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Review and Preview

e Up till now, we talked about
 Maxwell’s equations, waves equations, potentials

* Plane waves and its properties (amplitude, phase,
directions, polarization, frequency and wavelength)

* Plane wave propagation in lossless and lossy media

* This class, we will look at

 How the plane wave transmits and reflects through and
interface
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Big Picture: Signal Refraction at
Boundaries

Transmitter
antenna Radiation by antenna (Chapter 9)
h - Wave propagation in lossless medium (Chapter 7)
ta
——— 4 : Wave refraction across a
ww AIl | poundary (Chapter 8)
3 Water
Receiver

/ antenna
Wave propagation in lossy 4/
1.

medium (Chapter 7)
_
( R >

Antenna reception (Chapter 9)

Figure 8-1: Signal path between a shipboard transmitter (Tx)
and a submarine receiver (Rx). EE3109 Jan - Apr 2025, L05-06 - Reflection and Transmission
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Examples of EM Wave
Reflection and Transmission

Water
droplet

Violet

https://upload.wikimedia.org/wikipedia/commons/thumb/2/27/NASA
--Earth-science-missions-feb-2015.png/440px-NASA--Earth-science-
missions-feb-2015.png
https://upload.wikimedia.org/wikipedia/commons/8/85/Refraction_p
hoto.png
https://upload.wikimedia.org/wikipedia/commons/3/32/Lunar_Rainb
ow_2_- Double_Rainbow_Victoria_Falls_-_Calvin_Bradshaw_2.jpg
https://s3-us-west-2.amazonaws.com/courses-images/wp-
content/uploads/sites/1989/2017/06/13230537/figure-2026-05-

04.jpeg EE3109 Jan - Apr 2025, L05-06 - Reflection and Transmission




Normal and Oblique Incidence

Incident wave

l{eﬂected wave

.

Medium 1
m

Transmitted wave

Medium 2
Up)

(a) Normal incidence

Reflected
wave

Transmitted
wave

Incident
wave
Medium 1 Medium 2
m Up)

(b) Ray representation of
oblique incidence

7

Medium 1 Medium 2
M b

(¢c) Wavefront representation of
oblique incidence
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Review: Electromagnetic BCs

b ~ el a i Medium 1
. o ol7e : .
® p } % © ® o
= 2
@ — d
Al Medium 2

H2

Tangential Components:

Ei: = Ey:; Hyy —Hy =5

Normal Components:

D1y, — Doy = ps; Bipn = Byy
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E' Ji £
Individual Waves chLAk \ A
1 H' k;
E'
(D—»Z
. y
Note —sign
Incident Wave k—£ﬁ
E!(z) = Ei e Jkiz g Medium 1 (g1, 1) Medium 2 (&2, 122)
z=0
H!(z) = ——El(z) x k; = n— e Jhaz g,
1
Reflected Wave | NOte*sien / Note - sign
r ]
E'(z) = Ej etz R H' (2) = ——E"(2) x k, = -2 etz g
N1 N1
Transmitted Wave | Note —sign
E(z) = Ef e 72 % ,H (2) = ——Et(z) x ky = E 0 g-ikaz g
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Add in Boundary Conditions c!»k

Total fields
Medium 1

E (z) =Ei(2) + E'(2)
= X(Ele /017 4 Efei17),
H,(z) = Hi(z) + H' (2)
|

=y — (Ehe /M7 — Eleik12),
N

Medium 2
Es(z) = E'(2) = RE} e /k2*
~ E!
H)(z) =H'(z) = § —Le /R
n2

At the boundary z = 0:
E (0) =Ey(0) or E)+E)=E|,

Ey Ey _ E

H,(0) = H,(0) or

n ni n2 .

(8.4a)

(8.4b)

(8.9a)

(8.9b)

i X
E 1 K
Ht&‘ f(t
E'
(.)}}—> 4
f(r 4—(_1_) Hl'
Medium 1 (g1, u1) Medium 2 (&2, o)
z=0

Solution gives:

n2 + ni

E(g:(”z_m)Eé:FEé,

212

Et:( )Ei = T E),
’ m4n) " !

%

F_E_{)_ N2 — 1M
Ey, mn+m
I:E—E): 2’72
Ey m+m

(normal incidence),

(normal incidence).
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Reflection and Transmission

Coefficients
E} Ny — ..
= = R (normal 1incidence),
Ey m+m
E! 212 o
=9 — 1 (normal 1ncidence).
E, m+mn
T=14+T (normal incidence).
For non-magnetic, low-loss media: | ¢ _ Vér1 — Ve _
Vers + Vérz
Where|n = vi = Ur&|= /& |is the refractive index.

ny — Ny 2n4

p

General
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T =
ny+n,’ ny +n,

Note:n + n !




Summary: EM Fields
for Normal Incidence

Incident Wave
E' = Ele /kaz g
H' = (E'/n1)e /9% g

Reflected Wave
E’r — FEie+jk12 R
H” = —(FEi/n1)€+jklz 5\,

Coefficients
— 2
F=772 771; L — N2 k=
N2+ 1M1 N2+ 1M1
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Ei

l‘llCL_‘l(l Ht(IH Rt

E'

(.)y—» z
f(r —é H'

iR

Medium 1 (g1, u1) Medium 2 (&2, o)

z=0

Transmitted Wave

El = tEle Jk2Z g
H' = (tE/n,)e /%22 y

wA+UE
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Example 1.

A 10 GHz wave, with amplitude 5 [V/m] travels in air in the +z-
direction and forms normal incidence onto a piece of glass (u,, =

1; &, = 2.25; 0 = 0). The E-field is linearly polarized in the x-
direction. Find the reflection and transmission coefficient; write the
electric field and magnetic field in air and in glass.

Solution Steps: Find T and t, Write E{, ET = [E JE! = TEi

. i ] t i
write Hi = 5 1 = - = _ppi g = B o o (),
N1 N1 N2 Up; Uy
Solution:
n{—n 1—-1.5 2n
r=—+ 2 _ = —0.2: T = ! _08
ny+n, 1415 n, +n,
= 377 [Q]; = 377 = 251.3 [Q];
T]l - ) 772 - \/g - - )
2nf 2w x 1010 ~ _
kl = an\/ﬂogo = c = 3 % 108 = 209.4 [m 1] ) kz = kly/,urgr = 314.1 [m 1]
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Example 1 Cont'd

. 1. .
El — 5S¢ ]klz [ / ] H! = —k X E! = (58_]20942) Y
— §p—J2094z ¢ [V/m] N1 377
= 13.26e7/29%42 ¢ [mA/m)]

— ( 0. 2)(5)e+j209.4z R H" _( 0. 2)(13 26)e+j209.4-z 3;

1e+]2094z [V/m] — 26528+]2094Z [mA/m]
: 1 :
Et — (0 8)(5)e—jkzz )’Z Ht — (O 8) (251 3) (56_]314.12) S\,
= 4e~ j314.1z & [V/m]

= 15.92¢ /31412 ¢ [mA/m]

EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission 15



Example 8-3: Normal Incidence on a Metal Surface

A 1-GHz x-polarized plane wave traveling in the +z-direction
is incident from air upon a copper surface. The air-to-copper
interface 1s at z =0 and copper has e; =1, pu, =1, and
o = 5.8 x 107 S/m. If the amplitude of the electric field of
the incident wave is 12 (mV/m), obtain expressions for the
instantaneous electric and magnetic fields in the air medium.
Assume the metal surface to be several skin depths deep.

Solution: In medium 1 (air), « = 0,

o 27 x10° 207

— ,{C = — = = df‘ N
P=ki="1=737708 3 (rad/m),
27
|

ni=no =377 (£2), A= .

= (0.3 m.

At f = 1 GHz, copper is an excellent conductor because

T
T

o 5.8 x 107

wereg 2w x 102 x (1079/367)
EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission

— 1 x 10> 1.
&

Cont.
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Ulaby Example 8-3 (cont.)

NI
7762:(1+J) %
0+ ) 7 x 107 x 47 x 1077 /2
- o 5.8 x 107

—825(1+j) (mQ).

Since n¢, 18 so small compared to no = 377 (£2) for air, the
copper surface acts, in etfect, like a short circuit. Hence,

r — Ne, — 10 ~ _1.

Neo + 10

EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission

Cont.
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Ulaby Example 8-3 (cont.)

Upon setting I' = —1
E|(z) = XE} (e 7M17 — o/17)

= —Xj2E] sink,z.

~ E! , .
Hi(2) = & (717 40
1

Ei
=y2 77_0 coskiz.
1

With EL = 12 (mV/m), the instantaneous fields associated with
these phasors are

Ei(z.1) =Re[E(2) /"]

= X 2E| sink,zsin wt

= %245sin(207z/3) sin(27 x 10°t) (mV/m),
Hi(z, 1) = Re[H,(2) /"]

=y2 f—f’ cos k1 z cos wt

— ¥ 64 cos(20rz/3) cos(2m x 10°1)  (nA/m).
EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission 18




Outline

* Course Matter
e Reflection and Transmission
e Normal Incidence
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Oblique Incidence

Plane of incidence is defined as the plane
containing the normal to the boundary and the
direction of propagation of the incident wave
(x-z plane in the figure).

A wave of arbitrary polarization may be
described as the superposition of two
orthogonally polarized waves, one with its
electric field parallel to the plane of
incidence (parallel polarization) and the
other with its electric field perpendicular to
the plane of incidence (perpendicular
polarization).

EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission

H!
Medium 1

(&1, 11)

(a) Perpendicular polarization
(TE Polarization)
X

[
Ej

Kk,

H|
Medium 1
(&1, 411)

z=10

Medium 2
(&2, 12)

(b) Parallel polarization

(TM Polarization)

20



Snell’s Law

Consider the tangential E-field TM case:

EL, ., = cos0; Ele kixX g

T = Cos @, Efe IkrxX g

Ef,, = cos O, Efe TktxX g

[ r —rt —jki.x —JjKpex — —JjK¢rX
Etan+Etan — Etan = Clie Jix +Clre JRraX = Cze JRtx

(Must be true for all x)

From |:| and

Kix = Kpxy = ki =

TM Polarization

Ej

K,

ki, = kqisin@;

k., = kqsiné,

15 1Y)

0; =0,
k,sinf; = k, sin 6,
(or ny sin 8; = n, sin 6;)

(Snell’s Law)

EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission 21



Inward refraction Outward refraction

Critical Angle

Snell’s Law:
Hi — 61‘
n, Sin 6; = n, sin 6

, , (@) m <mny (b) ny>m
When the refraction angle is

90°, the corresponding
incidence angle is called the
critical angle.

No transmission

&, = 90°
. n no St
sin . = — sin 6 - =
n Or=m/2 n1
= [ (for 1 = o). !

(c) n1>nyand 6; = 6,
EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission 22



Example 8-4: Light Beam Passing through a Slab

A dielectric slab with index of refraction n; 1s surrounded by a
medium with index of refraction n, as shown in Fig. 8-11. If

;i < 6c. show that the emerging beam is parallel to the incident
beam.

Solution: At the slab’s upper surface, Snell’s law gives

. ny
s1n b = — s1n #]
1> 71
and, similarly, at the slab’s lower surface, 1y
. ny . ny —
sinfy3 = — s by = — sin 6. n3 = n
n3 ni

Substituting Eq. (8.33) into Eq. (8.34) gives

Figure 8-11: The exit angle 05 is equal to the incidence angle 6,

1 ni if the dielectric slab has parallel boundaries and is surrounded

S1n By = - — 0 = sin @y. by media with the same index of refraction on both sides
| n? (Example 8-4).

Hence, 83 = 6. The slab displaces the beam’s position, but the
beam’s direction remains unchanged.

EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission 23



Notation:
ki =k, =ky; ki =k,
0;=6,.=64 6, =20,

Oblique Incidence
for TE Polarization

Plane Waves (Signs read from diagram)

E' = Ele /(kuxxtkud)g — gl g Hi = (EL/n1) (—cos6; R + sin 6, 2)

ki, = kisin 6y
k,, = k,sinf,
ki, = kq cos 8y
k,, =k, cos 0,

E" = EJ e/ (F1ixX~k122) § — E;y H' = (E;/nl) (cosB; X+ sin B, Z)
El = EfeJ(kaxxtkaz2) § — E}i \ H! = (Ejt,/nz) (—cosf,X +sinf,Z)

Tangential Componentsatz = 0

[ _ il —ik ~ [ — L ,—jKixX &
E%an = Eée J 1xxy Hign = —(cos 04 /771)509 JRx* g
r — T ,—JK14X & r — T, —JjKkixX &
tan = Ege JR1x y tan — (cos 6, /nl)EOe SRk %

t — rt,,—jkorX & t — t,—jKkorX &
Eign = Ege /" 2x* § Hi,, = —(cos 8, /n,)Eqe ™/ 2x* X

Boundary Conditions

ki =koo = ko Medium 1 Medium 2
R @1 11) (e2,12)
i r _ t . =15 #1 s p2
Eian + Etan = Etan -=0

i r - t
Htan + Htan - Htan-

EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission

(a) Perpendicular polarization

(TE Polarization)
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Oblique Incidence
for TE Polarization

Substitute E and H fields into B.C.’s to get:

E§ + E§ = E§

cosf, . cos@ cosf
“Ef —— —Ef =——E§
M M N2 Medium 1 Medium 2
(&1, 1) (€2, 2)
Rearrange to get: == ()
g p 9 (a) Perpendicular polarization
O =1 = 112 €05 51 = 71 €OS U7 ; (TE Polarization)
Eq n, cos 8; + nq cos 6,
E§ 215 cos 04
— =T = .
Eo TE = 1, cos B, + ny cos b,

(You can do the same for the TM polarization)

EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission 25



Oblique Incidence

TE Polarization:

n, cos 6y —nq, cos b,

TE = N, cos6; + n, cosH, ’
T = 2772 COS 91 ’ M(idium 1 Medium 2
N, cos B, + n, cosb, 15 1) i (2. 42)
TTE = 1 ~+ FTE . (a) Perpendicular polarization

(TE Polarization)
X

TM Polarization:

1, cos 6, — 14 cos 6

F == ;

™ 1, cos 6, + 14 cos 64

21, cos 64

T = ;

™ N, cos 68, + 14 cos 64

cos 64 ‘ :
T = (14T Medium 1 Medium 2
. ( TM) COS 92 (&1, 11) (&9, 117)

z=10

(b) Parallel polarization
EE3109 Jan - Apr 2025, L05-06 - Reflection and Transmission (TM Polarization) 26



Reflection Coefficient vs. Angle

Ulaby Fig. 8-17.
1
Water
&=81
0.8 e ._)=
— cosB, —n,cosf
‘rl‘(]_(j..WCt so1l = Ny 1— M1 ) ;
or  |Er=25) n, cos 8, + n, cos 6,
I
Dry soil [ry = _
(6,=3) _.==" n, cos 6, + nq cos 6
024

U ] ] ] ] I

10 20 30 40 50 60 70 0t 90

(Ag dry soil) (Hfg wet soil) (Og water)
Incidence angle 6; (degrees)

EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission
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Brewster Angle

The Brewster angle 0y is defined as the incidence angle 6
at which the Fresnel reflection coefficient I' = 0.

Perpendicular Polarization

O does not exist for nonmagnetic materials. (Why?)

Parallel Polarization

1
1 4 (e1/€2)

1 /€2
= tan — (for 1 = o).
V &1

EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission

Op| = sin~!
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Summary For Reflection and
Transmission

Table 8-2: Expressions for I', t, R, and T for wave incidence from a medium with intrinsic impedance 77 onto a medium with intrinsic
impedance n2. Angles #; and #¢ are the angles of incidence and transmission, respectively.

Normal Incidence Perpendicular Parallel
Property 0 =6 =0 Polarization Polarization
— COSH; — np cos Ccos#Hy — 1y cos b,
Reflection coefficient | I'= 22— 11 rp=R2AZMERA | p o RERA TR
n2+mn 12 Ccos 6 + 1y cos b6 12 cos By + np cosé;
2 2n7 cos b 217 cos b
Transmission coefficient | t = ——> T = 72 ' T = 2 TR
2 + 11 12 cos 6 + ny cos G 12 COS 6y + ny cosG;
Relation of T t [ 4T 1+T 1oy S8
ation o 0T = — —
e T T T L T|| ( [ cos by
Reflectivity R =1I> R, =" ]2 Ry =Ty
1 cos 6 cos b,
Transmissivity T = |z|? 1) T = |t |2 mEmA I = |1:|||2 mera
n? 17 COS &; 17 COs 6
Relationof Rto T T=1—R ' =1—-R| I =1-R|
Notes: (1) sin 6y = /ey /paeasinb;: (2) n = J/p1/e1: (3) n2 = +/u2/e2: (4) for nonmagnetic media, 72 /1y = ny/ny.

EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission
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Summary

* In this class, we considered how plane waves
behave in the presence of a boundary
* We showed how plane waves reflect and refract

* We calculated the electromagnetic field across the
reflection boundary

* We proved Snell’s Law, examined the critical angle and
the Brewster angle.

EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission
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Science 21 Oct 2011:

Generalized Snell’s Law?

Vol. 334, Issue 6054, pp. 333-337
DOI: 10.1126/science.1210713

} q A LD A q
RESEARCH ARTICLES l

Light Propagation with Phase
Discontinuities: Generalized Laws of
Reflection and Refraction

Nanfang ¥u,' Patrice Genevet,™* Mikhail A. Kats,® Francesco Ajeta, Jean-Philippe Tetienne, ™"

Federico Capasso,'* Zeno Gaburro™**

Conventional optical components rely on gradual phase shifts accumulated during light
propagation to shape light beams. New degrees of freedom are attained by introducing abrupt
phase changes over the scale of the wavelength. A two-dimensional array of optical resonators
with spatially varying phase response and subwavelength separation can imprint such phase
discontinuities on propagating light as it traverses the interface between two media. Anomalous
reflection and refraction phenomena are observed in this regime in optically thin arrays of metallic
antennas on silicon with a linear phase variation along the interface, which are in excellent
agreement with generalized laws derived from Fermat’s principle. Phase discontinuities provide

great flexibility in the design of light beams, as illustrated by the generation of optical vortices
through use of planar designer metallic interfaces.

he shaping of the wavelmont of light with

I 1r|.‘|t|'1,:|1|. componenis such as lonses and
prisms, as well as dilfmetive elemenis such

a5 grratingss and holograms, relies on gradual phase
chanpes accumulated along the oplical path. This
approach is peneralized in transfommation oplics
(/. 23, which usea metamalerials o bend light
in unusual ways, achieving such phenomena as
negative relmetion, subwavelenglh-focusing, and
cloaking (3, 4) and even o explore unsual pe-
omelrics of space-time in the carly universe (5).
A new degree of lreedom ol controlling wave-
fromis can be attained by imtroducing abrupt phase
shifls over the scale of the wavelength along the
oplical path, with the propagation ol light gov-
emed by Fermal's principle, The latler stales Chal

between two mediag O /) depends on the co-
ordinale #, along the interdice, Then, the twolal
phasc shifl @(r,) + |§ & - d ¥ will be stationary
fir the actual path that light takes; K is the wave
veclor of the propagating light, This provides a
generalization of the laws ol rellection and re-

(raction, which is applicable © a wide mnge of

subwavelength structured interfaces between two
media throughout the optical specimm.
Generalized laws of reflection and refraction.
The introduction of an abrupt phase shill, de-
noled as phase discontinuily, al the interface be-

tween two media allows us 1o revisil the laws ol

rellection and refraction by applying Fermal's
principle. Consider an incident plane wave al an
anle 0, Assumine that the two paths are inlh-

gles for total intemal reflection, provided that
n < ny

i, m;_.“'..(iﬂ i“lb) (3)

m 2mm; dx

Similarly, for rellection we have
Ay dD

sin(0,) — sin(;) —

(4)
where 8, is the angle of rellection, There is a
nonlinear relation between 6, and 0;, which is
markedly different from conventional specular re-
Nection. Eguation 4 predicts that thene is always a
critical angle of incidence

)

above which the reflecied beam becomes
evanescent,

I thee above derivation, we have assumied (il
@ is a continuous unction of the position along
the interliace; thus, all the incident encrgy is trans-
fezrred into the anomalous rellection and relmetion.
However, because urn,:ﬁnu,::ll.l.llly WG URC AN Ay
of oplically thin resonalors with subwavelength
separation (o achieve the phase change along
the interface, this discreleness implies that there
are also regularly reflected and relracted beams,
which [ollow conventional laws of rellection
and refraction (ddvdx = 0 in Egs. 2 and 4), The
separalion belween the resonalors controls
the amount of energy in the anomalously re-
Mected and refracted beams, We have also
assumed that the ampliludes of the scatiered
ralintion by each resonator are identical, so that
the rellected and relmeted beams are plane waves,
In the meset. soction, we will show with simulations
which represent mumerical solutions of Maxwell's

dd

iy

i

0 sin | 1
o ArCsIn ( Z:I'L.I]'I

uo fBuo Bewaouaas aauas) dyy wol pIpesjumo
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N

Snell’'s Law: Bending Light with
Material

sin 8; = nsin 6,

(n = 1.5 for glass)

EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission 32



Metamaterials

* Permittivity (¢,

Natural uepsilonn) and
Plasmonic = Materials
Materials Z (& = 1; .
(e-negative) N ur = 1) denote a material’s
response to electric and
ENZ .
| fields

Double * By engineering the

Negative Ma'anfto.-olptic material structure, one
« 0 ateriails . .
(“Left-Handed”) can achieve material

. (u-negative)
Natedals properties unfound in
nature

EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission 33



Negative refraction effects

* Weird things happen with light propagation in
double negative materials (a.k.a. negative refractive
index materials)

\ Vacuum \ Vacuum

Conventional material \ Metamaterial 1 :

V. M. Shalaev, U of T Plasmonic Summer School (2013)
EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission 34



Electromagnetic Cloaking

 |f we can make materials at will, we can also bend
EM waves at will....

Pendry et. al., Science, vol.312, p.1780, 2006

EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission
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From idea to reality

y-position (cm)

y-position (cm)

-5 0 5 10 15
x-position (cm) x-position (cm)

Pendry et al., Science, vol.312, p.1780, 2006; Schurig et al., Science, vol. 314, p. 977, 2006.

EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission
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Active Cloaking with a
Huygens” Box

Y Perfect
Conductor
X "

_ : N : g Wong and Eleftheriades, IEEE TAP, Aug. 2020.
EE3109 Jan - Apr 2025, LO5-06 - Reflection and Transmission
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The Huygens’ Box - ‘
Antenna

-E
H
= w0 |o
o b 5

ol = ™ " - a
e|e W o S 5 H

K.A. Oyesina and A.M.H. Wong, IEEE AP-S, July 2019.
K.A. Oyseina and A.M.H. Wong, IEEE Antennas Wirel. Propag. Lett. 19, 2020.
K.A. Oyesina and A.M.H. Wong, IEEE AP-S, July 2022. 38
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