MA2001 Solution to Problem Set 1 Eigenvalues and Eigenvectors

1. Find the eigenvalues and eigenvectors of the following matrices:

3 2 2 11 10 JE
@ (3 4j ) |1 2 1 () 0 2 0.
0 05 J2 0 0
Solution:
@
3 2 3-1 2
Let A= ,then A- Al = and
3 4 3 4-4

det(A—A)=B-A)(4-1)-6=12-71+1*-6=(1-6)(1-1).
Eigenvalues of A are 1, 6.

2 2\(x 0 2 20 1 100 X, -1
When 4 =1, =l | ~ =X ==X, = =K k0.
3 3)Ix 0 3 300) |0 00 X, 1

2
-3 2)(x 0 -3 20} (-3 20 X =

When 1 =6, = e ~ :>x1:3x2:> "|=k| 3 |,k=0.
3 22)lx,) (0 3 -200) (0 o0J 3 X, 1

(b)

2 —

2 11 A
Let A=|1 2 1|, thenA-1l= 1 2-1 1 and
0 05 0

det (A—A1)=GB-D[2-A)(2-2)-1]=G-)[4—244+ 1% 1] =(B-A)(A-3)(1-1).

Eigenvalues of Aare 1, 3, 5.

When 1 =1,

1 1 1Y\(x 1 1 100 1 1 10

111 {xz = <1 1 10|~]{0 0 40 |=x%,=0,x,=-X,
0 0 4)x 0 0 4/0 0 0 00

Xl
=1 X, :k{l k=0
X3

When A =3,



0 -1 1 1[0 -1 1 10 -1 1 10
Ol]|1 -1 10|~|0 0 20|~/ 0 0 20
0

0 0 2){x 0 0 20 0 0 20 0 0 00
! 1
=%=0,x=%X,=|X|=k|1|,k=0
Xq 0
When 4 =5,
-3 1 1)\(x 0 1 -3 1/0 1 -3 1[0
1 -3 1(x|=/0|<|-3 1 10|~|0 -8 40
0 0 O0)ix 0 0 0 0|0 0 0 0[0
1
X, i
DX, ==X, % =3, =X, ==X, = | X, [=K 5 k=0
X, 1
©)
10 02 1-2 0 V2
Let A= 0 2 0O}, then A-Al = 0 2-1 0 |and
2 00 2 0 )

det (A-A1)=(1-2)2-2)(-1)-22-2)=(2-2)(-A+A*-2)=(2-2)(A-2)(A+1)

Eigenvalues of Aare -1, 2.

When 4 =-1,
2 0 2)(x) (0 2 0 J20) (2 0 2|0
0 3 0x|=/0/<|0 3 0[0(~|0 3 00
V20 1 )\x) \0) (V2 0 1[0/ (00 0}0
2

X 2
:XZ:O,xlz—gx3:> X, |=k| 0 [k=0

Xq 1
When A =2,
-1 0 2 0 (-1 0 2

Xl
0 0 0/ x|=(0je[0 0 0[0]|=x=2x
2 0 =2\ x 0 0O 0 00



x,) (~2k) (~2k) (0 J2) (o
Let X, =t, x;,=k,then | x, [=| t |=| 0 |+|t|=k| O |+t|1]|where k*+t*=0
x,) | k k | o 1] lo

0

2. For the matrix in question 1(b), find a matrix P such that P™"AP = D, a diagonal matrix with the
eigenvalues of A as its elements. Check your solution by evaluating P AP .

Solution:
1 1 1Y) (1 4l
-1 2 2 1 i i 300
LetP=|1 1 %,thenAPzPD.Thatis 1 2 1 1 S |= 1 1 > 0 1 0}, where
1 0050 0 1o o0 tN05
1 -1 1
300 2 11 i
D=|0 1 O0].Sincetheeigenvaluesof A={ 1 2 1| aredistinct,columnsof P=1 1 3 are
0 05 0 05 0 0 1
linearly independent. It follows that P~ exists and AP =PD =P AP =D.
1 -1 1/21 0 O 1 -1 1/2/1 0 O 1 -1 1/21 1 0 O
11 1/20 1 0|~{0 2 O}1 1 0|~0 1 O}1/2 1/2 0
0 0 11001 0O 0 1/0 01 0O 0 1]0 0 1
1 -1 01 0 -1/2 1 0 0|12 1/2 -1/2
~{0 1 O0]-1/2 1/2 0 |~|0 1 0]-1/2 1/2 O
0 0 1] 0 0 1 0 0 110 0 1
11t
2 2
4 11 . o
We have P~ = 5 3 0 |. By matrix multiplication, we observe that
0 0 1
111 1 1 L
2.2 29 11 2/ (300
4 1 1 1
P"AP=|-=- = 0 (|1 2 1|1 1 =(=/0 1 0.
2 2 0 05 2 0 05
0O 0 1 0 0 1
[



1
3. Find a 2x2 matrix A which has eigenvalue 1 with corresponding eigenvector (OJ and eigenvalue 3

1
with corresponding eigenvector (J .

Solution:

11 . 1 11 O 1 01 -1 L, (1 1
Let P = . To evaluate P™, we have ~ . Therefore P~ =
01 0 10 1 0 10 1 0 1

RIS 1 (4 i O e H

0
4. (@) Using Gaussian elimination, find a matrix X such that
1 000 1000
0 100 ¥ — 0100
0 110 0010
-1 011 0 001

(b) With the help of the result of (a), find a 4 x4 matrix A which has eigenvalues —1,0,0,1 with

1) (0)(0) (-1 1 000
corresponding eigenvectors 0, ,1, 0 , Which are rows of 1o O.
of|ol|1|1 110
0/0)10 -1 011
Solution:
(@)
0 001 00O 1 0 0O01O0O0TO
1 000 100 01000100
0 1100001001 100010
-1 01 10 0 0 1 0 01 11 0 0 1
1 0 0 01 00 1 0001 0 O O
01000 1 00 01000 1 0O
520 0 1 00 -1 1 Ol=s/0 0 1 00 -1 1 0
0 0111 0 01 00011 1 -11
Therefore,
1 0 0 O
X:01 OO.
0 -1 1 0
1 1 -11
(b)



-1 0 00
0 000
0 001

-1
1
1

1 00

1
0
0

From (a) we have {

Therefore

-1 2
3.
-2

2
5 a
-1 b

(b) Find the eigenvalues and eigenvectors of A.

(©
Solution:

@)

J is an eigenvector of A

1
1
-1

|

(@ Finda andb.

Given that &£

5.

Is A diagonalizable? Please give reasons.

A
A |l=A=-1 a=-3 b=0
-1

|

J_

-1
5+a-3
—1+b+2

X

A
A
-1

2 -1 2)\1
5 a 3| 1]|=
-1 b -2){-1

], det(A—11)

Ag_/u;@{

=—(A+317 431+ =—(1+1)°

3

-3-1

2
3
-2

-1
-3
0

5
-1

2
For A =-1, we have

:

(b)



3 -1 2)\(x
5 -2 3| X
-1 0 -1){ x
-1
Let x, =k thenx, =—k, x, =—k and | -1
1
©)

0 3 -1 20 1 0 10 1 0 100 1 0 10
,|=|0|<5 -2 30(~|3 -1 20(~|0 -1 -10(~|{0 1 10
0 -1 0 -1)0 5 -2 3|0 0 -2 -20 0 0 0|0

is one of the eigenvectors associated with A = —1.

Only one eigenvector is found, A is not diagonalizable.

6. (a) Find the eigenvalues and correspond

ing eigenvectors of the symmetric matrix

A=|-2 1 0] and verify that the eigenvectors are mutually orthogonal.

4 -2 0
0 0 3
(b) Let B=A°-5(A+3l)" +3A".Find the eigenvalues of B.
Solution:
(@)
4 -2 0 4-4 -2
A=-2 1 0}, A-Al=| =2 1-4
0 3 0 0

det (A—AD=CB-D)[(@-1)1L-21)-4]=@3
eigenvalues of A=3, 5, 0

—D[A-51+ 41" -4]=(3-1)(1-5)1

When 4 =3
1 -2 0)\(x
X = 2X,
-2 2 0 X% :0:>{ =X =X,=0, X; =k.
2%, =—2X,
0 0 0)x
0 0
Eigenvectors: k| 0 |=x,, k #0. We choose the eigenvector x, =| 0 |.
1 1
When 4 =0
4 -2 0)\(x 0
2 1 0% [=|0|=x=0 —2x+x, =0, xlz%:k.
0 0 3)lx 0
1 1

Eigenvectors: k|2 |=x,, k = 0. We choose the eigenvector x, =| 2 |.

0

When 1 =5

0



-1 -2 0)(x 0

2 -4 0| x|=|0 :>X3=0,_7X1=X2=k.
0 0 -2)(x 0
-2 -2
Eigenvectors: k| 1 |=x,, k #0. We choose the eigenvector x, =| 1
0

Observe that X,-X, =0, X,-X;=0, X, -X; =0.

(b)
Consider B= A’ —5(A+31)™" +3A"
01 -2 A4 0 0 300
LetM:[E,Z,fg]z 0 2 1 |ThenAM =MD where D={0 4, 0 |=|0 0 0].
10 0 0 0 4 0 05
Therefore A= MDM . In addition, we have
3 00 3 00
A=MD°M*'=M|0 0 0 M'TSAM=M|0 0 0|.So A’ has eigenvalues 3°,0,5°and their
0 05 0 05
corresponding eigenvectors vectors are the corresponding columns of M. Similarly,
6 0 0
A+3l=MDM*+M@BI)M*=M(D+3I)M*=M|0 3 0O|M™,
0 0 8
. . 1 0 0
6 0 0 6 0 0) 6 .
(A+31)"=[M[0 3 0|M*| =(M?*)'[0 3 0| M*=M|0O 3 oM
0 0 8 0 0 8 1
0 0 =
8
> 0 0
6 ] 9 0 0
5(A+31) " '=M|0 3 0[M7, 3AT=3A=M@ED)M"=M |0 0 0 M~
0 0 15
00 >
8
It follows that
B=A"-5(A+31)"+3A
> 0 0 35—§+9 0 0
F 0 6 9 0 0 6
=M 00—020+000M‘1:M 0 —g 0 M
0 05 5 0 0 15 5
0 0 = 0 0 5-=+15
i 8 | 8




So

35—§+9 0 0
6
BM =M 0 S 0
3
0 0 55—§+15
8

Eigenvalues of B are :

3 —g+ 9=251.1666 |, —g =-1.6666 , 5° —§+15 =3139.375

Remark: Let D = P'AP, where P is non-singular. We observe that:
det(D—Al) =det(P*AP— Al )=det(P AP - APIP)
=det| P*(A—A1)P |=det(P)det(A—Al)det(P)=det(A-Al)

Thus, A has the same eigenvalues as D. We also notice that the eigenvalus of D are just the main diagonal
entries.

8 4 12 1
4 1 2 6 05
7. Consider A={12 3 6 18 15
6 15 3 9 075
18 45 9 27 225

(@ Findrank A.

(b) Find a column vector x and arow vector y , where x, y € R® such that A=xy .

(c) Show that 0 is an eigenvalue of Aand find its corresponding independent eigenvectors.

(d) Does A have eigenvalues other than 0? If yes, find those eigenvalues and the corresponding
independent eigenvectors.

(e) Findan invertible matrix P and a diagonal matrix D such that AP = PD.

(f) Find all eigenvalues of A’ +3I,, where 1, is the 5x5 unit matrix.
Solution:

(@)

Column 2 of A is anonzero column and all other columns of A are scalar multiple of it.
8 2 4 12 1

4 1 2 6 05

Sorank A=rank|{12 3 6 18 15 |=1
6 15 3 9 0.75
18 45 9 27 225

(b)



8 2
4 1
12 3
6 15
18 45
©)

O© w oo N B

12
6 05
18 15
9 0.75
27 2.25

1.5
4.5

Sincerank A=1<5, the equation

(4 12 6 05)

8 4 12 1 \(x
4 2 6 05| x
12 6 18 15 || x,|=
6 15 3 9 075|x,
18 45 9 27 2.25)|x

5

o O O o

0

<X

= X

Xs

has nontrivial solutions

and any nontrivial solutions of the homogeneous equations are eigenvectors of A corresponding to the

eigenvalue 0.
8 4 12 1|0 8 2 4 12 10
4 2 6 050 0 00 0 0p
12 6 18 15/0(~(0 0 0 0 0J0
6 15 3 9 0.750 0 00 0 0p
18 45 9 27 2.25/0 0 00 0 O0p
Consider 8x, +2x, +4%; +12x, + X, =0.
Let X, =a,X, =b,x, =¢,x, =d then x, :—%a—%b—gc—%d . So
X, —0.25a—0.5b—1.5¢ —0.125d -0.25 -0.5
X, a 1 0
X3 |= b =a| 0 |+b] 1 |+cC
X, C 0 0
Xs d 0 0
-0.25) (-0.5) (-1.5) (-0.125
1 0 0 0
o || 2 || O || O
0 0 1 0
0 0 0 1
(d)
Observe that
8 2 4 12 1 2 2
4 1 2 6 05 1 1
12 6 18 15 =| 34126 05)3
6 15 3 9 075( 15 15 15
18 45 9 27 225)\ 45 4.5 4.5

o rr O O

1.5
4.5

+d

-0.125

. Then

~ O O

(26.25) = 26.25

are independent eigenvectors of A corresponding to the eigenvalue 0.

1.5
4.5




26.25 is the only nonzero eigenvalue of A and one of its corresponding eigenvector is

1.5

4.5
()
-025 05 -15 -0125 2
1 0 0 0 1
LetP=| O 1 0 0 . Observe that columns of P are independent hence P is
0 0 1 0 15
0 0 0 1 4.5
invertible.
See that
8 2 4 12 1 \(-025 -05 -15 -0.125 2
4 1 2 6 05 1 0 0 0 1
12 3 6 18 15 0 1 0 0
6 15 3 9 075 0 0 1 0 1.5
18 45 9 27 225 0 0 0 1 4.5
-0.25 -05 -15 -0125 230 0 0 0 O
1 0 0 0 1100 00 O
= O 1 0 0 0000 O
0 0 1 0 150 0 0 0 O
0 0 0 1 45){0 0 0 0 26.25

(f)

Since P is invertible, we have

AP =PD = A=PDP™" = A’ +3I, =PDP'PDP " +3I, = PD’P"" + P3I,P" = P(D” +3I,)P"*

= (A*+3l,)P=P(D*+3l,)

, Where
0000 O0Y (30000)(3000 0 3
0000 O 03000 (0300 0 0
D2+3l,=|0 0 0 0 O |+/0 0 30 0=(0030 0 =|0
0000 O 00030 |0003 0 0
0000 2.2) (00003 (0000 (2625)+3 |0

Observe that P is invertible , so the eigenvalues of A’ +3l, are 3 and 692.0625.

O O O w o

O O w O o

O w O O o

o O o

0
692.0625

0 0O X —4/5 0
8. Suppose AP=PD,where Ais3x3,D=|0 1 0|,P=|y 3/5 0]and P isinvertible.
0 01 z 0 1

(@) Find the characteristic polynomial, det(A— A1), of A.
(b) Find all eigenvalues of A.

10




(c) Suppose the first column of P, (x y z)T with x>0 is a unit vector and orthogonal to both

—4/5 0 X
3/5 |, 0], find|y]|.
0 1 z

(d) Compute P"P and then show that PT =P,
(e) Find A", n>0.

Solution:
(@)
det(A— A1) =det(PDP - il )=det(PDP* ~PAIP*)=det P(D— Al )P |
-2 0 0
= detPdet(D - 41)detP™ =detPdet(D—A1)(detP) =det(D—Al)=detf 0 1-1 0
0 0 1-2

=-A(1-2) =-A(A*-24+1)=-2"+22* -4

(b)

det(A-Al)= —1(1—2,)2 = A=00rA=1,s00and 1 are all the eigenvalues A has.
(c)

X\ (415
y || 3/5 |=0
z 0 ——x+§y:0 y:ﬂx
x) (0 > 3 3 2+ e d 3
olee 7 z=0 =12=0 = I _25:>x:g
kel X*+y?+z2°=1 |[xX*+y*+2°=1 [x20 x>0
z)\1
x>0 x>0
X +y*+2° =1
x>0
3
X:_
5
L]yt
5
z=0
(d)
3 4 )2 24 g
w3 a5 |[FOF
Observe that PTP: —g g 0 E g 0(=|0 1 0Of.
0o o 1/o o 1| \0 01

Then P" =PI =P" (PP*)=(P'P)P*=IP'=P",
(€)

11



3 4. 3 4. 3 4., 3 4
5 5 |90 o5 5 5 5 |90 o5 5
a=l? 3 ollor ol 2 ol =[% 2 ollo1rol? 2 g
5 5 0o 15 B 5 5 0o 15 8
0 0 1 0 0 1 0 0 1 0 0 1
3 4. 3 4
535 00052
o o 1[N0 0 Uy o1
3 4., 3 4 4] (3 4 3 4
:A“z%%OOlO —%%0:%%001”0—%%
o 0o 1\ 0 Ul o010 o 1[\00T)gy o
3 4 3 4 o) (o 22 o) 3 4 o) (1 _12
5 5 |90 o035 5 5 5 5 25 25
14 3 ollo 1 oll2? 3 olclo 2 oll24 3 ol2|222 8
5 5 0o 1) 55 5 5 5 25 25
0 0 1 0o 01/ lo 0o 1/lo o 1] | o0 o

9. Let A bea 3x3 matrix with eigenvalues 1, 2, 3.

(@ (i) Find the characteristic polynomial |[A— 1| of A.
(ii) Determine |Al.
(i) 1s A invertible, why?

If A of A exists, the adjoint adj A of A is defined as the matrix adj AL |A|A™.
2 00

Suppose AM =M |0 1 0|, where M isinvertible.
0 0 3

(b) Find the eigenvalues of adj A.

3/5 -4/5 0 2 00
LetM={4/5 3/5 0|, AM=M|0 1 0.
0 0 1 0 0 3
() (i) Compute MM T and then find M.
(i) Find A™.

12




(iii) Find adj A.

Solution:
(@)
()
|A=l|==(2-1)(2-2)(A-3).
(i)
|A_AI|/1:0:|A|:_(_1)(_2)(_3):6'
(iii)
Since |A|=6=0, Ais invertible.
(b)

2 00 2 00
AM=M|0 1 0|=A=M|0 1 0O|M*

0 0 3 0 0 3

2 0 0)" 1/2 0 0
S>At=(MY) [0 1 0] Mi=M|[ 0 1 0 M’
0 0 3 0 0 1/3
1/2 0 O 3 00
:>ade=|A|A_1W==66M 0 1 0 |[M*'=M|0 6 0O|M™*
0O 0 1/3 0 0 2

Since M is invertible, the eigenvalues of adj A are 3, 6, 2.
(©)
()

3/5 —-4/5 0) 3/5 4/5 0 1 00 3/5 4/5 0
MMT™=|4/5 3/5 0| -4/5 3/5 0|=[/0 1 0|.SoM*=MT=|-4/5 3/5 0].

0 0 1 0 0 1 0 01 0 0 1
(i)

1/2 0 O 3/5 -4/5 0)(1/2 0 O 3/5 4/5 0
A'=M| 0 1 0 |[M'=|4/5 3/5 0| 0 1 0 ||-4/5 3/5 0

0 0 1/3 0 0 1)L 0 0 1/3 0 0 1

3/10 -4/5 0 )\ 3/5 4/5 0 41/50 -12/50 O
=/4/10 3/5 0 |[[-4/5 3/5 0|=|-12/50 34/50 O

0 0 w3)L o 0 1 0 0 1/3
(iii)
41/50 -12/50 0 ) (123/25 -36/25 O
adj A=|A|/A"=6|-12/50 34/50 0 |=|-36/25 102/25 O |.
0 0 13 0 0o 2
-End-

13



