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Definition of Limit




Relationship between one-sided limit and existence of limits
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What is continuous function?

Roughly speaking, a continuous function f (x) is a function which the graph
y = f(x) is continuous (no jumps, no breaks).
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Mathematical definition of continuity
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If the condition “lim,._,. f(x) = f(c) “ does not satisfy, we say the function is
not continuous at x = c¢. For example
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lim f(x) # f(c) lim f(x) does not exist
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Notes on continuity

® Most of the elementary functions suchasy = x3, y = e¥, y = cosx,

y = +/x, y = |x]| are all continuous on its domain.

® To check the continuity of a function at x = ¢, we may follow the following
procedure:
Step 1: Compute f(c)
Step 2: Compute lim,._,. f (x)
(Note: If necessary, one needs to consider the left-hand limit and
right-hand limit when computing lim,._,. f (x))
Step 3: Compare the limits with f(c).

5 MA1200 Calculus and Basic Linear Algebra |
Lecture Note 7: Continuity of functions



Example 1

Consider the function

sin3x
foo =y T**0
2 if x=0
Is f(x) continuous at x = 07?
©Solution:

Step 1: First, note that f(0) = 2 by definition.

sin @

x#0 limg_,o—p—=1
: ~ sin 3x . sin 3x ~
Step 2:lim,_o f(x) = lim,_o—— = lim,_ 3 ( - ) = 3x1=3.
Step 3: lim,_,¢ f(x) =3 # 2 = f(0). o= ZTx—

Therefore, we conclude that f(x) is not continuous at x = 0.

MA1200 Calculus and Basic Linear Algebra |
Lecture Note 7: Continuity of functions



Example 2

Consider the function

(2x+1  if x<1
f(x)_{?)xz if x=>1

Determine whether the function is continuous at x = 1.
©Solution:

Step 1: First, note that (1) = 3(1)? = 3.

Step 2: Note that

lim f(x) = lim 2x + 1) = 3, lim f(x) = lim 3x?% =
x—1* x—-1t

x—1" x—1"

So the limits lim,._,; f(x) exists and lim,._,; f(x) = 3.

Step 3:lim,_; f(x) =3 = f(1).

Therefore, we conclude that f(x) is continuous at x = 1.
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Example 3

Consider the function

x>—3x—-10
f={"x=5 4 *F>
a if x=5

where a is real number.
(a) Ifa = 4, is f(x) continuous at x = 57?

(b) What is the value of a so that f (x) is continuous at x = 5?
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©Solution:

(a) Step 1: By definition, we get f(5) = a = 4.

2_ g,
Step 2: ForxiS,wehavef(x)=x xs_x51o
’ . x2—3x—10_1. (x—5)(x+2)_1. ) 7
lim f() = lim ™ —o— = ;T = lmG 42 =7,

Step 3:lim, 5 f(x) =7 #4 = f(5).
Hence, the function is not continuous at x = 5 in this case.

(b) If f(x) is continuous at x = 5, then we must have
lim £(x) = £(5).
Using the result in (a), we obtain

a= 7
G lmF)
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Some properties of continuous functions

(*Note: Theorem 2 is quite useful in computing limits)

MA1200 Calculus and Basic Linear Algebra |
Lecture Note 7: Continuity of functions



Example 4

Let f(x) = cosx and g(x) = e* are continuous function over the real number.
Using Theorem 1 and 2, we can conclude that the following functions

kf(x) = kcosx, f(x)+g(x) =cosx +e*

f(x) cosx
glx)  e*

f@)| =lcosx|,  (gofHx) =g(f(x)) = g(cosx) = es*

are all continuous over real number.

fx)g(x) =e*cosx, (e* #0)
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Example 5

. . . Vx+3-2
Compute lim,_,, sin(x + cosx) and lim,_,; cos xx+_1
©Solution:
1% limit

Note that f(x) = sin x is continuous, then

lim sin(x + cosx) = sin(
X—TT X—TT
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lim (x + cos x)) = sin(mr — 1) =~ 0.8415.



2" [imit

Note that g(x) = cos x is continuous, then

_ Vx +3—2 o Vx+3-2
lim cos = cos| lim e (%)
x—1 x—1 x-1  x—1

Note that

x 1

q- T)/dff) 74

' Vx +3 -2 ' Vx+3-2 (\/x +34 2) v x+3—22
1m = IIm =
=1 x—1 x>1 x—1 \yxi3+2) =1 (x—D(Hx+3+2)

1
= lim

1
*o1\x 13 42 mu 4

From (*), we conclude that

Vvx+3-—-2 1
lim cos = COS (—) = 0.9689.
x—1 x—1 4
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Example 6

Let f: R = R be a function (may or may not continuous) such that

f()

llmx_,o — Compute the limits

f(x)
(@) lim f(x) and (b) lim ec"s( %2 )
x—0 x—0

©Solution:

(a) Note thatlim,_, f(x) = hmx_>0 f( 9 3 = >< 0=0.

(b) Note that the function e°* is contmuous (see Example 4) and

f() f()

llmx_)o —lmx_)o x——><0—0

So using Theorem 3, we have

lim ecos<f9£2)) = eCOS(}C%fﬁgz)) = 050 = ol = ¢,
x—0
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Example 7
4
: s 1 : 1 g
(a) Find the limits lim,._,,+ ~ and lim, - =
o T 1421/%
(b) Hence, determine if the limits lim,._, 3:21/x exists.

©Solution:

(a) Using the graph of y = i, one can see that limx_,0+i = 400 and

ll 1 -

(b) We consider the left-hand limits and right-hand limits.
e |eft-hand limits

_ 1
When x — 07, then ~ ™. So we have

im + l2~®=_1.-0
L2V 14 2008 % "1 4 -0t T2
lm — = —-—------- — —
x>0~ 3 + 21/x 34 leirgl_i 3+2°® 3
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e Right-hand limits

1 W /!
When x = 0%, then 1 — 400, 2x — 2+°° = 400 and hence — 1 = 0.

4/ zx
So we have _;« . ?A/mt //
00 ( 2 /?<‘ 1 /7/%(1{96 'F /(

1+217x v ZiEtl 0+1

lim ——————= lim = =
x—-0* 3 + 21/x x50+ 3 1 0+1
S 21/%
1+21/% 1+21/% .
Since lim,,_, - ;2—/36 lim,_,o- ﬁ, so we conclude that the limits

1421
PRIV
does not exist.
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Important property of continuous function

f(b)
Yo
f(a)

b

a Cc
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The intermediate value theorem is useful in checking whether a given equation
has solution. It provides a way to find the solution of the equation.

Example 8 372[*\ 4o

—_—NN
Consider the equation x> + 2x — 1 = 0, show that there is a solution between
Oand1

50/7] One may rephrase the statement as

“Thereisanumber 0 < z < 1suchthatz®+2z—1=0."

We let f(x) = x> 4+ 2x — 1 and f(x) is continuous. By simple calculation, we
get f(0)=—-1<0and f(1)=2>0.

By intermediate value theorem, thereis z (0 < z < 1) such that

f(z) =z>+2z—-1=0.
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Application of intermediate value theorem: Method of Bisection

¢ |t is a root-finding technique by using intermediate value theorem
repeatedly.

¢ |n Example 8, we have shown that the solution lies between 0 and 1. The
bisection method aims to obtain the solution by narrowing this range.

Step 1:

We pick the mid-point between 0 and 1. That is, x = 0.5. We compute the
value of £(0.5). 1?’5:]:)(74 23 — 7

Since f(0.5) = 0.03125 > 0, then the solution lies between 0 and 0.5.
Step 2:

We pick the mid-point between 0 and 0.5. That is, x = 0.25. We compute the
value of f(0.25).

Since (0.25) = —0.4990 < 0, then the solution lies between 0.25 and 0.5.
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Solve ﬁ(¢)

Metbod of Bisection :
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One can repeat this process and obtain the approximated solution of the

equation: 6-01(5] :)Z'Z'Z*\ 7
Midpoint x f(x) Updated range of z
0.5 0.03125 0<z<05
0.25 —0.4990 0.25<z<05
0.375 —0.24258 0.375<z<0.5
0.4375 —0.10897 0.4375<z<0.5
0.46875 —0.03987 0.46875 <z < 0.5
0.484375 —0.00459 0.484375 <z <05
0.492188 0.01326 0.484375 <z < 0.492188
0.488282 0.004319 0.484375 < z < 0.488282
0.486329 —0.00014 0.486329 < z < 0.488282
0.487306 0.00209 0.486329 <z < 0.487306
0.486818 0.000977 0.486329 < z < 0.486818
0.486574 0.000421 0.486329 < z < 0.486574
0.486452 0.000142 0.486329 < z < 0.486452

The approximated solution is x = 0.486.
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