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MA1201 Calculus and Basic Linear Algebra ll Solution of Problem Set 5
Complex Number

Problem 1
(@) °—i"+i%=i—- (=) +(-1) =-2+2i.

(b) 1-—i 1—i(3—2i)_3—5i+2i2_3—5i—2 1 5

3+2i 3+2i\3—2 9—4i2  9+4 13 13"

C
() (2+i)2(3—i)=(4+4i+ ij)(S—i)=(3+4i)(3—i)=9+9i—4i2=13+9i.
=-1
1 1 1+ 3i 1+ 3i 1+ 3i 1 3
(d) (1 - 3i)_1 = T = ( ) = — = = — 4 —1|.
1—-3i 1-3i\1+3i 1-9i2 149 10 10
Problem 2
Note that
1 L+ 3 1 1 (1—31') 1-—3i 1 3
—_—= = = = = = — — —1.
Z LT T3 T 1+3i\1-31) T 1-92 10 10"

Problem 3
(@) The modulus and argument of z; = 3 — 3i are given by

3 s
r=+ 32 + (_3)2 :\/E, 6= —tan_1§= —Z.

The Polar form and Euler form of z; are then given by

zZy = \/1_8(cos (— %) + isin (—Tn)) = \/1_86_%.

Euler Form

Polar Form

(b)  The modulus and argument of z, = V6 +/2i are given by

2 2 V2 om
r= () +(V2)' = VB, 0= a1 2%
The Polar form and Euler form of z, are then given by
T T in
Z, = \/§(COSE+ ising) = /8es .
Euler Form
Polar Form
(c) The modulus and argument of z; = —2i is given by

/A
T=\/OZ+(—2)2=2, 9=—§

The Polar form and Euler form of z3 are then given by
TN My n
z3=2(cos(—5)+lsm(—5))— 2e 2 .

N———
Euler Form

Polar Form

(d)  The modulus and argument of z, = —4 —/48i are given by

r=\/(—4)2+(—\/4_8)2 =8, 0= —<n—tan‘1@> = —(n—z) __

The Polar form and Euler form of z, are then given by
21 o 21 _i2’
Zy = 8(cos (—?)+lsm<—?)> = 8e "3 .

Euler Form

Polar Form
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(e) The modulus and argument of zg = —1 + 5i are given by

5
r=4(-1)2+52=+26, 0 = n—tan‘li =1 —tan"15.

The Polar form and Euler form of zz are then given by
zs = V26(cos(m — tan~15) + i sin(xr — tan~1 5)) = V/26ei(m-tan™"5),

Polar Form Euler Form

(f)  The modulus and argument of z, = 5 — 8i are given by

8
r=4+/5%24+(-8)2 =89, 4 = —tan‘lg.

The Polar form and Euler form of z4 are then given by

8 8 . _18
zg = V89 (cos (— tan~! g) + isin (— tan~?! §)> = \/@e‘(_ tan~'g)

Euler Form
Polar Form
in it i e .31 3T 3
. =t = = i(5+7 == . s
(g) le 4 26264_6(2 4)_ el4 = CcoS— + 1sin—.
——— 4_
Euler Form
] ] Polar Form 5 )
h m T i+ Z AT (A" o _2r T L. /3
(h) —2e3 = 2¢e'Te3 =2e( 3) =2e'3 =2e (F2r) = 2e "3 =2cos|——)+isin|——]|.
- 3 3
Euler Form
Polar Form

i [+ | i (5D _ [(zHEm
L i W= L I 7 _j2m 3m _3r
es +te M =¢ e +e =e 5(e’5+e 5

T o_2r 3 _2m 3m\ ., _z2¢
=2cos?e s =(—2cos?)(—1)e "5 =(—2cos?>e‘”e "5

~——
negative! positive
( ) 371) i%ﬂ ( ) 371)( 37r+_ _ 371)
=|—<4cos—]e =|—42COS— )|{COS— + LSIn—).
5 5 5 5
Euler Form Polar Form

(j) 0+5 0+5 ir [0+
m o m i) el K img _im in in T
1—e2 =e0—e2 =¢ e —e =68(e 8—eB)=eB(—2151n§)

LT i I L
=251n§(—1)e8 =251n§e 2e8

L . 3 o 3n
=251n§e 8 =251n—(cos(——)+lsm(——>).

8 8 8
Euler Form Polar Form
Problem 4
ei9+e—i9 . ei@_e—ie
Recall that cos 8 = and sin@ = >
(a) el o7l pi0 _ p-if . o .
—cosf —isinf = — —i - = —elf = pimpil = Li(6+m)
2 20 —
Euler Form
= cos(6 + m) + isin(0 + m).
Polar Form
(b) . . pl0 _ o—if .eie 4 o-if i(eie _ e—i@) .eie 4 o-if - in .
—sinf +icosf = — T + i 5 = — > + i > =je' =e2¢!
l —

= ei(g%) = cos (6 + %) + isin (9 + g)

~—————
Euler Form

Polar Form
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(C) from (b) ) ™ ' ' ™
1—sin@+icosd = 1+ el(9+2) =el0 4+ el(9+2)

) ) s
0+0+% 0+0+% 0+0+%
. 2 L 2 ; T _: 2
l( > ) 10—1< > ) l(9+E)—l( > ) l(g_l_%) _i(g+%) l(g+%)
—e e te —e e +e

Hni(2+E) 6 m 6 m . (8 =
=2cos<—+Z>e 24 =2cos<—+—>[cos<—+—>+lsm<—+—>].

2 2 4 2 4 2 4
Euler Form Polar Form
(d) 14 cosf —isinf = 1+ei6 te —i e —e” =140 =pl0 40
2 21

= ei(¥> [elo L(O 9> + e_ie_i(¥)l = e_% (e% + e_%) =2 cosge_%

Euler Form
= 2cosgeos (=) +sin-3)
= COS—[COS —E + i sin —E ]

Polar Form

Problem 5
(a) 1++3i 2(cos3+lsmg)
2-2i \/§(cos (—%) + isin(—%))
1 T s . (m /4 1 7 7
= ﬁ(COS (5— (—Z)> + L sin (5— (—Z)>> = \/E(COSE-F lSll’lE>

(b) (1410)5 = [\/5 (COS% + isin%)]_s = 2‘% (cos (—%n) + isin (— %))

(c) We first note that

-3 +0) _[VE(cos (=) + tsn (- B)] 2 (cosF+ 1sm )]
20 - 2 (cos%+ isin%)

Therefore, we have

((1 - i)glﬁ + i)>12 _ Iﬁ [COS (_ %) +isin (_ 7_”>”12 = 64(cos(—7m) + i sin(=77))

= —64.

+4l cos—+sm?) 86 COST+isin—

8( (" ")+ ("”+5”)) k=0,1,2,..,5
cos 3 T3¢ i sin 3 t3¢)) =01,2..,5.

(e) We first note that

4+ 4i B \/3_2(cos4+lst) _\/3_2(COS4+l51nZ) 1 ( E+ n)
(- 2+\/_l [4(cos T 4+ isin 237r)] 64 (cos 2m TILSIHZH) 24/32 cos lsm4

Thus, we have
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(cos—+lsm )=2 4| cos———+isin———
(-2 +\/12i) 2v32 4 2

= 2_% (cos (kn+g) + isin (kn+—)), k=0,1.

(f) 3 5t 5m\]° +|3 157 157
(—2-20)2 = [\/§(COST+lSIH—)] = 82(cosT+Lsm—>

4 4
3 2km +1“?’T” 2k + 12"
=88 cosc————+isin—— |, for k=0,1,2,3.
4 4
(g) pl0 _ o—if el 4 p—if ( 0 _ 19) el 4 p—if o i
. o — 3 — 1 = —9 = 2 o
sinf —icos@ Zni i 5 — —1i 5 ie e 2e

Thus
, T\~ 5 .
(sin@ —icosH)® = [91(9—7)] _ oi(s6-)
(h) i _E E T E T - -
1+e4 —elo+e4 =e8 (e 8 +es)=2cos§e8 =2COS—(COS—+isin—)_

8 8 8
Thus, we conclude that

4,1+ %_4\/2 7-[( T[+_ . 7-[)_(2 7-[)% 2k7‘[+%+. . 2k7'[+%
es = COS8 COS8 lSln8 = COS8 CosS 4 1 S1n 4 ,

k=0,1,2,3.
Problem 6
1 . 5 1 + i ﬂ 5 P 5 P 5
< +ltan9) B L 0s0 _<c059+lsm9> _ (cos® +isin®)
1—itan6/ 1— .sinf |~ \cos@ —isin8/  (cos(—0) + isin(—0))>
cos 6
. sin 560
cos 50 + i sin 50 cos560 +isin50 l+i =g 1+itan50
" cos(—560) + isin(—50) cos560 —isin50 | _ ;Sin50  1—itan56
cos 560
Problem 7

(@) Since |z| =r =1, then the polar form of z isseentobe z =cos@ + isinf. Then
14z (1+4+cosf)+isin@ (1+cosh)+isinf ((1—cosO)+isind
1-z (1—-cos@)—isin@ - (1 —cosh) —isin@((l—cos@) +isin9>
(1 —cos?8) + [sinB (1 —cosB) +sinf (1+ cosh)]i +i?sin? 0
- (1 —cosf)? +sin? 0

Take b=Z0
sm 0 — sin? 0+ 2sinfi  sinf ;

= bi
2—2cos6 ~1_cosh' '
Thus z, is purely imaginary.

ZO=

(b) Since z =cosf +isinf, then Z = cos@ —isinf. The remaining argument is similar to that of
(a). We omit the detail here.

Problem 8
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(@ 3z _ 3(1+30) _3+9i_3+9i(2+3i>_6+24i+27i2_—21+24i
1+z 1+@1-3i) 2-3i 2-3i\2+3i/  4-9i¢ 13

(b) (z+32)2=[(1+3i)+3(1—-30)]*=(4-6i)*=16—48i + 36i* = —20 — 48i.

(© \/m_\/(1+3l)+(1—31)—‘%/_ \/Z(COSO+151I10)—24<COS#+1511‘1#>
for k=0,1,2,3.
Problem 9
Note that
Re<z—1):1<z—1+ﬁ>1511<z—1+z——1):1(2—1)(z—+1)+(z——1)(z+1)
z+1 2\z+1 z+1 2\z+1 z+1 2 z+1D(Z+1)

1 2zz-2 A pp-1 EE 19

T2@z+DGE+1D)  @Z+D@E+1D (@Z+D@E+1)
1(z—-1 z-1\=11/z-1 z-1 1z-DE+1D-(EZ-1D(z+1)
) 21(z+1 z+1>=5(z+1_z+1)=2 z+D(E+1)
1 2z — 2z 1 z—Z 1 2i Im(z) _ Im(2)
i

=Z(z+1)(z‘+1) izZ+z+z+1 |z|2 + 2Re(z) +1 1+ Re(2)’

I (Z—l
m z+1

Problem 10

121 + 2217 — |21 — 2,1 = (21 + 2,) (21 + 2,) — (21 — 2,) (21 — 2,)
= (21 +2)(Z71 + 72) — (21 — 2,) (21 — Z3)
= 2171 + 7175 + 2370 + 2375 — 747y + 2175 + 73721 — 7375 = 2(217; + 737;)
= 2(z12; + 212;) = 4Re(2,23).

Remark: The last equality follows from the fact that z + Z = 2Re(2).

Problem 11
(a) ) . . s 5 5
26 =-3+V3i=>z= [-3+V3i= [V12 (cos?+lsm?>
1 2k7t+5% 2k7t+5?n
= 1212 | cos 3 + isin c
= 1212 (k” 5”>+ (k” 5”)) for k =0,1,2,..,5
= cos 3 T3¢ i sin 3 t3¢)) or k=0,1,2,..,5.
O ra+n =0 (1_2) — 15177 (cosm+isinm)?
Z z) =0= 115 = =>1+Z— cosmw+isinm
1-z 2km+m . 2km+m
= = cos +isin———, k=0,1,2,...,6.
142z 7
W
1_(Uk
=z =
1+(1)k

(c) z19-52°-6=0=>("-6)(Z"+1)=0
=2z°=6 or z°=—-1
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2km - 2km

>z= \/6(c050+LsmO)—65(cosT+LsmT> or

5 — 2kn+m  2kn4+m

Z=\/(COSﬂ-l-LSlnT[):COST-I-lSlnT
where k =0,1,2,3,4.
(d) y=z*

28 —2V3z444=0 3 y2-2V3y+4=0

23+ [(~243)" - 4@

\/_-l-l or z* \/§

T T T

:>z=4\/2(c055+ising) zZ = \/2 cos +Lsin(—g))

1 2kn+76T 2kn+% 1 an—% an—%
=z =24 COST-I-lSln or z =24 cosT+isinT.

where k =10,1, 2, 3.

(e) 2° . s
=3i = z° = V3i +V3iz°
1+ 25 .
_ s \3i \/§(cosz+lsm2) \3 57r+, 5w
z- = _ - = T — T =7(COS? lSln?>
1-+3i 2(COS(—§)+181H(—§))
1
5[V3 5 5m\ 310 2k71'+56n 2k7r+5%
>z= —(cos—+isin—)=—1 cos—————— +isin———
2 6 6 25 5 5

where k =0,1,2,3,4.

Problem 12

Since 3 + i is one of the roots, it follows that 3 + 1 = 3 — i is also a root of the same equation. By factor

theorem, [z — (3 +1i)] and [z — (3 —i)] are the factors of the polynomial on L.H.S. This implies that the

product [z — (3 +i)][z— (3 —1i)] = 2% — 62z + 10 isalso a factor of the same polynomial.

Using long division, the equation can be factorized as

z* — 823 + 2722 —50z+50=0

= (z2-62z+10)(z2—-2z+5)=0

2+4(=2)2-4(1)(5) _
2

=>z=3+4i or z= + 2i.

Problem 13

(a) We first note that
(cos@ + isinB)°> = cos 50 + isin 56 ... (1)
On the other hand, one can use the Binomial theorem to obtain
(cos O + isin6)°>
= c0s° 0 + 5cos*Osinf i+ 10 cos® Osin? 0 i% + 10 cos? O sin® 6 i3 + 5 cos O sin* 9 i*
+ sin® 6 i°
= (cos® 0 — 10 cos® 8 sin? 8 + 5 cos 8 sin* 6)
+ i(5cos* @ sinf — 10 cos? O sin® O + sin> H) ... (2).
By comparing the real part between the equations (1) and (2), we get



(b)
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cos 50 = cos® @ — 10 cos3 O sin? 6 + 5 cos O sin* 6
= c0s®> 0 — 10 cos3 0 (1 — cos? 6) + 5cos B (1 — cos? )2
= 16 cos® 68 — 20 cos3 6 + 5 cos .

We shall consider the expression (cos @ + i sin8)3. We first note that
(cosf +isin6)3 = cos 36 + isin36 ...(1)

On the other hand, one can use the Binomial theorem to obtain

(cos O + isin6)3

= cos30 +3cos?Osinfi+ 3cosHsin?0i%+sin36i3

= (cos3 0 — 3 cosBsin? @) + i(3 cos? Hsin O — sin3 9) ... (2).

By comparing the imaginary part between the equation (1) and (2), we obtain
sin36 = 3 cos?Osinf —sin® 0 = 3(1 —sin? H) sin® — sin3 O = 3sinf — 4sin3 6.

Problem 14

(a)

(b)

(c)

Using the fact that z — i = 2isin 8, we obtain
5

1
(z — E) = (2isin0)® = 32sin®> 0 i®> = 32sin° O i ... (1).

On the other hand, one can use the Binomial theorem to obtain
5

1 1 1 1 1 1 1
(z——) =ZS—SZ3+1OZ—1O(—)+5< ) (ZS——>—5<Z3——>+10<Z——>
z z z3) 25 z> z3 z
= 2isin56 — 10isin 36 + 20isin 6 ... (2).
By comparing (1) and (2), we obtain

32sin® @i = 2isin560 — 10i sin 36 + 20i sin 6
1
= sin® 6 = 1—6(sin 56 — 5sin 36 + 10 sin §).

Using the fact that z — i = 2isinf and z + i = 2 cos 6, we get
1\’ 1\*
(z - E) (z + E) = (2isin0)3(2 cos* @) = —128sin3G cos* B i ...(1)

One can use the Binomial theorem to obtain
4 3

IS 1 1 1 , 1V
e b =le-De 2] =2 o+
z z z z z z
3 1 1 3 1 3
=(z — 32z% +———)<Z+ )—27—323+———+25—3z+———
z® z z z
1 1 1 1
-2+ F)-ale- ) sl
z’7 z> z3 z
= (2sin76 + 2sin50 — 6sin 30 — 6sin0)i ... (2)

By comparing (1) and (2), we obtain
—128sin3 0 cos*0i = (2sin70 + 2sin560 — 6 sin 36 — 6 sin 0)i

1
= sin® 6 cos* § = —a(sin79 + sin50 — 3sin 360 — 3sin ).

Using the result obtained in (b), the integral can be computed as
s V3

2 1 (2
f sin 0 cos*0dg = ——f (sin768 + sin 50 — 3 sin 30 — 3sin §)dH
0

1

1 1
=" 7cos76—§c0559+cos39+3c059]

2
35



