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Prediction

We often need to predict quantalities.
Examples: position of a vehicle.
Examples: the price of a house.
Examples: the population of a country.
Examples: oil price.

Example: the electricity price.
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Prediction

e Itiseasy to predict certain quantities.

e Itiseasy to predict the position of a vehicle.
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Prediction

« Itis easy to predict certain quantities.

* The position of a vehicle can be predicted using Newton’s laws.

Newton’s Laws
of Motion
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Predicti

» Itis easy to predict certain quantities.

 When does a spacecraft arrive at Mars?
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Predicti

e Itiseasy to predict certain quantities.

* Physical laws can be used to predict the travel time to Mars.

Physical Laws . Traveltime
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Predicti

» Itis easy to predict certain quantities.
* They obey certain mathematical or physical rules.

 We can use these rules to predict them.
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Predicti

» [tis difficult to predict certain quantities.

* Example: the population of Hong Kong in 2030.
* Example: the market price of a house.
 Example: the electricity price.

* There is no clear rule to predict them.

* Sometimes, the rules (laws) are too complex.

* So, they cannot be used for prediction.
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Predicti

« Example: the population of Hong Kong in 2030.

* There are no explicit rules. But, there are many historical observations
(data).
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Predicti

* Using the historical data, we can build a model to predict the population.

 The input to the model is the year. The output is the population.
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Predicti

* Example: the market price of a house.
* The price of a house depends on its area, neighborhood, etc.

* There are no explicit rules. But, there are many data available.

area bedrooms bathrooms stories price

7420 4 2 3 13300000
8960 4 4 4 12250000
9960 3 2 2 12250000
7500 4 2 2 12215000
7420 4 T 2 11410000
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Predicti

* Using data, we can build a model to predict the price of a house.

* The input to the model will be the area, number of bedrooms,
bathrooms, stories. The price will be the output.

Area

# Bedrooms .
# Bathrooms > Model — Price

# Stories

area bedrooms bathrooms stories price

7420 4 2 3 13300000
8960 4 4 4 12250000
9960 3 2 2 12250000
/7500 4 2 2 12215000

M 7420 4 1 2 11410000
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Models
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What is a model?

* Suppose that we would like to predict a quantity. Let’s call it y.

* The value of y is predicted based on the values of other quantities. Let’s

call them x.

A model is a mathematical function of x. The model will predict the

value of y based on x.

* x will be the input of the model, and y will be the output of the model.

Input (x}—|  Model

—— Output (y)
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What is a model?

* Examples of models.
Input (x}—{  Model — Output (y)

X
Area y
# Bedrooms | Model — Price
# Bathrooms
# Stories
* y
Year —|  Model [~ Population

Input (x) — a4 + a,x + a,x? [— Output (y)
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What is a model?

* Suppose that we would like to build a model to predict y based on x .
* We have n data points. Each data point has two components: x and y.

We will build mathematical models based on the available data to
predict the values of y.

Xy

| |

(xl'yl)
nput (x) —|  Model  |— Output (y) (x2,¥2)

(xn: Vn)

n data points
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What is a model?

* Think of x as the year and y as the population of Hong Kong in that

year.
x (year) y (population) X y
(1960,3000000) (X1, Y1)
(xz, )’2)
(1980,5000000) :
: (X0 Vn)
(2010,7000000)

* We would like to predict the value of y (population) for other values
of x (year).

* Example: population in 2030. That is, the value of y for x = 2030.
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Linear Least-Squares Regression

x — Model — ¥
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Linear Least-Squares Regression

* Suppose that we have n data points.

* For certain data, the relationship between x and y can be described by

a line.
X Yy
Vi Linear trend
3 | ]
i (X1,Y1)
i (xZJyZ)
| Xn,
) i (Xn) Yn)
' > x — Model — Yy

=
[ERN
=
S
.-l-q
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Linear Least-Squares Regression

* Inthe linear least-squares method, we build a linear model to
predict the value of y.

* Alinear model will be in the form of a, + a,x. Here, ay and a, are
the parameters of the model.

« If we know ay and a; we can predict the value of y for different
values of x.

X Yy

||

('xlr 3’1)
Input (x) — Ao + a1x — Output (y) (er yZ)

(s V)
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Linear Least-Squares Regression

* The linear model can be used to predict the value of Y for points that we
do not have measurements.

Vi Linear trend
Yn oo T m s
ag + a1 x ! X Yy
i (X1, Y1)
Vi p=——-- E (xz, )’2)
i i (%) Yn)

=
[

=

=

Input (x) — ap + a;x —— Output (y)
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Linear Least-Squares Regression

* We say, a linear model is fitted to the data.

Vi Linear trend
Yn [~ mmTmT s
Ag + ax i x y
i (xli )’1)
S i (x2,¥2)
! : - (Xn, Yn)
X1 Xn X

Input (x) — ap + a;x —— Output (y)
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Linear Least-Squares Regression

The values of a, and a,are computed as follows.

(nzl 1 XiVi)— (Z =1 xl)(Zl 1 Vi) Ejﬁl’ylg
n ¥, xf-(Xk, xl) 2;:}72

a; =

(s Vi)

1on
X
Ay~ Li=1 Xi

Zl 1yl

— agtaix —

?:1 Xiz.xl +X2+”'+Xn
i yi=yi+y,+ 4+,
n

moxF=x2+ x5+ -+ x2

o1 XiVi = X1V + XY + o+ X
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Example

* Find the linear least-squares model for the following data.

X Yi

0.5
2.5
2.0
4.0
3.5
6.0
5.5

SO s oo —

— ap+aix —
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Example

Solution

n=>~"17 E.r,-y,- = 119.5 E\f = 140
E,l}' = 28
2%

7(119.5) — 28(24)
7(140) — (28)°

ag = 3.428571 — 0.8392857(4) = 0.07142857

24

0.8392857

— agtaix —
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How does it work?

* Suppose that a, and a; are known. (x1,Y1)
_ (XZ, yZ)
*  We can compute the output of this model for each x; :
X1, X2, Xn (xn; Yn)
Output of
Ao + aq1Xq, Ao + aiXxo, .., Qo + A1 Xy +— the model

* The output of the model for point x; may be different from y; (data).

Input (x) —| a5 + a;x [ Output(y)
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How does it work?

* The error of the model for point x; i@

Data Model output

xl; xz, xTL
Output of
Ao + a1Xy, ap + a;x,, ..., Qg + Ay Xy —— 00
y1 — (ag + aixy), Vv, — (ag + a1x3), .., Yp—(ag+ ayxy,)
(x1,¥1)
Input (x) —|  a, + a,x —— Output (y) (xz».YZ)
(Xn, Yn)
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How does it work?

* The error of the model for point x; is y; — (ag+a,x;). (x1,V1)
: : (Xz, y2)

* Sum of squares of errors for this model is S, :
n (Xn, Yn)

2 | — G — a1X;)°
=1
— — Qo — alxl) + ot (yn - alxn)z
Yi |

Ao ~+ aix;

Input (x) —| a5 + a;x [ Output(y)
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How does it work?

* Every model (ay and a4) results in an error (S,.). If we change a4y and a4,
the error of the model will change.

* Inthe linear least-squares regressions, we find ay and a4 that result in
the smallest error.

Yi

n

— 2 .

Sr = Z(yi — Qy — a1 x;) Ao + A1 X;
i=1

Input (x) — ap + a;x —— Output (y)
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How does it work?

* This is called the least-squares method since we find the model that has
the smallest error (S, ).

e Jtis called linear because the model is in the form of a line.

n
(xl; yl)
Sr= ) (i —ap — a;x;)?
; (xZJ:yZ)
(Xn, Yn)

Input (x) —| a5 + a;x [ Output(y)
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Linearization of Nonlinear Relationships
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Linear Relationship

* Linear regression is efficient when the data points follow a linear trend.

* Thatis, the relationship between x and y can be described by a line.

Vi Linear trend

@ X— ag+ax [—7

Y
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Non-linear Relationships

'

Certain data may not obey the linear relationship.

How to build a model in this case?

— Model

1‘_?
[ N PP - 4
® ® @ ®
M
.. ®
®
® Non-linear trend Non-linear trend

Y

University

M EE2108
zaunse

of Hong Kong
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Linearization

* In some cases, transformations can be applied to data to obtain linear
relationships.

» After transformation, the relationship becomes linear.

* So, linear regression can be applied to data after transformation.

____._',L.:.—:—t:-
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Linearization

*  We will study these transformations for three different models:
1. Power model
2. Exponential models

3. Saturation-Growth-Rate Model
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Power Form
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Power Form

* Sometimes the data follows a power trend.

A power model is in the form of y = a,x”2 where a, and S,are constant
parameters.

* We need to find a, and f.

y.ll

v

_
A X
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Power Form

* data points with a power model can be linearized by taking the logarithm
to the base 10 of x and y.

Y= azxﬁz» log1o(¥)| = logio(az) + B2 [log1o(x) »

y' x'
* y' =logio(az) + fox'

log v,
y A

Linearization Slope = B,

log x

— Intercept = log «, —
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Power Form

* Power data can be linearized by taking the logarithm to the base 10 of x
and y in the data points.

Linearized data

Power model data x! y'
(x1,¥1) (x1 =[log1o(x1), Y1 = 10810()’1))|
(x2,¥2) (x3 =|logqo(x2), v, =[l0g10(¥2))
(X V) (xn, =[log10(xy) Vi = 10810(3’11)]

y = azxﬁZ log,0(y)| = logyo(az) + B> 10810(90‘ y' =logio(az) + Box’
y' x'

— Model —
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Power Form

* We then apply the linear least-squares regression to the linearized data
and find ay, and a;.

Linearized data

(x; =log1o(x1),y1 =logio(y;)) Linear

(xé — loglo(xz) , yé = loglo(yl)) regression

B2 = a4
»y’ =a0+a1x’»'

(xn =10g10 (x3,) , Yn=10810(¥n)) a, = 10%

y = a,xh2 »3" = logio(ay) + Box’
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Example

* Fit the power model of y = a,x"2 to the data in the table below.

X 4

1 0.5

2 1.7

3 3.4

4 5.7

5 8.4
||
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Example

* We first take the logarithm of x and y.
Linearized data

x y log x log y
] 0.5 0 —0.301
2 1.7 0.301 0.226
3 3.4 0.477 0.534
4 57 0.602 0.753
5 8.4 0.699 0.922

log y 4

L=

0.5
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Example

e The linear regression model of the linearized dataisy’ = 1.75x" — 0.3.

¢ aO — _03, a, = 175

B, = 1.75 » y = 0.5x175

—0.3 = 10810(“2) =y = 10_0'3 = 0.5

log y 4

0.5

o
‘\
(=]
a1
)
@
=

ol
1T T T T T T 1

=)
ol

EE2108 Week 8: Curve Fitting 43




Exponential Model
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Exponential Models

* Sometimes the data follow an exponential trend.

« An exponential model is in the form of y = a;e”* where a; and S;are

constant parameters.

* We need to find a4 and f;.

Y |

M EE2108
ERRTAS

University of Hong Kong

20'
o5
y 154 ooi%’
y = aefr 1 o °
gb
5- S
P
; o=
u 5 10 15
X
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Exponential Models

* Exponential data can be linearized by taking the natural logarithm of of

V.

+ y = ayel I

!

y

Linearization

Iny

i) | In(ay) + e M ¥ = In(ay) + fux

Intercept = In «
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Exponential Models

* Exponential data can be linearized by taking the natural logarithm of y in
the data points.

Exponential
data

Ly (g, yi=1In(n))
(*2,¥2)  (x2,  y3=In(y2))

Linearized data

(xn'. yn) (xn: y?é = ln(yn))

y = aleﬁlx ln(y) = ln(al) + ,le

!

y

— Model —
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Exponential Models

* We then apply the linear regression to the linearized data to find a, and

aq.
Exponential
pd Linearized data
ata Linear
(x1,¥1) (x1,  y1=1In(y1)) regression f1=a4

Czya) (2 72=102) mahy =a+ax B, _
: : L=

(xn'. yn) (xn: %é = ln(Yn))

y = a,eP1* In(y) |F In(ay) + f1x y' =In(ay) + py1x

!

y

— Model —
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Saturation-Growth-Rate Model
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Saturation-Growth-Rate Models

Sometimes the data follows a saturation-growth-rate model.

This model is in the form of y = a4 where a; and fzare constants.

ﬁ3+x

We need to find a3 and [5.

The value of y saturates as x becomes large.

y
,-)f A

V=
J 3B3+X

X

@W EEZ2108 Week 8: Curve Fitting X 50
btk i




Saturation-Growth-Rate Models

This model can be linearized by inverting x and y.

=&l+i - y’=&x’+i
az|lx| as as as

. _ X
y =y )

| =

~
~

<<

—
~
=

Linearization

‘ B Tope = fyle,

Intercept = 1/a;

51
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Saturation-Growth-Rate Models

* This model can be linearized by inverting x and y.

Linearized data

Data
(%1, V1) (x1 = 1/x4, y1=1/y1)
(Xz,yz) (Xé — 1/x2' yé: 1/y2)
(%, Yn) (xn = 1/xy, Yn=1/yn)
_ X 1| Bl 1 p 1
= a — = — - I __ _3 / T
g 3ﬁ3+x y a3x+a3 y_agx +0(3
y' X
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Saturation-Growth-Rate Models

* We then apply the linear regression to the linearized data.

Linearized data
Linear

(Xi — 1/x1; }’1 = 1/}’1) regression 1

(X2 = 1/x3, y2=1/y2) » y' =ag+ax’ * ' ao

/ / = a1
(xn = 1/xy, Yn= 1/yn) Ps 1

y = a5 L
3ﬁ3+x y_agx (04}
— Model —
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Polynomial Least-Squares Regression
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Polynomial Regression

* So far, we have learned how to fit a linear model to data. We also learned
how linearize certain non-linear data.

* Certain data cannot be linearized using transformations.

* Polynomial regression is an alternative solution for building a model in
this case. Here, we fit a polynomial model to our data.

15 L T T L L

— Model —

_1[} L L L L L I

0 B 10 15 20
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Polynomial Regression

* Suppose that we would like to fit a quadratic polynomial to our data.

e A quadratic polynomial model is of the form y = ay, + a;x + a,x?
where a,, a4, a, are constant parameters.

 We need to find ay, a4, a,.

x y
\ /
(xl' yl)
(x2'.y2)

Input (x) — a4 + ayx + a,x? [— Output(y)

(X Y0)
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Polynomial Regression

* The parameters ay, a4, a, are obtained by solving the following system

of linear equations.

(n)ay + (2 xz-)al + (E x?)az = 2)’5

(2 xz-)ao +
(E x?)ao +

(2 x)ay = X xy;

D d)ay = D xy,

(X1,¥1)
(xz»OYZ)

(xn,. Vn)

M EE2108
ﬁﬁﬁﬁﬁﬁ k.
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Polynomial Regression

« Y. xf=xi+xi++x2

e Y oxP=xd 4+ ++x3

(x1,¥1)
© Y xt=at+xg 4+ xg (x2,¥2)
« YL iXi =X+ x4+ (Xn, Yn)

i=1 Vi — A1 2 Xn n.Jn

* Y Yi=nit Y2ttt
© Nit1 XiVi = X1Y1 + XV, + -+ XYy

o ML xfy = xiyr + x5y, + o+ x2yy
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Example

* Fita quadratic polynomial to the following data.

Yyi

2.1

/.7
13.6
27.2
40.9
ol.1

X

50 —
Least-squares

parabola

W — O
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Example

* We first from the system of linear equations.
Sx; =15 > xi =979

Sy =1526 D xy = 5856
D x; =55 D x7y; = 2488.8

Qx5 =225 ot (Exi)al " (
(Exi)ao + (Ex?)al + (
(Exf)ao + (Ex?)al + (
6 15 55 1[ay] [ 1526
15 55 225 || a; | = | 585.6

- 2488.8

M M M
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Example

The solution of the system of linear equations is ay = 2.47857,
a; = 2.35929,and a; = 1.86071.

* The optimal model is

y = 247857 + 2.35929x + 1.86071x

M EE2108 Week 8: Curve Fitting
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How does it work?

 Consider the polynomial model y = a4 + a;x + a,x?.

2

* When the input to the model is x;, its outputis ag + a;x; + a,x;.

* The errorforx;isy; —ag — ax; — ale-z

. 2
* The sum of squares of error is Z?zl(yi — Ay — A X; — Ay X} )

(X1, yl)
(XZJ.yZ)

2
x; —| a, _|_a1x_|_a2x2 — ag + a1x; + ax;

(xn; Vn)

M EE2108 Week 8: Curve Fitting
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How does it work?

* We will adjust a,, a, a, such that the error is minimized.

n

Sy = Z()’i — Qo — a1X; — azxiz )2

=1

* To find the optimal parameters of the model, we take the derivative of
the total error with respect to ay, a4, a, .

n

S, = 2 (yi — do — apx; — Clzxiz)z
i=1 8a1

S, Ay
= =2 (i — ap — ayx; — ayx;) = =22 x5 (yi — ap — aix; — axx;)

_ )
= =2 > x(y; — ap — ayx; — a»x7)

8610
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How does it work?

* We then set these equations to zero.

a5, dS,
=0 =0 95 _ o
aaO aal aaz

* We obtain a system of linear equations in a, a,, a,.

(n)ag + (Exi)al T (ZX?)Gz = >
(Ex,-)ao + (Exiz)al + (EX?)az — Exiyi
(S a0 + (X xd)ay + (3 x)ar = > by,

* The solution of this system of linear equation is the optimal

parameters ag, a;, a,.
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Non-linear Least-Squares Regression
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Non-linear Least-Squares Regression

* Sometimes we may need to fit a non-linear model to our data.

* For example, we may need to fit a; (1 — e~ “2%) to our data where a; and
a, are constant parameters.

* The model is not a polynomial.

* We cannot linearize it using transformations.

(X1, Y1)
(xz».YZ)

— a1 (1 —e™%2%)

(s V)
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Non-linear Least-Squares Regression

* Suppose that we need to fit the nonlinear model f (x; a,,a,, ..., a,,) ton
data points.

* The model has m parameters a{, a,, ..., a,.

* We will discuss the Gauss-Newton algorithm for finding the optimal
values of aq, a,, ..., a,,.

(xlr yl)
(xZI.yZ)

x —| f(x;aq,ay,...,a,) — Y

(xn,. Vn)
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Matrix Transpose

* Suppose that you have a matrix /.
 The transpose of | is another matrix. We show it using 7.

 The first row of ] is the first column of /7. The second raw of ] is the
second column of J7, etc.

I 24 0 30 _
| 24 24 -6 -6 36 ] 24 30 -30
J= o 30 0 0 -30 JT= -6 0 O
30 -30 0 30 -30 -6 0 30
) ] 36 -30 -30

M EE2108 Week 8: Curve Fitting
zaunse

University of Hong Kong



Gauss-Newton Method

Gauss-Newton method is an iterative algorithm.
k is the iteration counter of the algorithm.
Use a vector to represent the parameter, A = |aq, a,, ..., G, ].

f(x;A) = f(x;aq,ay, ..., am,)

The values of parameters are updated in each iteration.

A = [a’f, ak, ..., a,’%] stores the values of parameters at iteration k.

Ay = [a,ad, ..., a% ] is the initial values of the parameters.

a? is the initial value of a,. a} is the initial value of a;.
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Gauss-Newton Method

1. k = 1(iteration counter)

0 ,0

2. Ay =[al, a3, ...,ad] (initial values of parameters are input to the

algorithm)

3. Compute the vector AY using A, _;.

f(x;A) = f(x;aq,ay, ...,0;,)

U1 _f(ml;Ak—l) (.xl,yl)
AY — Y2 — f(-%:%Ak;—l) (xz;'}’z)
| Yn — f(mn: Ak—l) i (Xn, yn)
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Gauss-Newton Method

4. Compute the matrix J using A;_4.

S s 51 g
dart (%15 Ak-1) =12

dao

dao

9 ' ‘
_()((11 f ('I n

X ;'il],-_]_) -é) .f.('l.ll

das

1244;.._1) v o T’i‘f.(.rl:x‘ill‘._l)-

O f(x9; Ak—1) ... 0

c A1) .:. .."-—’f(.;-

f(x;A) = f(x;aq,ay, ..., 0,)

OAm *

daym *

f(z2; Ak—1)

" 44/.'—1 )_

* In this step, we need to partial derivatives

f(xA)—

051

f(x A) ==

f(x;aq,ay,...,a,)

f(x;aq,a),..,0,)

o
M EE2108
ERRTAS
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Gauss-Newton Method

5. Update the parameter according to 4, = A,_; + (JT))"YTAY.
6. Compute d;, according to d;, = |A; — Ax_1|.
7. If all the elements of d;, are less than ¢, stop.

8. Otherwise, k«—k+1and go to 3.

9. The last generated A is the optimal value of the parameters.

L f(a1: Ap—1) L fa; Ap—1) ... #.f(-l'li Ag—1)

daq as

[y — fla Ako)
Yo — f(wa; Ag_1)

%)

] — #f(l_) A;,._ ] ) mf(l_) :1/‘-_1) srsie ﬁf(lg A},-_| ) AY —

YUn — f('r.n;Ak—l) |

D f ] S . 2 o P
_,)((_,lf ('I.II: ""1/"—-.1.) ()(1_:2)‘ ('I'n- fl/\'—.l.) R l):Tf ('I ns “—ll.'—l )_ -
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Gauss-Newton Method

1. k = 1(iteration counter)
2. A% =1a}, a),...,ad ] (initial values of parameters)
3. Compute the vector AY using A, _;.

4. Compute the matrix J using A, _;.

5. Update the parameter according to 4, = A,_; + (JT))~1JTAY.

6. Compute d; accordingto d; = |Ay — Ap_1|.
7. If all the elements of d;, are less than ¢, stop.

8. Otherwise, k«—k+1and go to 3.
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Gauss-Newton Method

To compute(JT])"YJTAY:

S-S e

ag

= (X'X)'X'Yy

Optimal parameters

Compute the matrix J.
Compute the matrix /T using J.

To compute the matrix /7, multiply /T by J.

Compute the inverse of the matrix J7].

To compute (JTJ)~1JT, multiply the inverse of JTJ,i.e,, JT))71, by J7.
Multiply AY by the matrix (/7)) 1J7.

X:

I xy

L12

o2

. L1k

. Lok

— | T12 T22 T22 ...

[ 1 1 1

11 T21 Tz ...

L1k T2k L3k - - o
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Example

Fit the model a,(1 — e~ %2%) to the data in the table below.
Use ay = 1 and ad = 1 as the initial parameters. 4, = [1,1].

Assume € = 0.0001.

x | 025 075 125 175 225
vy | 028 057 068 074 079
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Example

* x4 =0.25x, =0.75,x3 = 1.25,x, = 1.75, x5 = 2.25.

.+ A=lay,a,) flx;A) = ar (1 —e™%%)

o Ay = [ak, ak].

« | 025 075 125 175 225
v | 028 057 068 074 079
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Example

» We first form the vector AY using 4;_; = [af™1, a5 71|

oy — f(o Ag—r)

ay - | BT | faga) = 0,1 - e

Un _f(l:nBAk—l)
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Example

» We then form the matrix J using 4;_; = [a¥™1, a571].

fx;A4) = a;(1—e %)

[ o (.’l'll 4-"-1;1-_1) 9 .(.'1'1: fh.‘—l)

day - das -
ﬁ — 1 — e(_azm)
J_r . 2l e/
J= | fa2i Ak—1) oo f(wai Ag—1) %‘5}1
; : _ (—azx)
; : —— = ajxe
9 gl . T oa
_af}—;l ('f 5 ‘_1#—1) ;}:E f (*3 5 Y AL-—]_) 2
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Example

e After 5 iterations, all the elements of the difference vector are less than
0.0001.

Compute the vector AY using 4;_;.

° SO, we StOp. Compute the matrix J using Aj,_;.
Update the parameter according to A, = A,_; + (JT])~1JTAY.
Compute d;, according to d;, = |4; — Ap_1l-

If all the elements of d, are less than ¢, stop.

k=0 k=1 k=2 k=3 k=4 k=5
af 1 0.7285 0.7910 0.7919 0.7919 0.7919
ak 1 1.5019 16777 1.6753 1.6751 1.6751
dx 0.2715 0.0625 8.0867e-04 15129e-05 7.4659e-07
gk 0.5019 0.1758 0.0024 1.2254e-04 6.3282e-06
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Example

* In the first iteration, we have A, = [1,1] (k = 1).

f(x;A) = a; (1 —e™%2%)

0.28—(1—e™%2%)] [ 0.0588 ] i i
0.57 — (1—8_0'75 0.0424 U1 — f(l'l;Ak_l)
AY =10.68—(1—e 12> |= | -0.0335 Yo — f(x2; Ap—1)
0.74 — (1 —8_1'75 -0.08g2 AY — .
(1 — p—2.25 -0.104¢ )
10.79—-(1—e J i i ] yn—f($n§Ak—1) _
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Example

* In the first iteration, we have A, = [1,1] (k = 1).

fx;A) = a;(1—e %)

1 — e~ 025 (),25¢70-25] 0.2212 0.1947
1—e7075 (.75¢7975 0.5276 0.3543
J=|1—-e"12> 1.25e712>|=] g.7135 0.3581
1—e 175 1757175 0.8262 0.3041
|1 — e™225 225p7225] 0.8946 0.2371
) (l"-ii ) ) -(1..4 )'
DaqJ VTl k=1 dag J \1s 4 k—1
af 1 (—aqx)
L =1—e
aal

J = {.}f:l f(.‘lf'g: Ag._l) ﬁ (.I'g: A,{,-_l)
8f (—(Lz;{:) .

a_ = ayxre : '
az () o )
_f';f_fl ('!':5';4‘E"_1) ff”gj(r ”“41—|)
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Example

* In the first iteration, we have A, = [1,1] (k = 1).

. [0.2212 0.5276  0.7135  0.8262 n.sgqaw
J =Ln.194? 0.3543  0.3581 0.3041 0.2371J
JT] = 2.3154 0.5485 g7 = 3.6407  —7.8447
0.9489 0.4404 -7.8447  19.1738
) ~0.7220 -0.8582 -0.2118  0.6224  1.3966
- 1.9979  2.6537  1.2696 -0.6506 -2.4708

M EE2108
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Example

* In the second iteration, we have A; = [0.7285,1.5019] (k = 2).

0.28 — 0.7285(1
0.57 — 0.7285(1
AY =[0.68 — 0.7285(1
0.74 — 0.7285(1
10.79 — 0.7285(1

— €
— €
— e
— e
— €

f(x;A) = a; (1 —e™%2%)

~1.5019%0.25Y] _ _
~15019%0.75) E ' Eij
-1.5019x125Y [ — 0.0’29
. O
~1.5019x175 0 04l
. O
~1.5019x2.25) | 0.0863
AY

Yy — f(33'1§ Ak—l)
Yo — f(33'2; Ak—l)

Un _f(ﬂj.nSAk—l)
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Example

* In the first iteration, we have A; = [0.7285,1.5019] (k = 2).

f(x;A) = a; (1 —e™%2%)

1 — e~ 1:°019%025 (7285 x 0.25¢~1°019%0.257 0.3130  0.1251
1 — e—1.5019><0.75 0.7285 X 0.756_1'5019XO'75 0.6758 0.1771
] =11 — e—1.5019><1.25 0.7285 X 1.258_1'5019X1'25 — 0.8470 0.13932
1 — e—1.5019><1.75 0.7285 X 1.758_1'5019X1'75 0.9278 0.0820
1 — e—1.5019><2.25 0.7285 X 2_256—1.5019><2.25_ 0.959 0.0558

[ 2 (1: Ap_1) - '(-1'1?*4#—1)—

day - daz * af_ — 1 — e(_ﬂzg.l')
- : Il _ aq el ~2%)
aaz

T T
t;T]_ (.I'=5.;'—L{I._1) ;;;,Ej(*l ‘5-‘4.’.'—].)_
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Example

* In the second iteration, we have A; = [0.7285,1.5019] (k = 2).

[ 0.3130 0.6758 0.8470 0.9278 0.9655 —‘

]T:L 0.1251 0.1771 0.1393 0.0920 0.0558
.06e0 0.4162 -6 3
]T]: (]T])_lz 1.1823 6.3065
0.41¢2 0.0780 -6.3065 46.4553
(]T])_1]T= -0.418% -0.3181 0.1228 0.5165 0.7898
3.8381 3.9667 1.1303 -1.5753 -3.4972
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How does it work?

 When we use the linear model a, + a4 x, the error becomes a
quadratic function of a, a;.

n

Sr = 2(3’1' —ag — a%;)”

=1

* We can easily find the optimal values of ay, a; when the error is
quadratic.

(X1,¥1)
(x2r.3’2)

—1 aptax |[—

(s V)

M EE2108 Week 8: Curve Fitting 86
zaunse

University of Hong Kong



How does it work?

 When we use the model a; (1 — e~ “2%), the error is not a quadratic
function of a4, a,.

n (x1,¥1)

Sr = Z(Yi —a; + a,e”%2*i)? (xz’.yZ)
i=1 ’

(Xn, Yn)

Therefore, we cannot find a closed-form expression for the optimal
values of a4, a,.

 How can we solve this issue? —la,(1 — e %) |—
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How does it work?

* The basicidea is to approximate the non-linear model with a linear
model using Taylor’s approximation.

1. Start with an initial value for the parameters, e.g., a4, a,.

2. Approximate the non-linear model around the values of parameters
(e.g., a,, a,) with a linear model.

3. Solve the linear least-squares problem for the approximate model.

4. Update the values of parameters based on the solution of the linear
model.

5. Repeat steps 2-4 until the values of parameters do not change.
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END

See you next week ©!




