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Prediction

• We often need to predict quantalities. 

• Examples: position of a vehicle.

• Examples: the price of a house.

• Examples: the population of a country.

• Examples: oil price.

• Example: the electricity price.
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Prediction

• It is easy to predict certain quantities. 

• It is easy to predict the position of a vehicle.
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• It is easy to predict certain quantities. 

• The position of a vehicle can be predicted using Newton’s laws.

positionNewton’s Laws 
of Motion 

Prediction
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Prediction

• It is easy to predict certain quantities. 

• When does a spacecraft arrive at Mars?
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Prediction

• It is easy to predict certain quantities. 

• Physical laws can be used to predict the travel time to Mars. 

Physical Laws Travel time
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Prediction
• It is easy to predict certain quantities. 

• They obey certain mathematical or physical rules.

• We can use these rules to predict them.
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Prediction

• It is difficult to predict certain quantities.

• Example: the population of Hong Kong in 2030.

• Example: the market price of a house.

• Example: the electricity price.

• There is no clear rule to predict them.

• Sometimes, the rules (laws) are too complex. 

• So, they cannot be used for prediction.
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Prediction
• Example: the population of Hong Kong in 2030.

• There are no explicit rules. But, there are many historical observations 
(data). 

HK population (in thousand) in different years
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Prediction
• Using the historical data, we can build a model to predict the population. 

• The input to the model is the year. The output is the population.
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ModelYear Population



Prediction
• Example: the market price of a house.

• The price of a house depends on its area, neighborhood, etc.

• There are no explicit rules. But, there are many data available. 
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Prediction
• Using data, we can build a model to predict the price of a house.

• The input to the model will be the area, number of bedrooms, 
bathrooms, stories. The price will be the output.
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Model

Area
# Bedrooms
# Bathrooms
# Stories

Price



Models 
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What is a model?
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• Suppose that we would like to predict a quantity.  Let’s call it 𝑦.

• The value of y is predicted based on the values of other quantities. Let’s 
call them 𝑥.

• A model is a mathematical function of 𝑥. The model will predict the 
value of 𝑦 based on 𝑥.

• 𝑥 will be the input of the model, and 𝑦 will be the output of the model.

ModelInput (𝑥) Output (𝑦)



What is a model?
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• Examples of models.

ModelInput (𝑥) Output (𝑦)

Model
𝑥

Year
𝑦

Population

Model

𝑥
Area
# Bedrooms
# Bathrooms
# Stories

𝑦
Price

𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2Input (𝑥) Output (𝑦)



What is a model?

EE2108 Week 8: Curve Fitting 16

• Suppose that we would like to build a model to predict 𝑦 based on 𝑥 .

• We have 𝑛 data points. Each data point has two components: 𝑥 and 𝑦. 

• We will build mathematical models based on the available data to 
predict the values of 𝑦.

ModelInput (𝑥) Output (𝑦)

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

𝑥 𝑦

𝑛 data points



What is a model?
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• Think of 𝑥 as the year and 𝑦 as the population of Hong Kong in that 
year.

• We would like to predict the value of 𝑦 (population) for other values 
of 𝑥 (year). 

• Example: population in 2030. That is, the value of y for 𝑥 = 2030.

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

𝑥 𝑦

1960,3000000
⋮

(1980,5000000)
⋮

(2010,7000000)

𝑥 (year) 𝑦 (population)



Linear Least-Squares Regression
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Model𝑥 𝑦
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• Suppose that we have 𝑛 data points.

• For certain data, the relationship between 𝑥 and  𝑦 can be described by 
a line.

Linear Least-Squares Regression

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

𝑥 𝑦
Linear trend

𝑥1

𝑦1

𝑥𝑛

𝑦𝑛

Model𝑥 𝑦



EE2108 Week 8: Curve Fitting 20

• In the linear least-squares method,  we build a linear model to 
predict the value of 𝑦.

• A linear model will be in the form of 𝑎0 + 𝑎1𝑥. Here, 𝑎0 and 𝑎1 are 
the parameters of the model. 

• If we know 𝑎0 and 𝑎1 we can predict the value of 𝑦 for different 
values of 𝑥. 

Linear Least-Squares Regression

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

𝑥 𝑦

𝑎0 + 𝑎1𝑥Input (𝑥) Output (𝑦)
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• The linear model can be used to predict the value of 𝑌 for points that we 
do not have measurements.

Linear Least-Squares Regression

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

𝑥 𝑦

Linear trend

𝑥1

𝑦1

𝑥𝑛

𝑦𝑛

𝑎0 + 𝑎1𝑥Input (𝑥) Output (𝑦)

𝑎0 + 𝑎1𝑥
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• We say, a linear model is fitted to the data.

Linear Least-Squares Regression

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

𝑥 𝑦

Linear trend

𝑥1

𝑦1

𝑥𝑛

𝑦𝑛

𝑎0 + 𝑎1𝑥Input (𝑥) Output (𝑦)

𝑎0 + 𝑎1𝑥
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• The values of 𝑎0 and 𝑎1are computed as follows.

• 𝑎1 =
(𝑛 σ𝑖=1

𝑛 𝑥𝑖𝑦𝑖)−(σ𝑖=1
𝑛 𝑥𝑖)(σ𝑖=1

𝑛 𝑦𝑖)

𝑛 σ𝑖=1
𝑛 𝑥𝑖

2− σ𝑖=1
𝑛 𝑥𝑖

2

• 𝑎0 =
1

𝑛
σ𝑖=1
𝑛 𝑦𝑖 − 𝑎1

1

𝑛
σ𝑖=1
𝑛 𝑥𝑖

• σ𝑖=1
𝑛 𝑥𝑖 = 𝑥1 + 𝑥2 +⋯+ 𝑥𝑛

• σ𝑖=1
𝑛 𝑦𝑖 = 𝑦1 + 𝑦2 +⋯+ 𝑦𝑛

• σ𝑖=1
𝑛 𝑥𝑖

2 = 𝑥1
2 + 𝑥2

2 +⋯+ 𝑥𝑛
2

• σ𝑖=1
𝑛 𝑥𝑖𝑦𝑖 = 𝑥1𝑦1 + 𝑥2𝑦2 +⋯+ 𝑥𝑛𝑦𝑛

Linear Least-Squares Regression

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

𝑎0 + 𝑎1𝑥
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• Find the linear least-squares model for the following data.

Example

𝑎0 + 𝑎1𝑥
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• Solution

Example

𝑎0 + 𝑎1𝑥
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• Suppose that 𝑎0 and 𝑎1 are known.

• We can compute the output of this model for each 𝑥𝑖

• The output of the model for point 𝑥𝑖 may be different from 𝑦𝑖 (data). 

𝑥1, 𝑥2, … 𝑥𝑛

𝑎0 + 𝑎1𝑥1, 𝑎0 + 𝑎1𝑥2, … , 𝑎0 + 𝑎1𝑥𝑛
Output of 
the model

How does it work?

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

𝑎0 + 𝑎1𝑥Input (𝑥) Output (𝑦)
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• The error of the model for point 𝑥𝑖 is 𝑦𝑖 − (𝑎0+𝑎1𝑥𝑖).

𝑥1, 𝑥2, … 𝑥𝑛

𝑎0 + 𝑎1𝑥1, 𝑎0 + 𝑎1𝑥2, … , 𝑎0 + 𝑎1𝑥𝑛

𝑦1 − (𝑎0 + 𝑎1𝑥1), 𝑦2 − (𝑎0 + 𝑎1𝑥2), … , 𝑦𝑛 − (𝑎0 + 𝑎1𝑥𝑛)

Output of 
the model

How does it work?

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

𝑎0 + 𝑎1𝑥Input (𝑥) Output (𝑦)

Data Model output
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• The error of the model for point 𝑥𝑖 is 𝑦𝑖 − (𝑎0+𝑎1𝑥𝑖).

• Sum of squares of errors for this model is 𝑆𝑟

𝑆𝑟 = ෍

𝑖=1

𝑛

𝑦𝑖 − 𝑎0 − 𝑎1𝑥𝑖
2

= 𝑦1 − 𝑎0 − 𝑎1𝑥1
2 +⋯+ 𝑦𝑛 − 𝑎0 − 𝑎1𝑥𝑛

2

How does it work?

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

𝑥𝑖

𝑦𝑖

𝑎0 + 𝑎1𝑥𝑖

𝑎0 + 𝑎1𝑥Input (𝑥) Output (𝑦)
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• Every model (𝑎0 and 𝑎1) results in an error (𝑆𝑟). If we change 𝑎0 and 𝑎1, 
the error of the model will change.

• In the linear least-squares regressions, we find 𝑎0 and 𝑎1 that result in 
the smallest error.

𝑆𝑟 = ෍

𝑖=1

𝑛

𝑦𝑖 − 𝑎0 − 𝑎1𝑥𝑖
2

How does it work?

𝑎0 + 𝑎1𝑥Input (𝑥) Output (𝑦)
𝑥𝑖

𝑦𝑖

𝑎0 + 𝑎1𝑥𝑖
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• This is called the least-squares method since we find the model that has 
the smallest error (𝑆𝑟).

• It is called linear because the model is in the form of a line.

𝑆𝑟 = ෍

𝑖=1

𝑛

𝑦𝑖 − 𝑎0 − 𝑎1𝑥𝑖
2 (𝑥1, 𝑦1)

(𝑥2, 𝑦2)
⋮

(𝑥𝑛, 𝑦𝑛)

𝑎0 + 𝑎1𝑥Input (𝑥) Output (𝑦)

How does it work?



Linearization of Nonlinear  Relationships
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• Linear regression is efficient when the data points follow a linear trend. 

• That is, the relationship between 𝑥 and  𝑦 can be described by a line.

Linear Relationship

Linear trend

𝑎0 + 𝑎1𝑥𝑥 𝑦
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• Certain data may not obey the linear relationship.

• How to build a model in this case?

Non-linear Relationships

Non-linear trend Non-linear trend

Model
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• In some cases, transformations can be applied to data to obtain linear 
relationships.

• After transformation, the relationship becomes linear.

• So, linear regression can be applied to data after transformation.

Linearization
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• We will study these transformations for three different models:

1. Power model

2. Exponential models

3. Saturation-Growth-Rate Model

Linearization



Power Form
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• Sometimes the data follows a power trend. 

• A power model is in the form of 𝑦 = 𝛼2𝑥
𝛽2 where 𝛼2 and 𝛽2are constant 

parameters. 

• We need to find 𝛼2 and 𝛽2.

Power Form

𝑥

𝑦
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• data points with a power model can be linearized by taking the logarithm
to the base 10 of 𝑥 and 𝑦.

• 𝑦 = 𝛼2𝑥
𝛽2 log10(𝑦) = log10(𝛼2) + 𝛽2 log10(𝑥)

• 𝑦′ = log10(𝛼2) + 𝛽2𝑥′

Power Form

Linearization

𝑦′ 𝑥′
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• Power data can be linearized by taking the logarithm to the base 10 of 𝑥
and 𝑦 in the data points.

Power Form

𝑦 = 𝛼2𝑥
𝛽2 log10(𝑦) = log10(𝛼2) + 𝛽2 log10(𝑥)

𝑦′ 𝑥′
𝑦′ = log10(𝛼2) + 𝛽2𝑥

′

Model

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

Power model data

(𝑥1
′ = log10 𝑥1 , 𝑦1

′ = log10 𝑦1 )
(𝑥2

′ = log10 𝑥2 , 𝑦2
′= log10 𝑦2 )

⋮
(𝑥𝑛

′ = log10 𝑥𝑛 , 𝑦𝑛
′= log10 𝑦𝑛 )

Linearized data

𝑦′𝑥′
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• We then apply the linear least-squares regression to the linearized data 
and find 𝑎0, and 𝑎1.

Power Form

(𝑥1
′ = log10 𝑥1 , 𝑦1

′ = log10(𝑦1))
(𝑥2

′ = log10 𝑥2 , 𝑦2
′= log10(𝑦1))

⋮
(𝑥𝑛

′ = log10 𝑥𝑛 , 𝑦𝑛
′= log10(𝑦𝑛))

Linearized data

Linear
regression

𝑦′ = 𝑎0 + 𝑎1𝑥
′

𝛽2 = 𝑎1

𝛼2 = 10𝑎0

𝑦′ = log10(𝛼2) + 𝛽2𝑥
′

𝑦 = 𝛼2𝑥
𝛽2
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• Fit the power model of 𝑦 = 𝛼2𝑥
𝛽2 to the data in the table below.

Example



EE2108 Week 8: Curve Fitting 42

• We first take the logarithm of 𝑥 and 𝑦.

Example

Linearized data
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• The linear regression model of the linearized data is y′ = 1.75𝑥′ − 0.3.

• 𝑎0 = −0.3, 𝑎1 = 1.75.

Example

𝛽2 = 1.75

−0.3 = log10 𝛼2 ⇒ 𝛼2 = 10−0.3 = 0.5

𝑦 = 0.5𝑥1.75



Exponential Model

EE2108 Week 8: Curve Fitting 44



EE2108 Week 8: Curve Fitting 45

• Sometimes the data follow an exponential trend. 

• An exponential model is in the form of 𝑦 = 𝛼1𝑒
𝛽1𝑥 where 𝛼1 and 𝛽1are 

constant parameters. 

• We need to find 𝛼1 and 𝛽1.

Exponential Models

𝑥

𝑦
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• Exponential data can be linearized by taking the natural logarithm of of 
𝑦.

• 𝑦 = 𝛼1𝑒
𝛽1𝑥 ln(𝑦) = ln(𝛼1) + 𝛽1𝑥 𝑦′ = ln(𝛼1) + 𝛽1𝑥

Exponential Models

Linearization

𝑦′
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• Exponential data can be linearized by taking the natural logarithm of 𝑦 in 
the data points.

Exponential Models

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

Exponential 
data

(𝑥1, 𝑦1
′= ln(𝑦1))

(𝑥2, 𝑦2
′= ln(𝑦2))
⋮

(𝑥𝑛, 𝑦𝑛
′= ln(𝑦𝑛))

Linearized data

𝑦 = 𝛼1𝑒
𝛽1𝑥 ln(𝑦) = ln(𝛼1) + 𝛽1𝑥

𝑦′

Model
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• We then apply the linear regression to the linearized data to find 𝑎0 and 
𝑎1. 

Exponential Models

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

Exponential 
data

(𝑥1, 𝑦1
′= ln(𝑦1))

(𝑥2, 𝑦2
′= ln(𝑦2))
⋮

(𝑥𝑛, 𝑦𝑛
′= ln(𝑦𝑛))

Linearized data
Linear

regression

𝑦′ = 𝑎0 + 𝑎1𝑥
𝛽1 = 𝑎1

𝛼1 = 𝑒𝑎0

𝑦 = 𝛼1𝑒
𝛽1𝑥 ln(𝑦) = ln(𝛼1) + 𝛽1𝑥

𝑦′

𝑦′ = ln(𝛼1) + 𝛽1𝑥

Model



Saturation-Growth-Rate Model

EE2108 Week 8: Curve Fitting 4
9



EE2108 Week 8: Curve Fitting 50

• Sometimes the data follows a saturation-growth-rate model. 

• This model is in the form of 𝑦 = 𝛼3
𝑥

𝛽3+𝑥
where 𝛼3 and 𝛽3are constants.

• We need to find 𝛼3 and 𝛽3.

• The value of 𝑦 saturates as 𝑥 becomes large.

Saturation-Growth-Rate Models

𝑥

𝑦
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• This model can be linearized by inverting 𝑥 and 𝑦.

• 𝑦 = 𝛼3
𝑥

𝛽3+𝑥

1

𝑦
=

𝛽3

𝛼3

1

𝑥
+

1

𝛼3
𝑦′ =

𝛽3

𝛼3
𝑥′ +

1

𝛼3

Saturation-Growth-Rate Models

Linearization

𝑦′ 𝑥′



EE2108 Week 8: Curve Fitting 52

• This model can be linearized by inverting 𝑥 and 𝑦.

Saturation-Growth-Rate Models

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

Data

(𝑥1
′ = 1/𝑥1, 𝑦1

′ = 1/𝑦1)
(𝑥2

′ = 1/𝑥2, 𝑦2
′= 1/𝑦2)

⋮
(𝑥𝑛

′ = 1/𝑥𝑛, 𝑦𝑛
′= 1/𝑦𝑛)

Linearized data

𝑦 = 𝛼3
𝑥

𝛽3 + 𝑥
1

𝑦
=
𝛽3
𝛼3

1

𝑥
+

1

𝛼3
𝑦′ 𝑥′

𝑦′ =
𝛽3
𝛼3

𝑥′ +
1

𝛼3
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• We then apply the linear regression to the linearized data.

Saturation-Growth-Rate Models

𝑦′ =
𝛽3
𝛼3

𝑥′ +
1

𝛼3

(𝑥1
′ = 1/𝑥1, 𝑦1

′ = 1/𝑦1)
(𝑥2

′ = 1/𝑥2, 𝑦2
′= 1/𝑦2)

(𝑥𝑛
′ = 1/𝑥𝑛, 𝑦𝑛

′= 1/𝑦𝑛)

Linearized data

Linear
regression

𝑦′ = 𝑎0 + 𝑎1𝑥
′

𝛼3 =
1

𝑎0

𝛽3 = 𝑎1𝛼3

Model

𝑦 = 𝛼3
𝑥

𝛽3 + 𝑥



Polynomial Least-Squares Regression
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• So far, we have learned how to fit a linear model to data. We also learned 
how linearize certain non-linear data.

• Certain data cannot be linearized using transformations. 

• Polynomial regression is an alternative solution for building a model in 
this case.  Here, we fit a polynomial model to our data. 

Polynomial Regression

𝑥

𝑦
Model
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• Suppose that we would like to fit a quadratic polynomial to our data.

• A quadratic polynomial model is of the form 𝑦 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2

where 𝑎0, 𝑎1, 𝑎2 are constant parameters.

• We need to find 𝑎0, 𝑎1, 𝑎2.

Polynomial Regression

𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2Input (𝑥) Output (𝑦)

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

𝑥 𝑦
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• The parameters 𝑎0, 𝑎1, 𝑎2 are obtained by solving the following system 
of linear equations.

Polynomial Regression

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)
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• σ𝑖=1
𝑛 𝑥𝑖

2 = 𝑥1
2 + 𝑥2

2 +⋯+ 𝑥𝑛
2

• σ𝑖=1
𝑛 𝑥𝑖

3 = 𝑥1
3 + 𝑥2

3 +⋯+ 𝑥𝑛
3

• σ𝑖=1
𝑛 𝑥𝑖

4 = 𝑥1
4 + 𝑥2

4 +⋯+ 𝑥𝑛
4

• σ𝑖=1
𝑛 𝑥𝑖 = 𝑥1 + 𝑥2 +⋯+ 𝑥𝑛

• σ𝑖=1
𝑛 𝑦𝑖 = 𝑦1 + 𝑦2 +⋯+ 𝑦𝑛

• σ𝑖=1
𝑛 𝑥𝑖𝑦𝑖 = 𝑥1𝑦1 + 𝑥2𝑦2 +⋯+ 𝑥𝑛𝑦𝑛

• σ𝑖=1
𝑛 𝑥𝑖

2𝑦𝑖 = 𝑥1
2𝑦1 + 𝑥2

2𝑦2 +⋯+ 𝑥𝑛
2𝑦𝑛

Polynomial Regression

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)
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• Fit a quadratic polynomial to the following data.

Example
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• We first from the system of linear equations.

Example
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The solution of the system of linear equations is 𝑎0 = 2.47857,
𝑎1 = 2.35929, and 𝑎3 = 1.86071.

• The optimal model is  

Example
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• Consider the polynomial model 𝑦 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2.

• When the input to the model is 𝑥𝑖 , its output is 𝑎0 + 𝑎1𝑥𝑖 + 𝑎2𝑥𝑖
2.

• The error for 𝑥𝑖 is 𝑦𝑖 − 𝑎0 − 𝑎1𝑥𝑖 − 𝑎2𝑥𝑖
2

• The sum of squares of error is σ𝑖=1
𝑛 𝑦𝑖 − 𝑎0 − 𝑎1𝑥𝑖 − 𝑎2𝑥𝑖

2 2

How does it work?

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2𝑥𝑖 𝑎0 + 𝑎1𝑥𝑖 + 𝑎2𝑥𝑖

2
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• We will adjust 𝑎0, 𝑎1, 𝑎2 such that the error is minimized.

𝑠𝑟 =෍

𝑖=1

𝑛

𝑦𝑖 − 𝑎0 − 𝑎1𝑥𝑖 − 𝑎2𝑥𝑖
2 2

• To find the optimal parameters of the model, we take the derivative of 
the total error with respect to 𝑎0, 𝑎1, 𝑎2 .

How does it work?
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• We then set these equations to zero.

• We obtain a system of linear equations in 𝑎0, 𝑎1, 𝑎2.

• The solution of this system of linear equation is the optimal 
parameters 𝑎0, 𝑎1, 𝑎2. 

How does it work?



Non-linear Least-Squares Regression
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• Sometimes we may need to fit a non-linear model to our data.

• For example, we may need to fit 𝑎1(1 − 𝑒−𝑎2𝑥) to our data where 𝑎1 and 
𝑎2 are constant parameters.

• The model is not a polynomial.

• We cannot linearize it using transformations.

Non-linear Least-Squares Regression

𝑎1(1 − 𝑒−𝑎2𝑥)

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)
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• Suppose that we need to fit the nonlinear model 𝑓(𝑥; 𝑎1, 𝑎2, … , 𝑎𝑚) to 𝑛
data points. 

• The model has 𝑚 parameters 𝑎1, 𝑎2, … , 𝑎𝑚.

• We will discuss the Gauss-Newton algorithm for finding the optimal 
values of 𝑎1, 𝑎2, … , 𝑎𝑚.

Non-linear Least-Squares Regression

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

𝑓(𝑥; 𝑎1, 𝑎2, … , 𝑎𝑚)𝑥 𝑦
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• Suppose that you have a matrix 𝐽. 

• The transpose of 𝐽 is another matrix. We show it using 𝐽𝑇.

• The first row of 𝐽 is the first column of 𝐽𝑇. The second raw of 𝐽 is the 
second column of 𝐽𝑇, etc.

Matrix Transpose

𝐽= 𝐽𝑇=
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• Gauss-Newton method is an iterative algorithm.

• 𝑘 is the iteration counter of the algorithm.

• Use a vector to represent the parameter, 𝐴 = 𝑎1, 𝑎2, … , 𝑎𝑚 .

• The values of parameters are updated in each iteration.

• 𝐴𝑘 = 𝑎1
𝑘 , 𝑎2

𝑘 , … , 𝑎𝑚
𝑘 stores the values of parameters at iteration 𝑘.

• 𝐴0 = 𝑎1
0, 𝑎2

0, … , 𝑎𝑚
0 is the initial values of the parameters. 

• 𝑎1
0 is the initial value of 𝑎1. 𝑎𝑖

0 is the initial value of 𝑎𝑖 .

Gauss–Newton Method

𝑓 𝑥; 𝐴 = 𝑓(𝑥; 𝑎1, 𝑎2, … , 𝑎𝑚)



EE2108 Week 8: Curve Fitting 70

1. k = 1(iteration counter)

2. 𝐴0 = [𝑎1
0, 𝑎2

0, … , 𝑎𝑚
0 ] (initial values of parameters are input to the 

algorithm)

3. Compute the vector Δ𝑌 using 𝐴𝑘−1.

𝑓 𝑥; 𝐴 = 𝑓(𝑥; 𝑎1, 𝑎2, … , 𝑎𝑚)

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

Gauss–Newton Method
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4. Compute the matrix 𝐽 using 𝐴𝑘−1.

• In this step,  we need to partial derivatives
𝜕

𝜕𝑎1
𝑓 𝑥; 𝐴 =

𝜕

𝜕𝑎1
𝑓 𝑥; 𝑎1, 𝑎2, … , 𝑎𝑚

⋮
𝜕

𝜕𝑎𝑚
𝑓 𝑥; 𝐴 =

𝜕

𝜕𝑎𝑚
𝑓 𝑥; 𝑎1, 𝑎2, … , 𝑎𝑚

𝑓 𝑥; 𝐴 = 𝑓(𝑥; 𝑎1, 𝑎2, … , 𝑎𝑚)

Gauss–Newton Method
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5. Update the parameter according to 𝐴𝑘 = 𝐴𝑘−1 + 𝐽𝑇𝐽 −1𝐽𝑇Δ𝑌.

6.  Compute 𝑑𝑘 according to 𝑑𝑘 = |𝐴𝑘 − 𝐴𝑘−1|.

7.  If all the elements of 𝑑𝑘 are less than 𝜖, stop.

8. Otherwise, 𝑘⟵𝑘+1and go to 3.

9. The last generated 𝐴𝑘 is the optimal value of the parameters.

Gauss–Newton Method
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1. 𝑘 = 1(iteration counter)

2. 𝐴0 = 𝑎1
0, 𝑎2

0, … , 𝑎𝑚
0 (initial values of parameters)

3. Compute the vector Δ𝑌 using 𝐴𝑘−1.

4. Compute the matrix 𝐽 using 𝐴𝑘−1.

5. Update the parameter according to 𝐴𝑘 = 𝐴𝑘−1 + 𝐽𝑇𝐽 −1𝐽𝑇Δ𝑌.

6. Compute 𝑑𝑘 according to 𝑑𝑘 = |𝐴𝑘 − 𝐴𝑘−1|.

7. If all the elements of 𝑑𝑘 are less than 𝜖, stop.

8.   Otherwise, 𝑘⟵𝑘+1and go to 3.

Gauss–Newton Method
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To compute 𝐽𝑇𝐽 −1𝐽𝑇Δ𝑌:

1. Compute the matrix 𝐽.
2. Compute the matrix 𝐽𝑇using 𝐽.
3. To compute the matrix 𝐽𝑇𝐽, multiply 𝐽𝑇by 𝐽.

4. Compute the inverse of the matrix 𝐽𝑇𝐽.
5. To compute 𝐽𝑇𝐽 −1𝐽𝑇, multiply the inverse of 𝐽𝑇𝐽, i.e., 𝐽𝑇𝐽 −1, by 𝐽𝑇.
6. Multiply Δ𝑌 by the matrix 𝐽𝑇𝐽 −1𝐽𝑇.

Gauss–Newton Method

Optimal parameters

Week 9: Curve fitting  and  Interpolation
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Example

• Fit the model 𝑎1 1 − 𝑒−𝑎2𝑥 to the data in the table below.

• Use 𝑎1
0 = 1 and 𝑎2

0 = 1 as the initial parameters. 𝐴0 = 1,1 .

• Assume 𝜖 = 0.0001.
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Example

• 𝑥1 = 0.25, 𝑥2 = 0.75, 𝑥3 = 1.25, 𝑥4 = 1.75, 𝑥5 = 2.25.

• 𝐴 = 𝑎1, 𝑎2

• 𝐴𝑘 = 𝑎1
𝑘 , 𝑎2

𝑘 .

𝑓 𝑥; 𝐴 = 𝑎1 1 − 𝑒−𝑎2𝑥
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Example

• We first form the vector Δ𝑌 using 𝐴𝑘−1 = 𝑎1
𝑘−1, 𝑎2

𝑘−1 .

𝑓 𝑥; 𝐴 = 𝑎1 1 − 𝑒−𝑎2𝑥
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Example

• We then form the matrix J using 𝐴𝑘−1 = 𝑎1
𝑘−1, 𝑎2

𝑘−1 .

𝑓 𝑥; 𝐴 = 𝑎1 1 − 𝑒−𝑎2𝑥
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Example

• After 5 iterations, all the elements of the difference vector are less than 
0.0001. 

• So, we stop.

•

𝑘 = 0 𝑘 = 1 𝑘 = 2 𝑘 = 3 𝑘 = 4 𝑘 = 5

𝑎1
𝑘

𝑎2
𝑘

𝑑1
𝑘

𝑑2
𝑘
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Example

• In the first iteration, we have 𝐴0 = 1,1 (𝑘 = 1).

𝑓 𝑥; 𝐴 = 𝑎1 1 − 𝑒−𝑎2𝑥

Δ𝑌 =

0.28 − (1 − 𝑒−0.25)

0.57 − (1 − 𝑒−0.75

0.68 − (1 − 𝑒−1.25

0.74 − (1 − 𝑒−1.75

0.79 − (1 − 𝑒−2.25

=
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Example

• In the first iteration, we have 𝐴0 = 1,1 (𝑘 = 1).

𝑓 𝑥; 𝐴 = 𝑎1 1 − 𝑒−𝑎2𝑥

𝐽 =

1 − 𝑒−0.25 0.25𝑒−0.25

1 − 𝑒−0.75 0.75𝑒−0.75

1 − 𝑒−1.25

1 − 𝑒−1.75

1 − 𝑒−2.25

1.25𝑒−1.25

1.75𝑒−1.75

2.25𝑒−2.25

=
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Example

• In the first iteration, we have 𝐴0 = 1,1 (𝑘 = 1).

𝐽𝑇 =

𝐽𝑇𝐽 = (𝐽𝑇𝐽)−1 =

(𝐽𝑇𝐽)−1𝐽𝑇 =
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Example

• In the second iteration, we have 𝐴1 = 0.7285, 1.5019 (𝑘 = 2).

𝑓 𝑥; 𝐴 = 𝑎1 1 − 𝑒−𝑎2𝑥

Δ𝑌 =

0.28 − 0.7285(1 − 𝑒−1.5019×0.25)

0.57 − 0.7285(1 − 𝑒−1.5019×0.75)

0.68 − 0.7285(1 − 𝑒−1.5019×1.25)

0.74 − 0.7285(1 − 𝑒−1.5019×1.75)

0.79 − 0.7285(1 − 𝑒−1.5019×2.25)

=
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Example

• In the first iteration, we have 𝐴1 = 0.7285, 1.5019 (𝑘 = 2).

𝑓 𝑥; 𝐴 = 𝑎1 1 − 𝑒−𝑎2𝑥

𝐽 =

1 − 𝑒−1.5019×0.25 0.7285 × 0.25𝑒−1.5019×0.25

1 − 𝑒−1.5019×0.75 0.7285 × 0.75𝑒−1.5019×0.75

1 − 𝑒−1.5019×1.25

1 − 𝑒−1.5019×1.75

1 − 𝑒−1.5019×2.25

0.7285 × 1.25𝑒−1.5019×1.25

0.7285 × 1.75𝑒−1.5019×1.75

0.7285 × 2.25𝑒−1.5019×2.25

=
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Example

• In the second iteration, we have 𝐴1 = 0.7285, 1.5019 (𝑘 = 2).

𝐽𝑇 =

𝐽𝑇𝐽 = (𝐽𝑇𝐽)−1 =

(𝐽𝑇𝐽)−1𝐽𝑇 =
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• When we use the linear model 𝑎0 + 𝑎1𝑥, the error becomes a 
quadratic function of 𝑎0, 𝑎1.

𝑆𝑟 = ෍

𝑖=1

𝑛

𝑦𝑖 − 𝑎0 − 𝑎1𝑥𝑖
2

• We can easily find the optimal values of 𝑎0, 𝑎1 when the error is 
quadratic.

How does it work?

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)

𝑎0 + 𝑎1𝑥
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• When we use the model 𝑎1(1 − 𝑒−𝑎2𝑥), the error is not a quadratic 
function of 𝑎1, 𝑎2.

𝑆𝑟 = ෍

𝑖=1

𝑛

𝑦𝑖 − 𝑎1 + 𝑎1𝑒
−𝑎2𝑥𝑖 2

• Therefore, we cannot find a closed-form expression for the optimal
values of 𝑎1, 𝑎2.

• How can we solve this issue?

How does it work?

𝑎1(1 − 𝑒−𝑎2𝑥)

(𝑥1, 𝑦1)
(𝑥2, 𝑦2)

⋮
(𝑥𝑛, 𝑦𝑛)
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• The basic idea is to approximate the non-linear model with a linear 
model using  Taylor’s approximation.

1. Start with an initial value for the parameters, e.g., 𝑎1, 𝑎2.

2. Approximate the non-linear model around the values of parameters 
(e.g., 𝑎1, 𝑎2) with a linear model. 

3. Solve the linear least-squares problem for the approximate model.

4. Update the values of parameters based on the solution of the linear 
model.

5. Repeat steps 2-4 until the values of parameters do not change.

How does it work?



END

See you next week  ☺! 


