6)—6(5): 1094 = —-109 >4 =—-1= B =2 from (5).
From (1) C = 5 while from (4) D = —10.
Method Il (Substitution using complex numbers):
e Put x =+/3i into (*), we have —9v/3i — 2v/3i — 20 = (4V3i + B)(—6 — 6v/3i + 5)
= —20 —11V3i = (AV3i+ B)(-1 - 6V3i) = (184 — B) — (A + 6B)V3i
By comparison, we have: 184 — B = —20 ...... (7) and A+ 6B =11 ..... (8)
6(7)+ (8): 1094 =-109 = A=-1 > B =2 from(7)

o Putx= 2 + %i into (*), we have

9 13, 3 1 3 1
3(3+51)-2(5+51) -20=|(5+ 2)c+p][(z+—1)+3] [( c+p)+ a](5+—1)
65 35 15 3 9 3 5\ 27 19 3 \.
:__+_l=(7C+5D_ZC)+<ZC+ED+EC)L=(TC+5D)+<TC+§D>1
By comparison, we have —C + 5D = —6:5 ...... (9) and ITQC +§D = 34—5 ...... (10)

09 545 4 200

5(9) —5(10) : —?C =-= C =5. Thusfrom(9), D = 22— = —-— = —10.
Then the integral can be computed as
3x3 —2x—20 —x+2 5x — 10
(x? +3)(2x2 — 6x +5) x=jx2+3 J2x2—6x+5 x

—fxd+2f1d+f5x_7d5f 1 d
-T2 +3™ 43T ) e —ex 457 2) 2 —6x 45

y=x? +3:%=2x

z=2x2—6x+j=>2—i=4x—6 11 ) 1

= —Efydy SJ dx + - f dz — f—(Zx—3)2+1d
(ﬁ) +1

1 2V3

=+ 2 a2 2z = 2tant(2x - 3) 4+ C
= zny 3 an \/_ 4nZ 2an X

1 2V3 5 5
= —Elnlx2 + 3|+ —tan~ 1—+—ln|2x — 6x + 5| —Etan‘l(Zx —-3)+C.

3 34

(k) Note that there are one repeated factor and a quadratic factor in the denominator, we shall
decompose the integrand as
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6x3 —27x2 +5x—1 A B Cx+D
G-+ 1) x—2 -2 @+l
=6x3—27x2+5x—1=A(x—-2)(4x*+1)+B(4x*>+1) + (Cx + D)(x — 2)2.
e Putx=2, —-51=17B =B = -3.
> Ax—2)Ax*+ 1D+ (Cx+D)(x —2)> =6x3—27x>+5x—1+3(4x%>+ 1)
= 6x3 — 15x% + 5x + 2 = (x — 2)(6x% — 3x — 1) by synthetic division
=>AMUx*+ 1)+ (Cx+D)(x—2)=6x*—-3x—1
e Putx=2,17A=24-6—-1=17=>A=1.
e Compare the coefficientof x?: 4A+C=6>=>C = 2.
e Comparethe constantterm: A—2D =—-1=D = 1.

Then the integral can be computed as

6x3—27x2+5x—1d _f f f2x+1d
(x—2)2(4x2+1) o~ T Ehadil v
3
—lnlx — 2 dx
nlx |+x—2+f4x2+1 +J4x2+1dx
y4x+1
_dy

dx—8x

= ln|x—2|+—+ ] dy + J(Zx)2+1

3 1
— - — 1
= In|x — 2| + — + 4lnIyI + 2tan 2x + C

3 1 1
=In|x —2|+——+-In|4x? + 1| + =tan"' 2x + C.
x—2 4 2
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Note that there is a repeated quadratic factor in the denominator, one shall decompose the
integrand as
x?+2x+4 A Bx+C Dx+E
x(x? +2)? =;+ x%+ 2 +(x2 + 2)?
S x2+2x+4=Ax%+2)2+x(x? + 2)(Bx + C) + x(Dx + E).
o Putx=0,44=4=>A4=1.
>x(x2+2)(Bx+C)+x(Dx+E)=x*>+2x+4—
= —x(x3+3x—2)
= (x?2+2)(Bx+C)+Dx+E =—(x3+3x—2) = —x(x* + 2) — (x — 2) by longdivision
By comparing the coefficients, weget B=—-1, C =0, D =—1 and E = 2.

(x2+2)? = —x* —3x% + 2x

Then the integral can be computed as

X —2

J‘x +2x+4 _f d j‘ do d
G2 & R GZ+2)2

=ln|x|—f 2+2 f(xz

y=x2%+2 (for 1st and 2nd integrals)

x=v2tan6 (for 3rd integral)
~

dx+2fm

= l||11d 1J1d+ﬁjld0
B anyyZyzyZSeCZH

1 1 2
= In|x| — =1 4= 2
n|x| n|y|+2y+ > jcos 6do

2

1

= In|x| —Elnlx2 + 2| +
1

= In|x| —Elnlx2 + 2| +

1
= In|x]| —Eln|x2 + 2| +

2(x%+2)

2(x 2+2)

2
+ %f(cos 20 +1)de

2 V2
sm29 +—9+C

2 V2 x
sm0c059+Ttan I_—_4+¢C

2(x 2+2) V2
1 V2 X V2 V2 X
= In|x| — =In|x? + 2| + +— +—tan"!—+C
2 2x2+2) 4 x2+2Vx2+2 4 V2
= In|x| 11|2+2|+ x4l ﬁt 12X ¢
= 1n|x an 2( 2+2) an \/?
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