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MA1200  Calculus and Basic Linear Algebra I 
Chapter 1 Coordinate Geometry and Conic Sections 

1 Review 

In the rectangular/Cartesian coordinates system, we describe the location of points using coordinates. 
        y 

                                                                                                                         
                               P(x, y) 
 
 
                                                  x                                      
 

The distance d between two points  111 , yxP  and  222 , yxP  is given by    221
2

21 yyxxd  . 

The midpoint M of a line segment between  111 , yxP  and  222 , yxP  is given by 





 

2
,

2
2121 yyxx

. 

The slope m of a line joining  111 , yxP  and  222 , yxP  is given by 
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12

xx

yy
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
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 . 

Note:  m > 0 for straight lines which slope upward to the right and vice versa.  
 m is undefined for vertical lines and m = 0 for horizontal lines. 

Let L1 and L2 be two lines with slopes m1 and m2. Then 

21 // LL  if and only if 21 mm  ; 

21 LL   if and only if 121 mm . 
 
Special forms of the equation of a straight line: 
  
1) General form of a straight line: 

Ax + By + C = 0, where A, B, C are constants such that A and B cannot both equal to zero. 
 

2) Two points form: 
The equation of the straight line passing through the points  11 , yxP  and  22 , yxQ  is            
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3) Point-slope form: 
 The equation of the line with slope m passing through a point  11, yxP is   

m
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4)   Slope-intercept form: 
The equation of straight line can also be written in the form cmxy  , where m and c are the slope 
and the y-intercept of the straight line respectively. 

P2(x2, y2) 

P1(x1, y1) 

O 
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Example 1 
Find the equation of straight line which satisfies each of the following conditions: 
(a) joining P(3, 4) and Q(1, –1); 
(b) perpendicular to L2: 3x – 2y + 5 = 0 and cuts the x-axis at (5, 0). 
 
Solution: 
(a) The equation of straight line L1 is given by 
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    3542  xy  
 0725  yx .    

(b) Equation of L2 in slope-intercept form is y = 
2

3
x + 

2

5

 
  . 

Slope of L2 is m2 = 
2

3
.  

 Slope of the required line L3 is m3 = 
3

2
 , since m2m3 = –1 . 

 The equation of straight line L3 is given by 
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  523  xy  
 01032  yx .                 
 
Exercise: 
1) Find the coordinates of the foot of the perpendicular from P(6, 1) to the straight line joining Q(–1, 2) 

and R(3, –4). 
 

2) Find the shortest distance from the origin O(0, 0) to the line joining A(3, –4) to the point of 
intersection of the line x – 3y + 6 = 0 with the y-axis. 

 
Review on Polar Coordinates 
 
The polar coordinates of a point P is represented 
as  ,r , where r is the distance of the point 
from the pole and   is an angle formed by the 
polar axis and a ray from the pole through the 
point.  

 
 
 
 
 

                                                                                                                         
 
  

P(r, ) 

O origin (pole) 
Polar axis 
(initial axis) 

vectorial angle 
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The relations between Polar and Rectangular Coordinates are: 
 

cosrx   
sinry   

222 ryx   

x

y
tan  

Question: Convert each of the following points from polar coordinates to rectangular coordinates. 
(i)  45,3    (ii)  120,7    (iii)  60,6     (iv)  420,2  
 
Example 2 
Determine   of the polar coordinates of the following points with the given rectangular coordinates. 
Express  in the range  180180   . 

(a)  3,31P    (b)  3,32 P   (c)  2,23 P  . 

 
Solution:  

(a) Notice that  3,31P  lies on the first quadrant. 
  
 In 11QOP , 

 
1

11
1tan

OQ

QP
  

3

3
    

   601  

   601  

(b) Notice that  3,32 P  lies on the second quadrant. 

 In 22QOP , 

 
2

22tan
OQ

QP
  

3

3
    

   302  

   15030180180 2  
 
(c) Notice that  2,23 P  lies on the third quadrant. 

 In 33QOP , 

 
3

33tan
OQ

QP
  1

2

2
    

   453  

   13545180180 3      

 

Question:  Convert  35,5 P  from rectangular to polar coordinates with  180180   . 
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Second quadrant First quadrant 

Third quadrant Fourth quadrant 
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2 Conic Sections 

Mathematics is present in different aspects, for example, the movements of planets, bridge and tunnel 
construction, manufacture of lenses for telescopes and so on. The mathematics behind these applications 
involves conic sections. Conic sections are curves that result from intersecting a right circular cone with 
a plane. The following figure illustrates the four conic sections: the parabola, the circle, the ellipse and 
the hyperbola. 
 

       
Parabola    Circle    Ellipse    Hyperbola  

 
Question: What else could be obtained except the four figures shown above when a plane intersects a 
right circular cone? 
 
 
A. Parabolae 
 
Definition: A parabola is the set of all points in a plane that are equidistant from a fixed line, the directrix, 
and a fixed point, the focus. 
 
The equations of a parabola with focus at the point  aF ,0  and the directrix ay  , where 0a , is 

ayx 42  . 
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Proof: The point P(x,y) is on the parabola if and only if it is equidistant from the directrix ay   and the 

 focus  aF ,0 , i.e. 

    220 ayx      22 ayxx   

  22 ayx    2ay   

 222 2 aayyx   22 2 aayy   

  2x  ay4  �  
 
The parabola ayx 42   ( 0a ) has the following properties: 
(i) It lies above the x-axis. 
(ii) It is symmetrical about the y-axis, which is called the axis of symmetry of the parabola. 
(iii) It cuts the y-axis at the origin O, which is called the vertex. 
(iv) As the value of a increases, the parabola opens wider.  
 
Depending on the location of focus and the orientation of the directrix, there are other forms of parabolae 
(with the vertex at the origin and a > 0):  
                      
  
 
 
 
 
 
 
               ayx 42   
 
 
        
 

 
axy 42         axy 42   
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Example 3 
The vertex and the axis of symmetry of a parabola are the origin and the x-axis respectively. If the 
parabola passes through the point (6, 3), find its equation. 
 
Solution: 
Since the parabola is symmetrical about the x-axis, we let its equation be axy 42  . 
This parabola passes through the point (6, 3),  
  6432 a ,  

get 
8

3
a . Hence the equation of the parabola is  

xy 







8

3
42 ,   i.e. xy

2

32  .              �  

 
Translations of Parabolae 

The graph of a parabola can have its vertex at  kh,  rather than at the origin. Horizontal and vertical 
translations are accomplished by replacing x with hx   and y with ky   in the standard form of 
parabola’s equation. 
 

Equation Vertex Axis of Symmetry Description 

   hxpky  42   kh,  ky   
If 0p , opens to the right; 
if 0p , opens to the left. 

   kyphx  42   kh,  hx   
If 0p , opens upward; 

if 0p , opens downward. 
 
More on cbxaxy  2  

(i) The graph of the quadratic equation cbxaxy  2  is a parabola which opens upward when 
 0a  and opens downward when 0a . 
(ii) The parabola  

- intersects the x-axis at 2 distinct points iff the discriminant, 042  acb ; 
- touches the x-axis at 1 point iff 042  acb ; 
- does not cut the x-axis iff 042  acb . 
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B. Circle 

Definition: A circle is the set of all points in a plane that the distance of the point from a fixed point is a 
constant. The fixed point is called the centre and a fixed distance is called the radius of the circle. 
 
The equations of a circle with centre at the origin 
 0,0O and radius r is 

222 ryx  . 

This is known as the standard form of the 
equation of circle centered at the origin. 

 
 
 
 
 

Proof: Leave as exercise. 
 
 
 
The equations of a circle with centre at the point 
 khC , and radius r is 

    222 rkyhx  . 

. Proof: Leave as exercise. 

 

 
 
 
 
 
 
 

 
 
 
 
Example 4 
Find the equations of the circles with the following centres and radii. 
(a) Centre at  0,0 , radius: 7 units  (b) Centre at  1,3 , radius: 2 units 
 
Solution: 

(a) The equation of the circle is:      222 700  yx  

 i.e. 4922  yx  

(b) The equation of the circle is:        222 213  yx  

 i.e.     213 22  yx         �  
 
Example 5 
Find the centre and radius of the circle represented by each of the following equations.  

(a)     1052 22  yx     (b) 0810822  yxyx  
 
Solution: 
(a) Rewrite the equation in standard form: 

       222 1052  yx  

   Centre is at  5,2  , radius is 10  units. 
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(b) Rewrite the equation in standard form: 
  0810822  yxyx  

  08108 22  yyxx  

  0825251016168 22  yyxx  

      08255164 22  yx  

      4954 22  yx  

   Centre is at  5,4 , radius is 7 units.          
 Remark: The technique used in (b) is called completing the square.      �  
 
Example 6 
Find the equation of the circle centred at the point  3,4  and passing through the origin. 
 
Solution: 
The radius of the required circle is 

    59160304 22   

Thus, the equation of the circle is 

            2534 22  yx .        �  
 
Example 7 
Find the equation of the circle through 
P(1, 2) ,  Q(3, 4) ,  R(7, 6) . 
 
Solution: Method I 

Since the side P Q has slope m1 = 
13

24




 = 1 and its mid-point is (2, 3) . 

 

The side P R has slope m2 = 
17

26




 = 
3

2
 and its mid-point is (4, 4) . 

 
 The perpendicular bisectors of P Q and P R are 
 

2

3




x

y
 =  1  , or y – 3 =  െݔ ൅ 2 

ݕ       ൌ െݔ ൅ 5				⋯			ሺ1ሻ    
 

and 
2

3

4

4





x

y
 , or 6

2

3
4  xy  

    10
2

3
 xy   	⋯			ሺ2ሻ 
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Solving the equations (1) and (2), we obtain 

10
2

3
5  xx  

5
2

1
x ݔ  ,  ൌ ݕ  , 10 ൌ െ5. 

 These two perpendicular bisectors meet at ሺ10,െ5ሻ , which is the centre of the circle. 
 
The radius of the circle is given by  

ݎ ൌ ܥܲ ൌ ඥሺ10 െ 1ሻଶ ൅ ሺെ5 െ 2ሻଶ ൌ √81 ൅ 49 ൌ √130 units. 

The equation of the circle is 
 

ሺݔ െ 10ሻଶ ൅ ሺݕ െ ሺെ5ሻሻଶ ൌ 	 ሺ√130ሻଶ  , 
 
Which reduces to  
ଶݔ ൅ ଶݕ െ ݔ20 ൅ ݕ10 െ 5 ൌ 0  . 
 
Method II 
 
Let ݔଶ	 ൅ ଶݕ ൅ ݔܦ ൅ ݕܧ ൅ ܨ ൌ 0 be the equation of the circle through the points P(1, 2) , Q(3, 4),       
R(7, 6)   . 
Then 
 

൝
		1ଶ ൅ 2ଶ ൅ ܦ ൅ ܧ2 ൅ ܨ ൌ 0
		3ଶ ൅ 4ଶ ൅ ܦ3 ൅ ܧ4 ൅ ܨ ൌ 0
		7ଶ ൅ 6ଶ ൅ ܦ7 ൅ ܧ6 ൅ ܨ ൌ 0

              	ቐ	
ܦ	 ൅ ܧ2 ൅ ܨ ൌ െ5									 ⋯		ሺ1ሻ
ܦ3 ൅ ܧ4 ൅ ܨ ൌ െ25				⋯		ሺ2ሻ
ܦ7 ൅ ܧ6 ൅ ܨ ൌ െ85				⋯		ሺ3ሻ

 

 

൜
ሺ2ሻݍܧ		 െ :ሺ1ሻݍ݁ ܦ2 ൅ ܧ2 ൌ െ20
ሺ3ሻݍܧ		 െ :ሺ1ሻݍ݁ ܦ6 ൅ ܧ4 ൌ െ80

              	ቐ

ܦ		 ൅ ܧ ൌ െ10					 ⋯		ሺ4ሻ

		
2

3
ܦ ൅ ܧ ൌ െ20			⋯		ሺ5ሻ

 

 

ሺ5ሻݍܧ െ 		:ሺ4ሻݍ݁
2

1
ܦ ൌ െ10			,   ܦ ൌ െ20 

From ݁݊ݍሺ4ሻ, we have ܧ ൌ 10 
From ݁݊ݍሺ1ሻ, we have  ܨ ൌ െ5 ൅ 20 െ 20 ൌ െ5  . 
  
 The equation of the circle is 
ଶݔ ൅ ଶݕ െ ݔ20 ൅ ݕ10 െ 5 ൌ 0  . 
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C. Ellipses 

Definition: An ellipse is the set of all points P in a plane that the sum of whose distances from two fixed 
points, F1 and F2, is a constant. The two fixed points are called the foci (plural of focus). The midpoint of 
the segment connecting the foci is the centre of the ellipse. 
 
The equations of an ellipse with foci at the 
points  0,1 cF   and  0,2 cF , where 0c , is 

1
2

2

2

2


b

y

a

x
, 

where 0 ba , 222 cba   and 2a is the sum 
of the distances from any point on the ellipse to 
the two foci. The equation above is the standard 
form of the equation of an ellipse centered at the 
origin. 

 
 
 
 
 
 
 
 
 

 
Proof: 
The point P(x, y) is on the ellipse if and only if the sum of distances from  0,1 cF   and  0,2 cF  is 2a,  

i.e.   22 ycx  +   22 ycx   a2  

Simplifying, get  
   22222 yaxca    222 caa   

Observed that 2121 2 PFPFcFF  , so that ac   and 022  ca . 

For convenience, let 222 cab  . We have 
 2222 yaxb   22ba  

  
2

2

2

2

b

y

a

x
  1  �  

 

The ellipse 1
2

2

2

2


b

y

a

x
 ( 0 ba ) has the following properties: 

(i) It is symmetrical about the x-axis, the y-axis and the origin. 
(ii) Its foci are  0,1 cF   and  0,2 cF , and can be found by the equation 222 bac  . 

(iii) It cuts the x-axis at  0,aA   and  0,aA , and the y-axis at  bB  ,0  and  bB ,0 .  
 These four points are called the vertices of the ellipse. 
 The line segments AA  and BB  intersect at the origin O, which is the centre of the ellipse. 
 The length of the line segment AA  is greater than that of the line segment BB . 
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Depending on the location of foci, there is 
another form of ellipse (with the centre also at 
the origin): 
 

1
2

2

2

2


a

y

b

x
 , 

where 0 ba , 222 cba  . 

 
 

 
 
 
 
 

 
 
 
 
 
 
Example 8 
Find the coordinates of the vertices and the foci of each ellipse, and sketch its graph. 
(a) 3694 22  yx    (b) 88 22  yx  
 
Solution: 

(a) Rewrite the equation of the ellipse as 1
23 2

2

2

2


yx

, 

 We have 3a  and 2b .  
 Note that the equation represents an ellipse with the centre at the origin. 
 The vertices of the ellipse are  0,3 ,  0,3 ,  2,0  and  2,0  . 

 Moreover,  523 22222  bac , 

 i.e. 5c  (c is positive.)  

 The foci of this ellipse are  0,5F  and  0,5F . 
 The sketch of the ellipse is shown on right. 

 
 
 

(b) Rewrite the equation of the ellipse as   1
22

2

2
2 

y
x , 

 so that 22a  and 1b .  
 Note that the equation represents an ellipse with the centre at the origin. 

 The vertices of the ellipse are  0,1 ,  0,1 ,  22,0  and  22,0  . 

 Moreover,    7122
2222  bac , 

 i.e. 7c  (c is positive.)  

 The foci of this ellipse are  7,0  and  7,0  . 
 The sketch of the ellipse is shown on right.           
                    �  
 
  

y 

x 
–3 0 

4x2 + 9y2 = 36 
2

3 
–2
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Example 9 
Find the equation of the ellipse whose centre is the origin and the ellipse passes through the points 

 0,22  and  3,2 . 
 
Solution: 

Let the equation of the ellipse be 1
22


q

y

p

x
. 

Since the ellipse passes through the point  0,22 , we have 
 

1
022 22


qp

, get   822
2
p . 

As it also passes through the point  3,2 , we have 
 
 

 
1

3

22

2
2

2

2




q
, i.e. 6q . 

Hence the equation of the ellipse is 1
68

22


yx

.            

If the ellipse 1
2

2

2

2


b

y

a

x
 is translated h units to the right and k units upward so that its new centre is at 

 khC , , then the equations of the new ellipse becomes 

   
1

2

2

2

2







b

ky

a

hx
. 
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D. Hyperbolae 

Definition: A hyperbola is the set of all points in a plane that the difference of whose distances from two 
fixed points, called the foci, is constant. 
 
The equation of a hyperbola with foci at the points  0,1 cF   and  0,2 cF , where 0c , is 

1
2

2

2

2


b

y

a

x
, 

where 0, ba , 222 cba   and 2a is the absolute difference of the distances from any point on the 
hyperbola to the two foci. 
The equation above is called the standard form of the equation of a hyperbola centered at the origin. 
 

                                      
 
Proof: 
The point P(x, y) is on the hyperbola if and only if the absolute difference of whose distances from 
 0,1 cF   and  0,2 cF  is 2a, 

i.e.     2222 ycxycx   a2  

Simplifying, get  
   22222 yaxac    222 aca   

Observed that acFF 2221  , so that 022  ac . 

For convenience, let 222 acb  . We have 
 2222 yaxb   22ba  

  
2

2

2

2

b

y

a

x
  1   
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The hyperbola 1
2

2

2

2


b

y

a

x
 ( 0, ba ) has the following properties: 

(i) It is symmetrical about the x-axis, the y-axis and the origin. 
(ii) Its foci are  0,1 cF   and  0,2 cF , and can be found by the equation 222 bac  . The 
 mid-point of these two foci is the origin O, which is the centre of the hyperbola. 
(iii) It cuts the x-axis at  0,1 aA   and  0,2 aA , which are called the vertices of the hyperbola.  
(iv) As x and y get larger, the two branches of the graph approach a pair of intersecting straight lines 

 x
a

b
y   and x

a

b
y  . These are called the asymptotes of the hyperbola. 

 
 

Depending on the location of foci, there is 
another form of hyperbola (with the centre also 
at the origin):  

1
2

2

2

2


b

x

a

y
, 

0, ba , 222 cba   

 
 
 
 
 
 

 
 
 
 
 
 
 
Example 10 
Arrange 9x2 – 4y2 = 144 into the standard form of hyperbola. 
Solution: 

9x2 – 4y2 = 144 

1
3616

22


yx

 

1
64 2

2

2

2


yx

          

 

If the hyperbola 1
2

2

2

2


b

y

a

x
 is translated h units to the right and k units upward so that its new centre is 

at  khC , , then the equations of the new hyperbola becomes 

   
1

2

2

2

2







b

ky

a

hx
. 
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When the equation of a conic section is expressed in the form 022  FEyDxCyAx , one can 
identify the conic section by completing the squares so that the equation is expressed into the 
corresponding standard form. 
 
Example 11 
Classify the type of conic section described by each of the following equations using completing the 
squares. 
(a) 08425164 22  yxx    (b) 01524484 22  yyxx  
 
Solution: 
(a) 08425164 22  yxx  

   842544 22  yxx  

  10025444 22  yxx  

  1002524 22  yx  

 
1

25

2
2

2

2

2


 yx

    The equation represents an ellipse. 

 
(b) 01524484 22  yyxx  

    156424 22  yyxx  

     25964124 22  yyxx  

     253414 22  yx  

    
4

25
31 22  yx    The equation represents a circle.        

                     
3 Parametric Equations of Conic Sections 

Consider the pair of equations   
 
 

x f t

y g t

 



. 

To each real value of t, there corresponds to a point (x, y) in the Cartesian plane. The point (x, y) moves 
and traces a curve as t varies.  

 
 
         

           ,f t g t   

      
          
       curve C 

 

The pair of equations  
 
 

x f t

y g t

 



 is called parametric equations and the independent variable t is called a 

parameter.  
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The following table lists the equations of conic sections in rectangular coordinate form and in parametric 
form.  
 

Type of Conics 
Equation in Rectangular 

Coordinate Form 
Equation in Parametric Form 

Parabola Type 1 ayx 42   (or
a

x
y

4

2

 ) 







2

2

aty

atx
,  t  

Parabola Type 2 axy 42   







aty

atx

2

2

,  t  

Circle, centred at (0,0) and 
radius r 

222 ryx   







try

trx

sin

cos
, 20  t  

Ellipse “Fat” )(;1
2

2

2

2

ba
b

y

a

x
  

)(;
sin

cos
ba

tby

tax









,  

20  t  

Ellipse “Thin” )(;1
2

2

2

2

ba
a

y

b

x
  

)(;
sin

cos
ba

tay

tbx









, 

20  t  

Hyperbola 
(East-West Openings) 1

2

2

2

2


b

y

a

x
 








tby

tax

tan

sec
, 

22


 t  

Hyperbola 
(North-South Openings) 1

2

2

2

2


a

y

b

x
 








tay

tbx

tan

sec
, 

22


 t  

Rectangular Hyperbola ;2cxy  c is a constant 










t

c
y

tx
2 ,  t , 0t  

 
 
 


