MA1300 Solutions to Assignment # 6

1. Find an equation of the normal line to the parabola y = z? — 5z + 4 that is parallel to the line

r — 3y = 5.

Solution: From the equation of the parabola we have dy/dx = 2z —5. Since the slope of the line x—3y = 5
is 1/3, the slope of the tangent line is the negative reciprocal of 1/3, namely, —3. We take 2z — 5 = —3 to
give x = 1. So the tangent (or intersection) point is (1,0), and we can use the point-slope form to write the

equation of the normal line

1 r—1

y—0:§(a:—1), or y=—3

2. Where does the normal line to the parabola y = x — 22 at the point (0, 1) intersect the parabola a

second time? Illustrate with a sketch.

Solution: From the equation of the parabola we have dy/dx = 1 — 2z. The slope of the tangent line at

(1,0) is —1, so the slope of the normal line is 1, and thus the equation of the normal line is

y=x— 1.
Solve the equations
Yy=x — 17
y=x— ‘,1:27
to give x = 1. Discarding x = 1, we get the other intersect point (—1, —2). The whole picture is illustrated
in Figure 1.
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Figure 1: The picture of Problem 2. The parabola y = 2 — 2? and the normal line.
3.

a Use the Product Rule twice to prove that if f, g, and h are differentiable, then (fgh)’ = f'gh +
fg'h+ fgh'.

b Taking f = g = h in part a, show that

d

U@ =3[f @) f' ().



¢ Use part b to differentiate y = (z* 4 323 + 172 + 82)3

Proof:
a (fgh)" = ((fg)h) = (f9)'h+ (fo)h' = f'gh+ fg'h + fgh'.
b When f =g = h, (f3) = (fgh) = 3f'f2.
¢ We have

d
d—(x4 + 323 + 172 + 82)3 = 3(a + 323 + 172 + 82)%(4a® + 922 + 17).
X

a For what values of z is the function f(z) = |2? — 9| differentiable? Find a formula for f’.

b Sketch the graphs of f and f’.

Solution: We rewrite f as

f(x)Z{ 2 —9 if |x] >3,

9— 22 if x| < 3.

Since
_ _ a2
fim TG 9= =0
r—3~ x—3 r—3~ r—3
o f@)—-fB) . 2*-9
| —r =] =6 # —6.
:L’iggr x—3 a:lg)l+ r—3 7&

So f(x) is not differentiable at 3, nor similarly, —3. For other real numbers, we have

Flz) = { 20 if |z| > 3,

-2z if |z| < =3.

The graphs of f and f’ are shown in Figure 2.

Y

-3 3

Figure 2: The picture of Problem 4. Left: y = f(z), Right: y = f/(z).



a If F(z) = f(z)g(x), where f and g have derivatives of all orders, show that F”' = f"g+2f'¢'+ fg".
b Find similar formulas for F”” and F*).

¢ Guess a formula for F(),

Solution:
a
F'=(F)=(f'g+df) =f'9+2f'd+ fg"
b
= (fg+ 209 + 1) = 1" +3f"d + 319" + 4",
FW = fWgaf”y +6f"g" +4f'g" + fg.
¢ n
P — z; (?) =) 400
where (7) := i!(:ii)!‘

6. Differentiate

y = u(acosu + bcot u).
Solution:

d—u(acosu+bcotu) = acosu+ beotu — ausinu — bucsc? u.
U

a Use the Quotient Rule to differentiate the function

_ tanx — 1

fz) =

secx
b Simplify the expression for f(z) by writing it in terms of sinz and cosz, and then find f'(z).

¢ Show that your answers to parts a and b are equivalent.

Solution:

(tan?z + 1) secx — secz tanz(tanz — 1)  tanz + 1

f=

sec? x secx



b We can rewrite f as f(z) = sinxz — cos z, therefore

f'(x) = cosx + sin .

¢ Since
tanx + 1 sinx 4 cosx

=cosx +sinz,
secx 1

the answers to part (a) and (b) are equivalent.

8. Suppose f(7/3) =4 and f'(7/3) = —2, and let

and

Find (a) ¢'(7/3), and (b) h/(7/3).
Solution: Since
g (z) = f'(z)sinz + f(z) cos,

we have

g'(m/3) = f’(w/i%)\é§ + f(7r/3)% =23

Similarly, because
—f(x)sinx — f'(x) cosx

h =
() cos? x ’

we have

W(m/3) = 4(—4V3/2 4+ 2/2) = 4 — 8/3.

9. An elastic band is hung on a hook and a mass is hung on the lower end of the band. When the mass
is pulled downward and then released, it vibrates vertically. The equation of motion is s = 2cost + 3sint,

t > 0, where s is measured in centimeters and ¢ in seconds. (Take the positive direction to be downward.)
a Find the velocity and acceleration at time ¢.
b Graph the velocity and acceleration functions.
¢ When does the mass pass through the equilibrium position for the first time?
d How far from its equilibrium position does the mass travel?

e When is the speed the greatest?

Solution:

a Velocity v = 3cost — 2sint, acceleration a = —2cost — 3sint.
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Figure 3: The picture of Problem 9. Solid line: velocity; dotted line: acceleration.
b See Figure 3

¢ Solve s = 0 to obtain tant = —%. For ¢t > 0, the smallest solution is t = 7 — arctan% ~ 2.55(s).

d Solve v = 0 to obtain t = arctan %, which is the time when the mass travels to the position of the

maximum distance, namely

3
2

2 3
2-—4+3-—| =V13=3.61l(cm
’ V13 V13 (cm)

‘ s ‘ t=arctan

e The time when the speed is the great is that when a = 0. Solve the equation to give t = (2n +

l)w—arctang, n=0,1,2,---.

10. An Object with mass m is dragged along a horizontal plane by a force acting along a rope attached

to the object. If the rope makes an angle € with the plane, then the magnitude of the force is

_ pmg
psinf + cosf’

where p is a constant called the coefficient of friction.
a Find the rate of change of F' with respect to 6.
b When is this rate of change equal to 0?7

c If m =20 kg, g =9.8 m/sQ, and p = 0.6, draw the graph of F' as a function of # and use it to

locate the value of 6 for which dF'/df = 0. Is the value consistent with your answer to part b?

Solution:

ar —pmg
df  (psin® + cos)?

(1cosf —sin6).

b Solve ‘i—g = 0 to give 6 = arctan u.
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Figure 4: The picture of Problem 10. Fy = %.

¢ The graph is shown in Figure 4. From the graph we see that the # which makes dF/df = 0 is
approximately 0.5, while according to (b), # = arctan 0.6 ~ 0.5404, consistent.
11. Find the derivative of the function.
f(t) = V1 +tant, y = cos(a® 4 2°), y = cot>(sin 6),
y = sin(sin(sinx)), = cos \/sin(tan 7z).
Solution:

d 1
—+/1+tant = §(1 —i—tant)_%(l + tan?t),

dt

d
— cos(a® 4 %) = =322 sin(a® + %),
dz

d
i cot?(sin f) = —2 cot(sin @) - csc?(sin f) - cosd),

d
o sin(sin(sinx)) = cos(sin(sinx)) - cos(sinz) - cos z,

x

d t
— cos y/sin(tan 7)) = T in V/sin(tan ) - M(l + tan? 7).
dx 2 sin(tan )

12. Suppose f is differentiable on R and « is a real number. Let F(z) = f(z%) and G(z) = [f(x)]“.
Find expressions for (a) F'(z) and (b) G'(x).

Solution: F'(z) = ax® Lf/(z%), G'(z) = a[f(z)]* 1 f'(x).
13. If F(z) = f(3f(4f(x))), where f(0) =0 and f’(0) = 2, find F'(0).

Solution: F'(x) = f'(3f(4f(x)))-3f'(4f(x))) - 4f'(x), so F'(0) =2-3-2-4-2 = 96.

14. If the equation of motion of a particle is given by s = A cos(wt + ), the particle is said to undergo

stmple harmonic motion.

a Find the velocity of the particle at time t.



b When is the velocity 07

Solution:

a Velocity v = % = —Awsin(wt + 9).

b v = 0 when sin(wt + 8) = 0, or equivalently, t = 22=0 p =0, +1,42,---.

w



