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Limit of a function at a point

The limit of a function f(x) at a point x = a is the value that f(x) is approaching as x

gets closer and closer to a. i "
X—=>a “x tends to a

n

We.use the notation "X approaches a.

lim f(x) =L

X—a

to denote that “the value of f(x) gets arbitrarily close to L as x approaches a”. Here, x
T

approaches a from both the left and the right of a. but x#a

A more formal definition of lim f(x) = L is that the difference between f(x) and L can
xX—=a

be made arbitrarily small when x is sufficiently close to but different from a.
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Remarks: & Dom(®)
X Q3
(i) chll’lgl f(x) may exist evenif f isnotdefinedat x = a. ail "

(i) lim £(Cx)
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(iii) If f(a) =lim f(x), then f(x) is said to be continuous at x = a (i.e. there is no
xXx—=a

breakat x = a.)

hot real number

(iv) If lim f(x) = o (or —oo), we say that the limit lim f(x) does not exist (DNE).
xX—=a

X—=a

.1 . .
E.g. lim — = oo, so the limit does not exist.
x—0X

Dr. Emily Chaw Page 4



Semester A, 2020-21 MA1200 Calculus and Basic Linear Algebra I Chapter 6
Example of Remark (i):

am £(x) may exist even if f is not defined at x = a.

: . lim X°-1
Consider the limit ,53 T

2—1
The function 9;_1 is not defined at x = 1. To evaluate the above limit, we consider the

values of x approachingto 1, butnotatx =1, i.e. we assume x # 1.

li x%2-1 _ lim —-1)(x+1) li . .
xl—>m1x_1—xl—>m1 - = 1 +1l)=1+1=2
r\ T xEL
0 2.
(6 form) ) y:);_ll-—-xﬂ for x#1
x2_1 2+ 1/

We see that the value of
x—1 : |

approaches 2 as x approaches 1. /1/0 | S x
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Example of Remark (ii):

Jm £(x) may exist even if f(a) # 0 f(x)|

2

X°=1
Consider the limit of the function g(x) = {x—l if x # 1 at x = 1.

3 fx=1

: . gl
Mgl = MiT=-=2
v X1
but g(1) = 3.

The limit ™ g(x) exists but s g(x) # g(1).
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Theorems on limits

Let k be a constant, n be a positive integer, and f and g be functions for which lim f(x)

X—C

and lim g(x) exist. Then

(1)
(2)
(3)

X—C \ijr\ %\
limk =k, limx=c, limkf(x)=klim f(x) EELE S y=
X—=C X=C xX—=C cC+ A&
im[f(x) + g(x)] = lim f(x) + lim g(x) g == s
X—=C X—¢ X—C

lim|f(x) — g(x)] = lim f (x) — lim g(x)
lim[f () (0] = (lim f()) - (lim g (x))

. f) }Clgncf (%)
}Cl_r)rg g limg(x) ’

provided lim g(x) + 0
X—C

lim[f @I" = [lim £ (0]

lim %/ f(x)=" hmf(x , provided lim f(x) = 0 when n iseven
X—€ xX—=c
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Theorem

Let f(x) = apx™ + ap_1x™" 1+ -+ a;x+a, and
g(x) = by x™+ by x™ 1+ -4+ byx + by betwo polynomials. Then we have the results:

() limf(x) =an-c"+ Ap-1 "4 +ay,c+ay=f(0).

) - FG) _
(i) If g(c) # 0, then }Cl_r)rég(x) ot

Example 1
3 3 3
(a) lim(x2+ x — 6) (b) lim 222 () lim 222 (d) lim ==
x—1 x—1 x+1 Sy I o i | ¥r—>—1 x+1
Solution

(a) 1in%(x2 +x—6)=14+1—6=—4 (Evaluate this limit by substituting x = 1)
xX—

3 3
(b) lim re oI % =1 (Evaluate this limit by substituting x = 1)

x—1 x+1 1+1
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Chapter 6
3 3
(c) lim X2 (1 form) (The function ¥*2 is undefined at x =—1 but the
x——1 X+1 0 x+1
numerator is non-zero when x = —1)
(-1)3+2 - N
= —— (Evaluate this limit by substituting x = —1)
. : # X approaches -1 Ffrom the n _
=% which is undefined. = O o e night  (X->-1+)

-0 § x approoches —| from the left (X - ~|~)

. . 542 )
- The limit lim = does not exist.

x——1 x+1

3 3
(d) lim1 );:11 (g form) (The function J;_: is undefined at x = —1. Both the
o

B+1% = (G+b)(a2-ab+ ) numerator and denominator are equal to 0 when x =

—-1.)
Voo (a(a?—x+1) ,
= xliryl e (Factorize the numerator)
= lim (x?—x+1) (Cancel common factor)
cxp—1 T
=(-1*—-(-D+1 (Evaluate this limit by substituting x = —1)
=3
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Note -

'g")" — |limt =0

l
—— —> Not defred = liwk does noct exist.

O

% —>  indeterminate  form



]

Il
5
X

]
O

f')- which i® undeficed <~

{}_ﬁg = dmg ﬁot Q‘){\S-h )

ﬁ

-0
(o0

i‘? X=>0
Ff x =0t

)

~
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0 i . '
Remark: The = form is known as an indeterminate form.

Other indeterminate forms inclide &£ , 00-00 , O- 0 |

Example 2 (see Ch.8 L’Hopital's rule)

Evaluate each of the following limits:

x%+x—2 Vx — | 4 — x?
(@) xlimz x>+ bx +6 (b) }cl—IEL x?—16 (©) 9161_1;1% 3—vVx24+5
Solution
@ 1 x2+x—2 0 g
VY +5x+6 (0 Orm)

GADE -1
L (xA2)(x + 3)

x—1
= |im
T, XTT2 X + 3
-1
=2+ 3
= —3
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Vx—-2 /0 L
(b) }CI_I)I}L T 1¢ (6 form) a3-b" =(a-b)(a+b)
(Vx=2)(Vx+2) | y~4

T 1o+ 2) Ao (x=8)(x + H(Vx + 2)

1 1

:(4+4)(\/Z+2):32

(c) lim
x—=2 3

= L
x—2

= lim
xX—2

N (4—=x2)(3+Vx% +5)

X—2

Dr. Emily Choawv

4 — x? (0
=% 5

- )
0 orm

( 4 — x> 3+\/x2+5)
—3x4+5 B+vxd +b

(4 —x2)(3+Vx?+5)

9—(x2+5)

v =chi_rg(3+ x2+5)=3+

Chapter 6
o 1
1m
x4 (x + 4)(Vx + 2)
24 5=8
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Example 3

Evaluate the limit

where n is a positive integer.

MA1200 Calcudusy and Basic Lineoar Algebra I

Solution
. xR =g 0
e — form)
x=aT (0
lim (x B a)(xn_l +ax™ 2 4+ g2x" 3 4+ ...+ an—l)
e xX—a

0 |

. /a /a
= Jm -1 4 ax™ 2 +a?x" 3 + o+ a™ D)

X —a

=a"'+a-a"*+a*- a3+ +a" !

-

n terms

= A

Chapter 6

o x4 dlnq-&-(f(“% N i
X-Q/x —a"
xl’\_axﬂ't
axh-l
ax™- le“'z
az x"2
az xn"’a‘_. a?.xﬂ-s

0-3. x'ﬁ-3

A X -o"
n-i

A x-a°
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Left hand limit / Right hand limit

» The left hand limit of f(x) at x =a is xlf(x)=ll if the value of f(x)

approaches [; as x approaches a from the left. “x<a

N\
e
A
d =f("_)../ E
0 9(‘, X

» The right hand limit of f(x) at x =a is l%f(x)=l2 if the value of f(x)
X

approaches [, as x approaches a from the right. ,\x?a
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» It lim f(x) = lim f(x) =L (where L is a real number), we say that the limit
xX—a

X—a
lim f(x) existsand lim f(x) = L.
xX—=a xX—a
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Example 4

Does the limit of f(x) = [—i—l existat x = 07

Solution

First note that the function f(x) = li—l is not defined at x = 0.

Cha,pter 6

_{ x #x=0
IX] = {—x £ x<0

. . Since T has
Rewrite the function as y diFeront. Sormulas
X
e if x>0 Wwhed X.<o and
f(X) - ﬂ - —xx 10— X>0O, We conside
x — if x <0 LHL & RHL
2 R Separutely.
. if x>0 I J
=T ifx<o0 =
x<O
LHL
Left hand limit: i %) = l = lim (1) = —1
lim. £ ( ) < lim (=1)
X>D

hm.—l

Since lim f(x) # hm f(x), the limit llm f(x) does not exist.

x-0"

Right hand limit: l%f(x) = hm —

Dr. Emily Chaw
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Example 5

(3e= Ch.2)
Consider the function f(x) = [x] = "greatest integer < x" (the greatest integer function),

find the limits  (a) lirglsf(x) and (b) lim f(x) if they exist.
X—0U,

jon: t smoller 10tEgSS
Solution Jrake J«; r;cex(gs& o 1.
f(x) = [x] = "greatest integer < x". A
Eg f(28)=[28]=2 f(1)=[1]=1. : il
2 @0
Its graph is shown on the right. I{ @0
2 -1 1 .? 3 !
(a) =+ lim flx)=0= hm L),
x—0.5" —— @0 -2
11%15 f(x) exists and llm fx)=0. %5
X—»
(b) Consider the function in the neighborhood of x = 1. |
[x]:{o ifo<x<1
iflcx<? =t ——
Since L f(x) =0+ 1= lim_f(x), the limit 11m f(x) does not exist.
x‘réjxm %ﬁx*ﬂ
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Example 6
2x sin G) if x<m Since the formula of
Consider the function f(x) = 22 oo changes ok xar,
- if x > m. we euluote LHL £
x—.

Does the limit lim f(x) exist? Find the value of the limit if it exists.

X—TT
Solution
LR
LHL: lim f(x) L lim 2x sm( ) = 21 sin (E) =27
X XTI~ 2 2
=1
Jx?ﬂ
x?—m? [0
RHL: xlirj? flx)= x11171;1+ - (5 form)
X>=TNX + 1
=lim(/)( ) 11m(x+7r)—1r+n—2n
x-mt X~=0 x-mt 4
lim f(x) = lim f(x) =2n |
X x-mt
lim f(x) existsand lim f(x) = 2@ Ty
X—TC X—=Tr
- .
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Limit at infinity
> lim f(x) =L| means “as x increases indefinitely, f(x) tendsto L”.
Tim 1) | v f@)
means 4+ O
> lim f(x) =L| means “as x decreases indefinitely, f(x) tendsto L”.
X——00
y
Useful results: R T T T B . Y
. | .1 \”
() lim-=0 = Ilim—=0forn>0 (S\ Oﬁ‘l
x—o0 X x—oo X

lim l=0 —

X——00 X

(ii)

o O e
lim — =0 for n>0 and whenever x" is defined for x
X——00

< 0.

Dr. Emily Chouwv
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Example 7

Evaluate each of the following limits:

() I S5x*—2x3+4x—1 ) 1 3x% —5x + 4 © 1 x3+7x—2
Ve 2x*+3x2+4 o 4x — 3 % o 5x* + 6x% — 1

Solution

. 5x*—2x3+4x-1 0o C . . .
(a) lim (— form, which is an indeterminate form)
x—o00 2x*+3x2+4 00

sx%—2x3+4x—-1

— i o> (Divide both the numerator and denominator by x?
_xl_,rg 2x%+3x2+4
x* where @ = degree of denominator)
0 0 _o

5—0+0_0 e = 1 - - ey ® -
= ——— (since lim — = 0 if n is a positive integer)
24040 x—o00 X"
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Sewester A, 2020-21
i 3x2—5x+4 0
(b)  lim ( form)
4x—-3 —00

X——00

3x2—5x+4

J— 1 X
= lim —J/5—
X—>—C0 P

(Divide both the numerator and denominator by x)

3x%2-5x+4 )
—— does not exist.

- The limit  lim
4x-3

X——00

. x34+7x-2 o0
(c) lim — form
x—o00 5x*+6x3-1 0o
x3+7x-2
4 A
_ 3}1_1;1;10 sx*+6x3—1
pov

(Divide both the numerator and denominator by x*)

1+ 75 2

. wt=m-= 0+0—0 0

= lim ¥—&—<% = ===0
g 3 E40-0 5

xX—0 5+—-——
-
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2x-3
X

= lim
X——0C0 4x2+7-5x

MA1200 Calcuduwy and Basic Linear Algebra I

Example 8
Evaluate the following limits ~ (a)  lim ——— (b)
x—0o V4x2+7-5x
Solution
(@)  lim —==> (E— form)
x—00 V4x2+7—-5x —Co
A
2x—3 3 (3
: = _ : 2-7 : - —L;J
= lim s = li !@ - = lim =
X—00 VAX“+7—5X fed X 4x4+7 X—00 (
o, P [ =5 4+/—=-5
x x=+/x2 @ %
for x>0 ©
2x-—3 —00
b lim (— form)
( ) x——0co V4x2+7-5x o0

Chapter 6

lim ——
x——00 V4x?+7-5x

2-0 2
VA+0 -5 3

P 2-0

= li

for x<0

3
2 == _ _
“ i 4x2+47 c x—>=00 _ [, 7 ¢ —V4+0-5
@’ n 2
x xza/g @ x

Page 21



Semester A, 2020-21 MA1200 Calcidus and Basic Lineowr Algebra I Chapter 6

Example 9
Evaluate the limit lim (\/x2 + 3x —Vx?% — x)
X—00
Solution
lim («,/xz + 3x —/x% — x) (00 — oo form, which is an indeterminate form)
X—00

(\/x2 + 3x —Vx? — x)(Vx? + 3x + Vx2 — x)

T a-b = (@-bla+b)

AL VaZ +3x +VxZ —x
- (x2+3x)—(x2—x)_ s 4x
x—>oo Va2 +3x+Vx2 —x *° x2+3x +VxZ —x
4x
= lim = lim : = lim :
X—00 m‘Fm '( AR fx2+3x+ fxz—x X 1_|_§_+ ’1_1
s x=hd s % * i
) A _ %r*)oo
Vv1i+0++v1-0
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