MA2001 Differential Calculus of Multivariable Functions

1 Introduction
Quantities of interest in real problems usually depend on more than one variable.

Examples

(a) The height of the ground at map coordinates (x,y) might be expressed mathematically as
Height = h(z,y).

(b) The temperature in a lecture room varies with position and time, Temperature = T'(x, y, 2, t).
(¢) The volume of a rectangular box of length x, width y and height z is V(z,y, 2) = zyz.

(d) The magnitude of the electric potential u(z,y, z) due to a uniformly charged sphere with total

charge @ is u(x,y, z) 2?2 + 9%+ 22 > a? , where a is the radius of the sphere.

_ Q
T dmeg(x24y2+22)0

These are all real-valued functions of real variables. In general we have

z=f(r1,29, ) = f (:ET), where xq,xs,- -+, z, are the independent variables and z is the

dependent variable. f (:ET) is a scalar field.

It is possible to visualize a function of two variables (a surface in 3-D space) by drawing its graph.
One way is to draw a contour map. A level curve of f(z,y) is a set of points (z,y) for which
f(z,y) = ¢, where ¢ is a constant.

A collection of level curves then forms a contour map (as in the familiar contour maps produced by
map makers).

Examples

(a)
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Level curves of a function are defined in the same manner as one obtains contour lines for a

topographical map.

i
ks

Contour map

Same level curves for the function f(z,y) = z* + y?
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Level curves for the function f(z,y) =z
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Some level curves on the graph of f(x,y) = 2% — y?
Computer generated graphs usually show lines for which x is constant and lines for which y is

constant in order to give a picture of the surface.

Examples
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(b)

Part (a) shows a computer-generated graph of z = 22 — y2. Part (b) shows this graph with level

curves lifted to it.



2 Limit, Continuity and Partial Derivative

The concepts of limit, continuity and derivative naturally generalize from the one variable situation
to two or more variables.

A function f(z,y) is said to possess a limit fy at the point (xg,yo) if for any € > 0 it is possible to

find a 6 > 0 such that whenever 0 < \/(x —20)> 4 (y — yo)® < 0, that is, (z,y) is in disc of radius 0

centered at (xg, o), we have |f(x,y) — fo| <e. We write  lim  f(x,y) = fo or lim flz,y) = fo.

(2:9)— (z0.00) 2250

Intuitively, the above says that when (x,y) is approaching (xg, y0), f(z,y) is approaching fy then
the function f(x,y) is said to possess a limit at the point (zo, yo).

Note that the limit exists only if, f(z,y) is approaching f, independently of the manner in which
(z,y) is approaching (¢, yo).

Example

lim (22 43y +ay) =12+3x22+1x2=15
(2,9)—(1,2)

Example

_a?
CL’2 +y2

Show that f(x,y) = has no limit at the origin.

Solution:

2

|H

As (z,y) — (0,0) along the line y =0, f(z,0) = 1 and the limiting value is 1.

)

As (z,y) — (0,0) along the line y =0, f(0,y) and the limiting value is 0.

. 2 .
Hence lim, 4)—(0,0) I;”TyQ does not exist.



As (x,y) approach

(0,0) along this As (x,y) approach (0,0)
ridge, z—>1 along this valley,
z->0
t=grp 1< <1, -1<y<I
Example
Show lim =
(z,5)—(0,0) (z2+y?)2
Solution:
Now,
9 2,2 1
T < T4y — 2 2\ 3
S Gt S gt~ @ T
1
We observe that  lim (22 4+ ¢?)2 = 0. Therefore, lim = =0.
(2:4)(0,0) (2.0)—(0.0) (a2 +2) 3

A function f(z,y) is said to be continuous at the point (g, yo) if and only if it possesses a limit at

(70, %0) and lim  f(z,y) = f (20, %0)-

(z,y)—(z0,y0)
Examples

(a) f(x,y) = 2% + 3y? + xy is continuous everywhere.

Solution:
lim  f(z,y)= lim (224 3y* + 2y) = 22 + 3y2 + zoYo-
(z,y)—(z0,y0) (z,y)—(z0,y0)



(b) f(z,y) = % is continuous everywhere except at the origin where f(x,y) is not defined.
Solution:

I

If then (zg,y0) # (0,0) is defined at (zo,yo) and f (2o, yo) %ﬁyg In addition,
0 0

2

(ﬂﬁay)—>(a:07yo)f( y) (I,y)—>(x07y0)x2+92 2+y3 f( 0 yo)
2
7 (2,9) #(0,0)
(c) flz,y) =g &2 is continuous everywhere iff A = 0.

A (z,y)=(0,0)

Solution:
2

N (z,y) # (0,0)

(22492)2

A (z,y)=(0,0)

Since  lim =0, flx,y) =
(2.9)(0,0) (2% 142) 5 f(z,y)

is continuous everywhere iff

A=0.

Example

Give an example of a function f(x,y) such that f(z,y) has the same limit as f(0,0) when (x,y)
approaches (0,0) along any straight line passing through the origin, however, the function is not
continuous at (0, 0).

Solution:

Consider the function:
2 if (v,y) # (0,0)

0 if (x,y) = (0,0)

Suppose (x,y) is approaching (0,0) along the line x = ¢ cos 0,y = tsin @ where 6 is an angle made

fr,y) =

counterclockwise from the positive direction of x-axis to the line z = tcosf,y = tsinf and t is any

real number.



Then if cos@ # 0

3

23 cos Osin? 0

lim T = hm tcosf, tsinf) = hmw— lim——stg—r—
(z,y)—(0, 0)f< W) = f( )= ?cos? O+tdsin® 0 g ticos O4s ain" 0
r=t cos O
y=tsin @
2tcosfsin®0 __ 0  __  _
- 1%0‘3052 O+t2sin?0 ~ cos26 0= f(O’ O)

If cosf = 0, then this is the case that (x,y) is approaching (0,0) along y-axis.

It is obvious that . l)méo flz,y) = hmf(O y) = hmO =0= f(0,0).
7y %
=0

However, if is (z,y) approaching (0,0) along the curve x = t* y = t where ¢ is any real number, we

have lim f(z,y) = hmf (t2,t) = hm 28— 140=£(0,0).

4
(2.)=(0,0) o+t
Tr=
Y

t2
=t

3 Partial Differentiation

Recall that for a function f(x) of one variable

df : ($O+h) f(aCo) df i J@)—f(20)
x (20) = 1y r i (o) = Jim S
Now consider the function f(x,y) of two variables. If y is held constant, say y = yo, then f(x,yo)

becomes a function of one variable, x and we may define its derivative at x,

the partial derivative of f with respect to x at the point (xg,yo) as

U (g, yo) = lim Lothwo)f o) o 01 (5 40y = Tim

h—0 h T—x0

J(z,y50)—f(x0,y0)
T—x0

Similarly, the partial derivative of f with respect to y at the point (xg,yo) as

f(z0,y)—f(z0,y0)

) Yo+k)—f(zo, 0 .
8_5; (20, 10) = hi% f(zo yo+]z f@owo) o 8f (20, 10) = yh_g}o
Note:
(a) A partial derivative is just an ordinary derivative with respect to the variable which is not held

constant.

(b) For z = f(x,y), alternative notations are:

B 0
8_£(x,y) = fr($ay) = 8_;(‘7:’?/) - zx(m,y)



Figure 1: AB— curve of f (z,yy), CD— curve of f (z¢,y)

and similarly for g (z,y) = fy(z,y) = ay(x y) = zy(x,y).

(c) The definition of a partial derivative only requires the idea of a limit of a function of a single
variable.

Example

Find the first partial derivatives of f(x,y) = 2%y + y®sin z.

Solution:

of _
" By

flz,y) = 2%y + yPsinae = 2L = 22y + y’ cosx 2?2 + 3y’ sinw
Example

Evaluate 2 (1 2) for f(x,y) = 2%y +y*sinx

Solution:

Method 1:

Consider f(x,2) = 2z* + 8sinz. Then

91(1,2) = 4 (227 +8sinz)| _ = (4o +8cosx)|,_, =4+ 8cos 1.

=1

10



Method 2:

flx,y) = 2%y +yPsinz = 8f = 2xy + y® cosx. Then %(1,2) = (2xy+y3cosa:)]zj =4+ 8cos 1.

Example

Find the first partial derivatives of f(x,v,2) = €** cos zy.
Solution:

flx,y,2) =e* Cosxy:>8f— —e**ysinay, 5 f:—e xsin xy, af—ZeQZcosxy

We may differentiate the first partial derivatives of a function again to obtain

second partial derivatives.

_ 0°f a _ a _ o (of
fw_axax ( )fyy ayay < )fxy Byax ( )fyw—axay %(a?;)'

Higher order partial derivatives may be similarly defined.

Example
1
Let f(z,y) = log (z* + y*)2, find its partial derivatives up to order two.

Solution:

Y
_F _ 0 (9fy_ 0 (_= _ 122 yr-a?
= fII T 9x2 T Oz ( .1‘) — Oz x2+y2 - $2+y2 (x2+y2)2 - ($2+y2)2
£, =20 = 0 (o) = f (_f)_i ) 2wy
1YY T By T Gy \dy ) x2+y (@277 = dx) Oy \z2+y? ) T (a24y2)°
fow = 9 (of\ _ & Yy _ _—2zy
yr 7 9z \ 9y Ox \ a2+y? | 7 (22+4y2)?

Note that in the above example f,, = f,., which is the case for most functions that are useful in

engineering and science. However, it is not always true.

Example

11



Ty (x2 —y2)

e if (z,y) # (0,0)

0 if (z,y) = (0,0)
(a)If (z,y) # (0,0), find fouy(x,v), fyz(x,y) and verify that they are equal.

flx,y) =

(b)Show that f,(0,0) = f£,(0,0).

(c)Show that f,,(0,0), f,,(0,0) exist but they are not equal.

Solution:

(a)

There is a theorem saying that if f,,(z,y)& f,.(z,y) exist at (zo,yo) and nearby and

facy(xa y)&fyz(x7 y) both are continuous at (x07 yO) then fa:y (x07 yO) - fyac (JZO, yO)'

Now, if (x,y) # (0,0)

f (x ) _ofa zy(:cQ—yZ) _ 0 [4e2P4aty—yP] _ —y5—00y 400y ab
ay\ L, Y oy \ Oz x24y? Oy (x24y2)? (@2+442)°
f (’:C y) _ Q _4y2x3_y4m+x5 _ _y6_9m2y4+914y2+16

yeA Ox (22 +y?)* (@24y2)°

So fw(x’y) = fyx(%!/)
(b)

— Tl £@0)=£(0,0) __ 15 0-0 _ — 13 £O)=f(0,0) __ q: 0-0 _
f2(0,0) —glgll)r(l) - ilir(l) — =0, f£,(0,0) ?IJILI(I) ; lim 0
(c)

xy(xz—y2)

N . 0 222
If y £ 0, £,(0,y) = hg%w im0 yz) _

z z—0 z z—0 a2ty

—y ify#0
Thus, f.(0,y) = =—y,Vy

0 ify=0

e 0= fe(00) _ i —y—0
uy(0,0) = lim 20207 lip =40 — -1
Similarly,
e (=)
e fep)—f@0) o a0 a(e?oy?)

If  #0, f,(x,0) %gr(l) ; 11/1—I>I(1) ” %gr(l) poa x

thLlS7 fY(.I, O) =7
0 1)— g 00 _ s

z—0 z—0 *

We find that f,,(0,0) # f,.(0,0). Why does this happen?

12



SO (1) £ (0,0)

3
For fu,(z,y) = (22+y?)
,we observe that along y = 0, (Z‘,y]jiE)I%O,O)fmy<x7 y) = algr(l)fmy(az, 0) =1.
H 1 =0 li wy(x,y) = lim f,,(0,y) = —1.
owever,along £ =0, T foy,) = i oy 0,

It concludes that f,,(x,y) is not continuous at (0,0).

13



4 The Chain Rule

df dz

. : : d
For functions of one variable, if y = f(z) and x = 2(t), then y = f[z(t)] and 2 = L2

0 " e} u
If f=f(u) and u = u(x,y) then a_i = %% and 6—5 = %g—y.

Example

If f = f(u) =logu and u = (22 + y2)%, evaluate % 9L

x? Oy ”
Solution:
Of _ dfdu _ 1 o 1(p2 4 2\73 _ 1 10,2 0 2% _ =
Bm_duam_ux2<x +y) X2x_(z2+y2)%x2<x +y) X2‘T_x2+y2
of _ df ou _ _ vy
And Oy ~ dudy  z24y?

For a function of two variables we have

Theorem

_ _ _ dz __ Of dx of d
If 2= f(x,y) and 2 = x(t),y = y(t) then F = FL 4 L2

Proof:

“fl.':t'}]

(x.00=1 [x+am,¥)

dz li z(t+0t)—z(t) .
2 — lim &>~ = limg;
dt 6t—0 ot 9t=0

f[x(t+5t)7y(t+§t)] —flz(®),y(®)]
; .

14



Now as t change to t + 0t, « and y change by dx and 0y respectively, where, dx = z(t + 6t) — ().
Thus the change in f may be expressed as
fla(t+0t), y(t +0t)] — flz(t),y()] = f(z + 0w,y + dy) — f(z,y) = QC = QR+ RC = PB + RC

= [f(x + 0z, y) — f(2,y)] + [f(2 + 02,y + dy) — f(x + 0z, y)]

, and

dz _ |im z(t+6t)—z(¢) — lim

[l (t+6t),y(t+0t)]— flo(t),y(t)]
6t—0 6t—0 3t

6t—0 ot
_ 1 f+ézy)—f(zy) dz | fle+dz,y+dz)—f(z+dz,y) dy
- (;ltlir%) oz 5t + Sy E]
— lim flz+oz,y)—f(z,y) lim Sz + lim fx+dz,y+ox)—f(x+dz,y) lim dy
dx—0 oz 5t—0 0t dy—0 oy 5t—0 0t
— 9fdx 4 of dy

T Oz dt Oy dt

Example

Let z = f(x,y) = 2° + 22y and z = sint and y = cost, find %.

Solution:
& — %‘é—f + g—id—? = (2z + 2y) cost + 2z(—sint) = (2sint + 2 cost) cost + 2sint(— sint)

=sin2t + 2cos 2t

This may be confirmed by direct substitution:

z = f(sint,cost) = sin®t + 2sint cost = % = 2sintcost — 2sin®t + 2 cos? t = sin 2t + 2 cos 2t

O

A special case is when z = f(z,y) and y = y(z), that is, z = z and hence z is a function of = only.

dz _ Ofdx | Ofdy _ Of | Ofdy
Then dr ~ Oz dx + Oy dx + ’

15



Example

2= f(x,y) = tan™! (g) ,y = sinz, find £

. 1 41

Solution: P (—' 1)
1 +? Y

dz __ Of dz + ofdy _ Of + ofdy _ _y COST = sing _ _xcoszx __ sinz—xcosw
dr = Oz dx dydr ~ Ox Oydr ~— x2+y? 2—|—yQ x2+sin? z 224sin’z ~ z2+4sin’z
Example (Chain rule involving second derivatives)
Let z = f(z,y),v = z(t),y = y(t), evaluate < dt?
Solution:
dz _ Ofdz | Ofdy
dt ~— Oz dt Oy dt”
2z _ _d (0fdx af@ _ Of &z + 4 ( )dx+afd2y+i af\ dy
dt? — dt \ Oz dt By dt )| — B dtZ dt \ 9z /) dt Oy dt? dt \ 0y ) dt-°

We observe that % is depending on x and y directly, depending indirectly on ¢ through = and y

respectively. To evaluate % (%) we need the Chain Rule and we have

d (af) ) (8f)z_f+g(6f) dy _ Pfde | 0%/ %

ox oz \dz

oxr \ Oz

Yy
da de . 0 (0f\dy _ 0%f dx _f_y
For the same reason, ( > i T oy ( y) dt — D20y dt + 902 dt

Then it follows that

2
G- Yl L (U Yk £ (4) Y
0,

_ Ofd’z 0 (9f\dzx , O (9f)dy| de , Ofd’y 9 (of)dz O (Of) dy| dy
T Oz dt? + |:8x ( /) dt + Oy (8:1:) dt | dt + y dt? + Ox \ Oy | dt + Oy \ Oy ) dt | dt
_ Of Pz f (dx\%? | O°f dyde | Of Py | O*f dudy | *f (dy)?
T Oz dt? + Ox? ( t) + Oyox dt dt + Oy dt? + OzOy dt dt + y?2 ( t)

16



Example

2z = f(x,y),r = t*,y = t. Suppose

21,1)=201,1) =251, 1) =541, 1) =e, 2L(1,1) = ZL(1,1) = 2e. Evaluate &3 for t = 1
Solution:

r=1t>= 2t,zt§—2,y:t:> 1,flt§’:O.Iftzl,thenle,yzl.

So

W, = wODE|_ +EOE)] ek e %)

TRODGE| gm0 w R (@)

=exXx24+ex44+2ex1x24+ex0+2ex2x1+ex1=1be

Theorem (Change of Variable)

Bz oz
If 2= f(z,y) and . = 2(s,t),y = y(s,t), find 57, 5.

Solution:

8z_3f8x+8f8y &_afacc_i_@f@y
Os Ox Os Oy 0s? ot~ Ox Ot

Example

Z

_ _ L2z 8z
If z = f(z,y) = €*® and there is the change of variables x = r cosf,y = rsin6, find z, 5

Solution:

82 0 f or Of 8y
o ozor oyor
0z Ofox Ofdy
90 o0ro0  oyon

= 2ye®™ cos 6 + 2ze*™ sinf = 2re”” 5% in 20 and
= 2ye*™(—rsin ) + 2ve**¥r cos 0

— 27”2 r2 sin 20 COS 29

Again these results may be checked by substitution and direct partial differentiation.

17



Example (Chain rule involving second partial derivatives)

9%z

Let z = f(z,y),v = x(s,t),y = y(s,t), evaluate 3.

Solution:

9z __ Of oz + af 9y
ot Ox Ot Oy Ot

Pz _ 9 (92) _ 0 (0fdz 4 O0f0y) _ 0 (0fdz 9 (90f9y
Bt2_8t(8t)_8t<xt+ y Ot _ﬁt(mt)+3t y Ot
— 0 (9f\ oz | 0f 0 (0x 9 (0f\ 9y 4 9f0 (9y
_at((?m) 8t+ w@t(@t)+8t 8y> 8t+8y8t(t)

We observe that both %, 689_5 are depending on x and y directly, depending indirectly on ¢ through x

and y respectively. To evaluate % (%) , % (%) we need the Chain Rule and we have
9 (0fy _ 0 (9f\ 0 8 (O0f\ 0y _ 9°fo 9%f Oy

5 (55) = 5z (55) 55 + 35 (55) 5 = 5k 5 + dgom o

a(af) 0 ﬁ)a_z+g<%>@_ﬁa_z+62_f@

ot \ dy ox y t Oy y t — Oxdy Ot Oy? ot

= E+¥2 (B +5(L)2+E2 P

=GR SRR A SRR ) R
|
Example

Consider z = f(z,y), suppose x = rcosf,y = rsinf. Show that
2 i 2 . 2

% = cos? 9% + 2sin 6 cos 08‘1—5; + sin2 QZT,;

Solution:

0z __ Of Oz of By _

0z _ 0f 0z | 9f 9y of in oL
Or ~ Ox Or Oy Or Coseaz + Slneay

18



@l@

cos@af—i-smeaf —COS(‘) (a—f)—i-sin@% %
y

_ 9*f O f o f Oy
= cost <78_ + 8y8x r> + sin ¢ (6183; Hf + 6_8_)

= cos 682f(:1f; y) + 2sin 6 cos 6525 ayf(:L‘ y) + sin® 62 2f(x )

Example

Show that in polar coordinates (r,6) in R?, Laplace’s equation VZu = axg +3 32 =0 takes the

2
10w 4 1ou _

fOI"Hl 87'2 + r2 902 ror

Solution:

1o}
ou Ou Oz +8u y

or dx or dy or
Ou __ Oudx + Ou Oy
90 — 0z 00 T 0y 00
x=rcosb,y=rsinf = g = cos ¥, 8—y =sind, gg = —rsinf, ag = rcosf
Thus,
au _ 8’!}, _ Ou
Gu — 90U cos ) + I o sind g5 = g2(—rsind) + 5 9y cos )
Therefore,
-1
ou : du ou : du
o cos sin 6 b b cos 0 sin 6 o
— = —
ou : ou ou : ou
50 —rsinf rcosf By By —rsinf rcosf 5
ou __sinf ou
ox cos 0 T or
= e
ou : cos 6 ou
dy sin 0 r a0
ou __ Ou _ sinfou . ou __ 8_u cosf Ou . . .
So 5z = cos " - (%), 5 = sinf5¢ + <= 55 (%)

From (), we learn that %:) = sin 9% + cosb 6 . Notice that the f in the left side of (xx) is a

T

19



function of z,y, however, the f in the right side of (%) after =,y being replaced by r cos and
rsin @, respectively, is a function of r, 6. Let g—;‘ = f, therefore, we have
In addition, we notice that 8_Z =sinf5: + 255

Therefore,

FPu _ 9 (Ou) _ o 0 (& Ju cosf Ju cosf 9 (4 ou cosf du
92 — By <6y> = sinf5; (Sm‘gar + = ae) + =5 (sm@ar + = ae)

o : 9%u cos® 0%u _ cosf Ou cos @ Ju : 9%y sinf Ou cosf 93%u
= sin 6 (Sln98r2 + r Ordl r2 80) + r (Cosgar + Smeaear r or + r 868?)

Similarly,

Ou_ 0 (0u) _ 0 (0w} singo (ou
or2  Ox \ Ox - s or \ Oz r 00 \ Oz

= COSQQ (cos@a—u — sin&@) — yé (cosﬁa—u — sine@)
or or r 00 r 00 or r 00
— cosd (Cosea% N sinf Ju  sind 0*u ) _ sind (cos@ 0%u B sin&a—u B sin 6 0%u B COS@@)
or? r2 00 r Orof r 000r or r 002 r 00

(2)

Finally, (1)4(2) we have % + 2277; =% 4 10% 1ou _

20



5 Implicit Functions

Let f(x,y) be a function of two independent variables and suppose f,(z,y)&f,(z,y) exist and are
continuous at (zo, yo) and nearby, in addition, f (xg,yo) = 0&f, (z0,v0) # 0. Then about (x¢, yo)

the equation f(z,y) = 0 determines an mplicit function y = y(z) about zy with yo = y (o) and

y = y(z) being differentiable at z.

The above is also applicable to system of equations:
(
fl ('rla"' yTny Y1y 0 7ym> =0

The system of equations : of x1,--- ,x, and the partial

L fm <$1,"' y Ty Y1, 7 7ym) =0
derivatives of yy, - - - , y,, with respect to z;,1 <7 < n can be found.

Example

3 — 2y? + yz? — 23 = 5 determine z as a function of z,y. Find g—;.

The equation x
Solution:

Differentiating 23 — zy? + y2? — 23 =5  with respect to x gives

2_3,2 .
3x? —y? + 22yg—i — 32’2% =0 and % = 5”@_3322 if 22y — 322 £ 0

Example
Find the gradient of the tangent g—g at a point (z,y) of the conic
f(z,y) = ax® + 2hxy + by* + 29z +2fy +c=0

Solution:
y is defined as an implicit function of x by the equation

2= f(x,y) = ax® + 2hxy + by? + 297 + 2fy +c =0

of

i dz _ =9 9fdy vy _ _ar of . dy _ _ 200+2hy+2g

In this case 22 = 0 = 77 + 5, 7 and we have 72 = i whenever Z 7 0; 78 = — 57500
Yy

whenever 2hx + 2by + 2f # 0.

21



Example
If 2 = e” cosy, while x and y are implicit functions of ¢ defined by the equations

T _ _ dz _
3 +e —t2—t—1,yt2+y2t—t+y—0thenﬁndEfort—O.

Solution:

d
dz Oz dm+ gz dy

= o dr The equation

Differentiate z = e” cosy with respect to t, we have
23 + e” —t* — t = 1 defines a function z = z(t) implicitly.

Differentiate both sides of 2® + ¢ — t — ¢ = 1 with respect to t. Then 322% + ¢*% — 2t — 1 = 0.

And we have ‘fgf = 3%1162:, if 322 + e #£ 0.

We observe that for a2 +e* —t> —t =1, yt> + y*t —t +y =0, if t = 0 then 2 = 0.

Therefore 2l ) =1

) dt‘t 0 3xZte® =

Similarly, The equation yt? + y*t — t +y = 0 defines a function y = y(¢) implicitly. And we have

2yt + t2 dy + Qyt +y2—1+4 =/ = 0. This implies & dy = L?j;;;’:
For yt? +y* —t +y = 0 if t = 0 then y = 0. Therefore, dt}t 0= iﬁ’;—ﬁ o =1L
-0

Also, % = g—i‘fl—f gz‘fft’ =e” cosy‘fi—f — e siny%. y
Finally, % g = €7 cosy| =0 0 & o e’ sin y|«= 20 % o= 1
Example

a? +y? = 52
Suppose we solve uniquely for x,y as functions of z near x =1,y = —1. Find

T+y+z=2

dz dy d2z dy
dz? dz’ dz2) dz2

when x =1,y = —1,2 = 2.

Solution:
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2?4y = 52 208 4 2y W = ».. . (1) 2 (%)? 4 2pds 49 (%) 4oy Py —1...(3)
= =
29 2$ 2
THy+z=2 b B4 1=0...(2) Co Ty =0---(4)

Put z =1,y =—1,2=21in (1)&(2), we have

209 4+ 2% =z (1) d d d d
o SN R 7 N A |
do | dy dz dz dz
E—FE—Fl:O---(Z)
dx dy d*x 1 d%

1
Put:vzl,y:—l,z:Qand%:O,%:—lin (3)&(4), we have@:—z—l,@:zl.

Example

U+ you? = 2
Suppose that near the point (x,y,u,v) = (1,1,1,1) we can solve uniquely for u
zud 4yt =2

and v as functions u(z,y),v(z,y) of x and y. Compute (5) (1,1).

Solution:

U+ you? = 2
Differentiate all equations with respect to x of . We have
zu® + 2ot =2
(
u+ 2%+ yo2udt 4+ yu?lt =0
\ u® + JcSuzg—Z + y24v3g—; =0

Since x =1,y =1,u=1,v =1, we have
(

14394 % = 4+ 1228 4 4% =0
= = 9% = 3= %4(1,1) = —

1
3
1+3%% 448 =0 1+3%8 4488 =0

\
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Example (for reference only)

Functions x = z(p, ¢,0),y = y(p, $,0), z = z(p, ¢,0) can be regarded as equations involving
T, Y, 2z, p, 0, 0. Assume x = z(p, ¢,0),y = y(p, 9,0),z = z(p, ¢,0) with appropriate differentiability

may define p, ¢, 6 each as implicit functions of x,y, 2.

oy ... O
o0z Oxn
The determinant J = 2Wwm) — f 0 L is called the Jacobian of yy,-- - ,y, with
O(z1, ,xn) : : ; s ,
Oyn ... Oun
Ox1 Oxn
respect to x1,--- , T,
; J Op _ 19(y2) 9¢ _ 10(w,2) 90 _ 19(y,2)
(a) Using Cramer’s Rule, deduce that 3£ = TBG0) 5 = Ta0s) 0x = Ta(pg) Where
9z Oa ou
op 06 00
J=0wa) | a5y gy oy
A(p,¢,0) dp B¢ 06
op 0 00

dp Op p)
(b) Guess 55, 52, then prove your guess at 3£

(c) Let Vp = 220+ %25 4 %2k and 9% = 527 + S5 + 5k, % = S2i + 247 + 52k, show that

1

<
<
<

(d) Let x = z(p, ¢,0) = psingcosb,y = y(p, ¢,0) = psingsinb, z = z(p, ¢,0) = pcos ¢. Evaluate

J = Owyz) 9p 9p Op
(p,$,0)’ x> Oy’ 0z"

24



Solution:

T = ZE(p, ¢7 0)7 Y= y(pa Cb, 0)7 = Z(pa ¢, 0)
(
_0wdp | 0w0b | dn b
L= p Oz + ¢ Ox x
= 0= i | oo oyo o —
Jp Ox 0¢ Ox 96 Ox Cramer’s Rule oz
_020p | 0200 | 0200
0= p Ox + ¢ Ox T
\
gz 1 Oz
op o0
det oy 0 9y
op 00
0z 0 0z
5 20 o(y,2)
9 _ op 00 “Ae0) _ 10(y2) 00
19x o(zy,2) — JO(0,p) Oz
dr Oz Oz 9(p,$,0)
dp 96 90
det| Oy 9y 9y
op 0¢ 00
0: 0z 02
Op 0O¢ 00
(b)
9(z,) o(z,y)
Op _ 9.0 _ 10(zx) dp _ 986 _ 19(zy)
dy T wws) - Jo@0) 02 0wws) - Jo(b0)
Y 3G (@0)7 0= Se%% (¢.0)
z=x(p,¢,0),y =ylp,¢,0), 2= z(p,,0)
p
_ Oudp | 000 | 008
0_6p8x+3¢ax oz
= 1o s | oyow o =
9p Oz 9¢ 0z Oz Cramer’s Rule Oz
_ 0200 | 0200 | 0200
0_6p81+6¢>8x Ox

det

9(y,2)
9(5,6)

_ 19(2)

det

det

ox
0¢
0

9z
¢

= 3@w.2)
3(p,$,0)

det

det

oz
¢
¢

0z
¢

oz

o0

00

0z
90

oz
90

90

2z
90

O(x,z)

9(,0) __

— T 8(¢,0)

d(z,x)
9(9,0)

det

25

oz
90

A(zy,z)

9(z,y,2)

9(p,9,0)

9(p,$,0)

=1
—J

A(z,x
a(¢,0

N
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_0p7 | 9p7 | Opy1.  10(y2)7 | 19(zx) 7 | 10(zy) 1)
T Oz 2z T J , J
VP =5:it 50+ 5k = 3560 T Taem) T Taw0
oy oz | |9z o oz oy
96 06 |. | 0p 06 |. | 96 ¢ |.
¢ 09 2 ¢ 09 i ¢ O¢ T
9y 0Oz Jdz Oz oz Oy
O(y,z2) 7, O(z,x) 7, O(z,y) 1 An = v vy — v
_ SGa i towaitaenk | 90 9 96 00 06 00
J J
i 7k
ox Oy oz
06 06 ¢
% % % du QY7 02y (Ou7, Oy 05 oy or
_ ¢ _ (8¢Z+6¢J+8¢k)x(802+60]+60k) _ 9% 90
- J - J -
(d)
9z 9z Oz singcosf pcosgpcosf —psin@sinf
ap 9o 00 P P
J=9ew2) _qat | oy oy oy = | sinpsind sin b in ¢ 9
3(p,$,0) 50 06 00 sin¢sinf pcos¢sin psin ¢ cos
0z 0z 0Oz PP
% 0¢ o6 cos ¢ psin ¢ 0
pcoscost —psin ¢sin b singcosf —psin@sinf
- cos ¢ ~ (~psing)

Expand along 3rd row

pcosgsinf  psin¢@cosl

singsiné psin¢gcosd

cos ¢ (p? cos ¢ sin ¢ cos? 0 + p? cos g sin ¢sin® 0) + psin @ (psin® ¢ cos? § + p? sin® ¢ sin® 6)

p?cos? ¢sin ¢ + p*sin® ¢ = p?sin ¢

pcos¢sing psin ¢ cosf
—psin ¢ 0 .
_ 190(y,») _ p?’sin®pcosf -
7 8(¢76) p2 Sin¢ - p2 sind) = S1n ¢ COS 9
—psin ¢ 0
cos¢pcosf) —psinpsinb
_ 190(zx) _ P ¢ P ¢ _ p?sin®$sinh . ¢ inb
= 98 = pr = —rang  — singsin
pcospcost —psin ¢sin b
cos ¢ sin sin ¢ cos 6
10(zy) _ p ¢ p ¢ __ p?sin ¢ cos ¢ cos? §+p? sin ¢ cos psin? 9
Jo(e,0) p? sin ¢ - p? sin ¢

02 sin ¢ cos ¢
p? sin ¢

= COos ¢
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6 Taylor’s Theorem

If a function f(z) of one variable is differentiable through order N in a — [ < z < a + [ where [ > 0,

then for any real number A such that a — | < a+ h < a + [, we have

hN—l

fla+h) = fla)+ £/ (a) + 54 f"(a) + - + g5 SNV (@) + Ru(h) where

Rn(h) = %f(N)(a+ 6h) for some 0 < 6 < 1.
OR

If a function f(x) of one variable is differentiable through order n 4+ 1in a — Il < < a + [ where

[ > 0, then for any real number x such that a — [ < x < a + [, we have

fl@) = fla) + H2(x —a) + L3 (@ — a)* + - + L5l (w — a) V! + Ry () where

Ry(x) = W(m —a)" for some 0 < 6 < 1.

If a = 0 we have Maclaurin’s Theorem:

F(h) = £(0) + % £/(0) + 5 £/(0) + - - + Ly FND(0) + Ry (h) with Ry (h) = 5 ™) (6h) for some
0<d<1

OR

f(x) = £(0) + @x + @ﬁ +---+ %x]\hl + Ry(z) with Ry(x) = %x]v for

some 0 < 0 < 1.

Example

Express the Maclaurin series of cosz ( up to z*) and Flyv hence find the Maclaurin series of Colsm (

up to z).

Solution:

24

22
COS$:1_§+T_7ﬁ:1_y+y2_y3+y4—
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_ 1 _ 1

cosz 1,§+% 1+(_§+%_...)

:1—<——,+—,— >+< 5Tt ) —( ST T ) +
_ 2 x? 24 _ 22 5zt
_1_<__'+_'>+<T+ )—l-"'—l—l-g—i-g—i-

(up to z%)

Taylor’s Theorem generalizes to a function of two variables f(x,y) which has continuous partial
derivatives of all orders up to N inside the rectangle with vertices (a — p,b — ¢q), (a — p,b+ q),
(a+p,b—q),(a+p,b+q), where p,q > 0.

At the point (a + h,b+ k), wherea —p<a+h<a+p,b—q<b+k<b+ q, we have
fla+h,b+ k)= f(a,b) + % [hfe(a,b) + kf,(a,b)] + % (A% fre(a, b) + 2hk fr,(a,b) + K2 f,,(a,b)]

+ 2 [13 fawa(a, b) + 3Rk fuuy(a, b) 4+ 3hK? fryy(a,b) + K2 fyy(a,b)] + - - + Ry (h, k)

= SN (2 R 2) Fla.b) + Ruhik)

where

1 o) o) N 1 N N i A
Ry(h k) = & <h£ + k8—y> Fla+0hb+0k) =L |2V, WEN= 2 (a + 6h, b + 0k)

—1)--- —q i LN —1 N
— % [Zz]io N(N-1) (Ni! +1)hik 890’633;%_" (a+ 60h,b+ Qk)]
N i.N—1 8N
= i w—ai smgye= (@ + Oh, b + Ok)
for some 0 < 6 < 1.

If Ry(h,k) — 0 as N — oo we have the Taylor Series representation of f(a + h,b+ k).

OR

For the case of two variables:
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flz,y) = fa,b) + 55 [(x — a) fo(a,b) + (y — ) fy(a, b)] +
o1 [(@ = a)? faw(a,0) + 2(x — a)(y — b) fay(a,0) + (y — 0)?fyy(a,0)] + - - - + Ry (z,y)

— 5161% ((a:—a)a% + (y — b)%)if(aab) + Rn(z,y)

Ru(ey) = 4 [ —a) 2+ (4 =D)E]" fla+ 0 —a).b+ 0y 1)

N N
=4 N, (= a)'(y — b))V gtd=(a+ 0(z — a),b+ 0(y — b))

=y [T MO e e O (04 9 — )b+ 0y — )

r— a N—1 N
= e O (a+ 0z —a), b+ 0(y — b))

If Ry(z,y) — 0 as N — oo we have the Taylor Series representation of f(z,y).

Successive terms given by Taylor’s Theorem give the tangent plane approximation to the surface
z = f(z,y) (Taking the first two terms of the series), a quadratic surface approximation (the first

three terms), a cubic surface (the first four terms) etc, all meeting z = f(z,y) at the point (a,b).

Example
Find the tangent plane and quadratic surface approximations given by Taylor’s Theorem at the
point (1,0) for the cone f(x,y) = (2* + y2)% . Hence estimate f(0.9,0.1).

Solution:

fm(xvy):%afy(xay): Y

ot (a2+y2)7

3,@( y) = s fw(Ty) =

(a2+y?)3 (a2+y?)3

which exist everywhere except at the

(902

origin (0,0). The tangent plane approximation is:

pi(@,y) = f(1,0) +  [(@ = 1) f2(1,0) + (y = 0).f,(1,0)] = pi(z,y) ==

The quadratic surface approximation is:
pa(r,y) = f(1,0) + §; [(z = 1) f(1,0) + (y — 0) f,(1,0)]

+o1 (@ = 1) faa(1,0) + 2(z — 1)(y — 0) fuy (1, 0) + (y — 0)° £, (1,0)]
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= pa(w,y) = 7+ 3y°
Hence, using the tangent plane f(0.9,0.1) ~ p;(0.9,0.1) = 0.9. And, using the quadratic surface

£(0.9,0.1) = p2(0.9,0.1) = 0.905. The correct value is f(0.9,0.1) = 0.9055 (to 4 s.f)

Example

23 — 2x2 + y = 0 determines an implicit function z = z(z,y) of  and y about the point (1,1). Use
the Taylor theorem to expand z = z(z,y) about the point (1,1) up to the linear terms.

Solution:

Note that from 2% — 222 +y =0 when 2 = 1,y = 1 we have z = 1.

P —2wr+y=0=322% -2 -2F =0=>F = FE & et =2
23—2xz+y:0:>3223—§—2mg—z+1:0:>g—;: 3Z2__12w g—; L
y=1
o) =L + [ Bl =D+ B[ -] o
y= y=1

Soz(z,y)=1+2(x—1)—1(y —1)+---

30



Example
Let f(x) be a smooth function, that is, f(z) has continuous derivatives up to any order.

Then the Taylor series of f(x) about the point a up to order 2 is

f(l'):f(a)+%($—a)+%(ﬁ)(z—a)2+...

Hence or otherwise, find the Taylor series of g(z,y, z) = cos(x + y + z) — cosx cos y cos z about the
point (O, 5 g) up to order 2 .
Solution:
cos(x +y+ z) = coszcos(y + z) — sinzsin(y + z)
= cos z(cosy cos z — siny sin z) — sin z(sin y cos z + cos y sin z2)
= COS T COS ¥ COS z — COS X sin gy sin z — sin & sin i cos 2 — sin & cos y sin 2
Observe that
™

2 . . . 2
Cosmzl—%+---,Cosx:—81n(x—§)+---,smm:x—---,Slnle—%(x—ﬁ) + -

g(x,y,z) = cos(x +y + z) — cosx cosy cos z = — cos xsin ysin z — sin x sin y cos z — sin x cos y sin z

:—<1_§+...>[1_%(y_%)2+ ..... ]1_%(2_5)24_.....}

—(m—---)[1—%(y—7—2r)2+-----} —(z—g)—---]—(x—

O

A bound for the error involved in approximating a function near a point (a,b) may be obtained by

summing over estimates of the moduli of the terms in Ry(z,y).
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Quadratic surface

approzimation

Tangent

plane

Linear and quadratic approximations to the cone z = /22 +y?, (z,y) = (0,0)

Example (Estimation of Small Changes)

For (z,y) near (a,b) we may expect

f@,y) = f(a,b) + (x — a) fo(a,b) + (y — b) fy(a,0) f(z, y)

Writing f(z,y) — f(a,b) =0f,x —a = dx,y — b = dy So from

f(@,y) = fla,b) = (x — a) fa(a,b) + (y — b) fy(a, b) we have

of ~ %cﬁ + g—iéy, which gives the approximate change in f due to small changes dz and dy in z

and y respectively.
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Example

(a) Use Taylor’s formula to find a linear approximation of f(x,y) = cosx cosy near the origin.

(b) Estimate the error in the approximation if |z| < 0.1 and |y| < 0.1.

Solution:

(a)

By Taylor’s Theorem, we have

f(@,y) = £(0,0) + [££.(0,0) + y£,(0,0)] + 5 [ fra (0, 0y) + 22y fu (0, Oy) + y* f,, (0, Oy)], where
0<0<1.

Then the linear approximation of f(x,y) = cosz cosy near the origin is

pi(z,y) = f(0,0) + [2£2(0,0) + 5., (0,0)].

And f(0,0) = cosxcosy|§ig =1, f.(0,0) = — sinz cos y|§§8 =0, f,(0,0) = — cosxsiny|zzg = 0.
We have p;(z,y) = 1. If (x,y) is close to (0,0), f(z,y) = coszcosy =~ p(z,y) = 1.

(b)

The error in the approximation is

E(x,y) = f(z,y) = f(0,0) = [2£2(0,0) + 5./, (0, 0)]

= 3 [0 fea (0, 0y) + 22y fo (O, 0y) + y° (O, Oy)]

Observe that f,.(z,y) = —coszcosy, fyy(x,y) = —cosx cosy, foy(x,y) =sinzsiny

|E(z,y)| = |f(z,y) = f(0,0) = [2£:(0,0) + 5.£,(0,0)]|

= |3 (42 fre (0, 0y) + 22y fa (0, 0y) + y2 f (0, 6y)] |

= L|[2% f1u (02, 0y) + 22y [0, (0, Oy) + 42 £,y (O, Oy)]|
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|E(z,y)| < 5 (|2*fou (02, 0y)| + 22y foy (02, 0y)| + |12 £y, (0, 0)])
= 5 (|2 | foc (02, 0y)] + 2|2lly| | foy (02, 09)] + [y]* | £y (O, Oy)1)
= 1 (|z|?| = cos 0z cos Oy| + 2|z||y|| cos Oz cos Oy| + |y|?| — cos Oz cos Oy)

= 2 (Jz[?| cos Oz|| cos Oy| + 2|z|y|| cos Oz || cos Oy| + |y|?| cos Oz || cos y|)

< gzl +20zllyl +1y?) < 2(0.1)* =0.02
| cos 6z|<1, |<0.1],
| cos Oy|<1 ly<0.1]
|
Example

(a) Use Taylor’s formula to find a quadratic approximation of f(x,y) = e®siny at the origin.
(b) Show that in the approximation the error |E(z,y)| < 1.474 x 1073 if |z| <0.1,|y| < 0.1 and
e¥l ~ 1.1052.

(c) Find an approximation of e~%% sin 0.06 with an error less than 1.474 x 1073.

Solution:

(a)

By Taylor’s Theorem, we have

f(@,y) = £(0,0) + [2£2(0,0) + y£,(0,0)] + 5 [2° f22(0,0) + 229 f2,,(0, 0) + y° £,,,(0, 0)]

+5 [0 foaa (0, 0y) + 322y fouy (0, 0y) + 32y foy, (0, 0y) + 3 fyy, (02, 0y)]

;where 0 < 6 < 1.

Then the quadratic approximation of f(z,y) = e”siny at the origin is:

pale,y) = £(0,0) + [2.£2(0,0) + 5£,(0,0)] & L [12 £12(0,0) + 22y £, (0,0) + 3£, (0, 0)

And

f£(0,0) = e® siny|§zg =0, f.(0,0) = €® siny|zzg =0, f,(0,0) = €” cosy|§ig =1

Fu(0,0) = € singlamo = 0, £,(0,0) = € cosy|azo = 1, f,(0,0) = — e siny|oo = 0

y=0
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So pa(@,y) = £(0,0) + [2.£2(0,0) +y.f,(0,0)] + 3 [+* £ (0, 0) + 22y £y (0,0) + 2 £,,,(0,0)] = y + .
If (z,y) is close to (0,0), f(x,y) = e*siny =~ pa(x,y) =y + xy.

(b)

The error in the approximation is

E(z,y) = f(x,y) — pa(2,y) =

&[0 fowa (0, 0y) + 322y fouy (0, 0y) + 32y fayy (0, 0y) + 3P fryy (02, 0y))]

Observe that

fea(,y) = €"siny, foy(x,y) = " cos y, fyy(x,y) = —e"siny

= fowa(®,y) = €78InY, fony(x, y) =€ cos Y, foyy(x,y) = —€"siny, f,(r,y) = —ecosy

|E(z,y)| = |f(z,y) — p2(z,9)| =

6 1[2° Fawe (02, 0y) + 322y frny (0, 0y) + 33Y? fay (0, 0y) + y* f (0, Oy)|

< 5 Ul [ fawe (0, 0y) | + 32 |y] | fray (02, 09)] + 3] 2[|y1? | Fayy (02, 09)] + |y | Fyyy (O, 0y)]]
= % [|:c|3 }eez sinHy‘ + 3|z 2|y ‘695‘: cos Hy‘ + 3|z||y|? |—€9w sinﬁy‘ + |y? ‘—69”7: cos HyH

= & [|=f* [e"] | sinOy| + 3|z|?|y| ||| cos Oy| + 3|ly[* [e”*] | sin By| + [y[* |e”| | cos By|]
0<6<1,-01<2<01=-01<6r<01=|0z]<0.1

Observe that |sinfy|, | cosfy| < 1,

60x| — b= < 6\932\ < 01,
Thus,
|E(z,y)| < g [Jof | ] |sin@y| + 3[x[*|y| |e?] [ cos Oy| + 3|z[|y|* || | sinBy| + [y|* ||| cos By]]

sl St L1(0.1)3e%1 4 3(0.1)2(0.1)e%" + 3(0.1)(0.1)%%! + (0.1)3e01] = Q008 1 474 % 1072
sin fy|| cos Oy|<1
], [y <0.1,

|692|<60‘1

(c)
f(=0.09,0.06) = ™" 5in 0.06 ~ ps(—0.09,0.06) = (y + y)| =00 = 0.06 — 0.09 x 0.06.

= 0.06 x 0.91 = 0.0546
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7 Maxima and Minima

A function f(z,y) has a local maximum at a point (a, b) if for all points (z,y) close to (a,b), we

f(z,y) < f(a,b) and the point (a,b) is called a local maximum point.

A function f(z,y) has a local minimum at a point (a,b) if for all points (z,y) close to (a,b), we

have f(z,y) > f(a,b) and the point (a,b) is called a local minimum point.

In a region the global (absolute) maximum (minimum) of a function is either the greatest (least)

of the local maxima (minima) or occurs on the boundary of the region.

Local maximum — Local minimum

<« Local maximum

3.0,
2.5
2.0
1.5
1.0
0.5

X

=

2= (o) = (@ + 3y7) el

For a local maximum or minimum at (a, b) the curves lying in the two planes x = a and y = b must

also have a maximum or minimum at (a,b). Hence we must have %(a, b) = ?(a, b) =0
Y

If this condition holds we say (a,b) is a stationary point.

It is possible to have a stationary point which is neither a local maximum nor a local minimum. If
along one path through (a,b) the point is a local minimum, whilst along a different path it is a
local maximum, we say that the point (a,b) is a saddle point. There is no equivalent point for

functions of one variable.
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Theorem

Assume f(x,y) has the partial derivative up to the order we need and all partial derivatives are
continuous, also fi(a,b) = f,(a,b) = 0. If fu.(a,b) >0, feu(a,b) fyy(a,b) — f2,(a,b) > 0 for f(z,y) at
(a,b) then f(z,y) has a local minimum there. If f,.;(a,b) <0, fzz(a,b)fy,(a,b) — gfy(a, b) > 0 for
f(z,y) at (a,b) then f(x,y) has a local maximum there.

If fow(a,b)fyy(a,b) — f2,(a,b) <0, then f(z,y) has a saddle point at (a,b).

Examples

(a) Determine the nature of the stationary points of f(z,y) = 2 + 2y>.

Solution:

fo(z,y) = 22

fy(z,y) = 4y
So fo(z,y) =2z = 0&fy(z,y) = 4y = 0 = (x,y) = (0,0) is the only stationary point.

flz,y) =2°+ 2y =

fae(x,y) = 2, fy(x,y) =4, foy(2,y) = 0, f22(0,0) =2 > 0 and f,(0,0)f,,(0,0) — £2,(0,0) = 8 > 0.

£(0,0) = 0 is a local minimum and (0, 0) is a local minimum point and clearly f(z,y) > 0 hence

A

fy)=x"+2y°

f£(0,0) =0 is a global minimum.
(b) Determine the nature of the stationary points of f(x,y) = 2z — x? — 2y%.
Solution:
felw,y) = 2 =2z, fy(2,y) = —4y

fo(z,y) =2 =22 =0&f,(x,y) = —4y = 0 = (x,y) = (1,0), which is the only stationary point.
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fx:c(xay) = _27fyy(x,y) = —4,fxy<x7y> — 07 fxx(l’o) — _2 < 0 and
Faa(1,0)fy(1,0) = £2,(1,0) = 8 > 0.
f(1,0) =1 is a local maximum. In addition,

Thus f(z,y) < f(1,0) and (1,0) is a global maximum point.
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A
F(x,y)=2x-x*-2y?

(c) Determine the nature of the stationary points of f(x,y) = 2% — 21°.

Solution:

fol,y) = 2x, fy(x,y) = —4y.

fo(z,y) =22 =0, f,(z,y) = —4y = 0 = (z,y) = (0,0), which is the only stationary point.
Fun29) = 2. Fyp(29) = —4, oyl ) = 0 Since fus(0,0)£,(0,0) — 12,(0,0) = —8, (0,0) is a saddle
point.

(0,0) being a saddle point can also be observed by noting that f(x,y) may be either positive or
negative depending on the relative magnitudes of |z| and |y|

Ify=0,x#0, f(z,0)— f(0,00=22>>0.Ifx=0,y#0, [f(0,y)— f(0,0)=—2y><0.

Thus (0,0) is a saddle point
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4 f(xy)=x"-2y°

y yt

0 . />0 [f>+2)y

f>
//\ £<0if [ <v2]y
| f<0

Determine the nature of the stationary points of f(z,y) = 23 + v — 3(z + y).

Example

Solution:

flo,y) =2 +y* =3 +y) = 5L =322 3,9 = 34> - 3

O =322 -3=0 r ==+l
=
af—?)y 3-0 y==+1

Hence there are 4 stationary points (1,1),(1,—1),(—=1,1), (=1, —1). In addition,

2o e, -0
Stationary Point 227’; aajgy % g%% — < 68;gy>2 Conclusion
(1,1) 6 0 6 36 Local Minimum Point
(—1,-1) -6 0 —6 36 Local Maximum Point
(1,-1) 6 0 —6 —36 Saddle Point
(—1,1) -6 0 6 —36 Saddle Point
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Example
Determine the nature of the stationary points of f(z,y) = z* + y*.

Solution:
% =423
’ . We observe (0,0) is the only stationary point.
of _
oy =4’
And A(0,0) = f1r(0,0) £y, (0,0) — f2,(0,0) =0  the test inconclusive, but clearly (0,0) is a local

flzy) =2t +y* =

minimum Point.

Example

Consider a point P (z¢, 7o) and a straight line y = ax + b. The value [yy — (azo + b)]” is called the
square of the vertical displacement of the data point P (zg,y) from the line y = az + b.
Determine the straight line y = ax + b such that the sum S of the squares of the vertical
displacements of the data points Py(1,3.1), P5(2,6.1), P5(3,9.2) from the line y = ax + b is the
smallest.

In other words, determine the values of a, b such that S is the smallest where
S=(31—a—b*+(61—-2a—0)*+(92—3a—10)?

Solution:

S(a,b) = (3.1 —a—b)? + (6.1 — 2a — b)? + (9.2 — 3a — b)?

. 0=2=-2[(3.1—a—1b)+2(6.1 —2a—b) +3(9.2 — 3a — b)]
\ 0=29=-2[(31—a—b)+ (6.1 —2a—0b)+ (9.2 — 3a— b)]
(
1+224+3)a+(1+2+3)b=1x134+2x61+3x9.2
=
(1+2+3)a+3b=31+6.1+9.2
\
(
14a + 6b = 42.9 14a + 6b = 42.9 a="% =305
= = =
6a + 30 = 18.4 12a + 6b = 36.8 b= 1842083 — 04 — L
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Then S(a,b) = (3.1 —a —b)*>+ (6.1 — 2a — b)> + (9.2 — 3a — b)? = 25 = 28,25 =6, &5 — 12

Observe that ?;Tg =28 > 0 and

A (3.05, 55) = Saq (3.05, 5 ) Sep, (3.05, 55) — 52, (3.05, 55) = 28 x 6 — 144 = 168 — 144 = 24 > 0.

7 30 7 30 730 7 30

It follows that S(a,b) has a local minimum value at a = 3.05,b = 5.

Observe that ~ S(a,b) = (3.1 —a —b)? + (6.1 — 2a — b)? + (9.2 — 3a — b)? is a degree 2 polynomial

in a,b and (3.05, %) is the only local minimum point, S(a,b) actually has the global minimum

value S (3.05, %) = ﬁ at (3.057 3—10) and this fact can be shown as follows:

Due to Taylor’s expansion theorem and noticing that S(a,b) is a degree 2 polynomial in a,b, we

have S(a,b) — S (3.05, 55)

7 30

= 3 [ (3.05, 85) (0 = 3.05)% + 28 (3.05, 55) (a = 3.05) (b= ) + S (3.05, ) (b — )]

7 30 730 7 30

- 3 [28(@ —3.05)2 + 24(a — 3.05) (b— &) +6 (b — 3_10)2]

925 o2 ey
9a2 ;U:S.l()5:287 b2 x:3A105:67 obda :c:&{)5:28
Y=30 Y=30 Y=30
. 28 12 a—3.05
=32 (a—3.05 b— 55 >
12 6 b— 35
28 12
See that is a 2 x 2 real symmetric matrix which eigenvalues are 17 £ v/265(> 0). Then
12 6
17 + /265 0
there exist a 2 x 2 orthogonal matrix P and the diagonal matrix D =
0 17 — /265
such that
28 12 17 4+ V265 0 17 + V265 0
=P Pt = P Pt
12 6 0 17 — /265 ’ 0 17 — /265
Y1 a— 3.05
Let =Pt . Then
Y2 b— %

42



12 6 b— 55
17 + /265 0 | a—305

:(a—3.05 b—3—10>P i

0 17 — /265 b— 35
T

a—3.05 17 + /265 0 a—3.05

— PT PT

b— 5 0 17 — /265 b— 55

17 + /265 0 m
( T > = (17 + V265)y2 + (17 — V/265)y2 > 0

0 17 — /265 Yo

28 12 a— 3.05
It follows that S(a,b) — S (3.05, %) = % ( a—305 b— % ) > 0.
12 6 b— L

30
Therefore, S(a,b) has the global minimum value S (3.05, %) = ﬁ at (3.057 %)
Example
Find the global (absolute) maximum and global minimum values of the function
f(x,y) = 2> +y*> —x — y + 1 in the disk defined by 22 + y* < 1.
Solution:
Remark: Since f(z,y) = 2> + y*> —x —y + 1 is a continuous function defined on a bounded closed
disk 22 4+ y* < 1, according to some theorems not mentioned f(z,%) can attain global maximum
and global minimum at stationary points or at those points where f(x,y) do not have partial
derivatives or at the points on the boundary.
Consider f(x,y) =2>+y*> —x —y+1on 2? +y? = 1, where 22 + y*> = 1 is the boundary of
2 +y? <1
Let x =cost,y=-sint,0 <t <27, consider

g(t) = f(cost,sint) = cos®t + sin®t — cost — sint + 1 = 2 — cost — sint, where 0 < ¢ < 27

43



Then ¢'(t) =sint — cost = 0 = sint = cost = ¢t =2 or ¢

g"(t) = cost+sint and ¢" (2) > 0,¢" () <0. ¢(0)=g(2r)=1,9(%) =2— V2,9 () = 24++/2.
It is obvious that g(¢) attains the greatest value g (%’r) =24+V2att= % and the smallest value

0(1) =2~ VEatt=3

Whent:%,x:—‘g,y:—‘g.
VVhentz%,x:‘/7§,g/:‘/7§

Consider f(z,y) = 2? +y* —x — y + 1 inside 2% + ¢ = 1.

G =20-1=0 x=1/2
= and f:vxZZ:fyyZZaf:vy:O
d=2y—1=0 y=1/2
Azra) = for (3:2) fun (3:3) = f2 (3.3) = 4 and fie (5,3) =2

f(z,y) = 2>+ y*> — x — y + 1 has a local minimum at (1,1) and f(3,4) =1
Compare f (V%, \/%) =2—+2and f(3,3) =1

We conclude that f(z,y) = 22 +9y*> -2 —y+1 has a absolute minimum value at (%, %) and

Also f(z,y) = 22 + y* — x — y + 1 has a absolute maximum value at (—72, —72> and
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8 Directional Derivative and Gradient

For the scalar function z = f(x,y) the partial derivatives f,(x,y) and f,(z,y) measure the rates of
change of z = f(z,y) in the z and y directions respectively. We would like to know the rate of

change in any direction.
dz=f(x)

Consider a point P which lies on some level curve AB and a (variable) point () on a nearby level

curve CD.

The rate of change of f in the direction PQ is known as the directional derivative of f(x,y) in the

direction PQ) and is % = }imo% where g—i = %J(Q), PQ = s
S—>

Geometrically it is clear that % will be a maximum in the direction normal to the level curve at P
(since f(P)— f(Q) is constant and P(Q) is least in that direction). % is also denoted as Dzf where

v is the unit vector in the direction PQ).

If the direction PQ is inclined an angle o to the x -axis we have
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P Ox

0x = dscosa, 0y = dssina
From Taylor’s Theorem ¢ f ~ %(W + g—iéy, thus 5f f cos + sma
And as ds — 0, 5 4 — Dyf = cosa —|— sma -+ (%), where ¥ = i cos a 4 J sin a.

By considering % 25 as a function of « it is easy to show that has a maximum value of

of

1
P - 2 af
[(%)2 + (S—i) ] when a = tan™! (g_g

oz

). If we define a vector grad f = Vf = df et df o) known as
the gradient of f, its magnitude is that of the maximum value of - and its direction is that in
Wthh 1ts maximum value.

Hence V f gives us the magnitude and direction (normal to the level curve at P ) of the greatest
rate of change of f.

Also, from (*), if ¥/ is a unit vector in any other direction PQ), then ' = (cos a);+ (sin a)j and % =

Dsf =grad f-v=Vf- -0

1
The above discussion can be generalized to n independent variables. For example, if = | o |,
0
fz (a1, az, a3) 1
then Dy f (a1, as,a3) = fylar,ag,a3) || 0 | = /e (a1, az, as)
I f- (a1, az,a3) | 0
for (X1, 2p)
Now, we would to show that the gradient Vf (z1,...,x,) = : + T of f at
I fo, (1, .., 20) |

46



Iy
points in the directions in which f increases most rapidly.
Tn
U1
Let v = : be a unit vector i.e. || = 1. Then by Cauchy-Schawz inequality, we have

Up
|Dyf (a1, az,a3)| = [V f (a1, a2,a3) - 0] < |V f (a1, az,a3)| U] = |V f (a1, a2,a3)] |

vf(alv--wan)

In addition, let W = Nl

Then,
Dowf (@, ) = VS () =V () - oreatn)
—w A, ...,0p A1y vy Qp w Ay ...,0p N f(at,an)]

Vi(at,....an)|?
= |\Vf}.”((a11,...,an))|| = |vf (CL17 B aan)|
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Example

T
Let f(z,y,2) =10 + 2y + 22 + yz and ¥ = (\/%, \/%,O) . Find Dyf(1,1,1).

Solution:

Method 1 :

Dyf(1,1,1) = Ilfl_{%f(lﬂ\}5’1+t;}§vl>—f(17171)

_ lg%m*(l*f)( %)+ (H?) (1445)~(Q0+1141)
_ PE&< fi) o)

() +2(1+ %) =3 _ 1 s0-g0)
Dsf(1,1,1) = lim 0 lim =5
d{(1+\/§)2+2<1+\;§>} t 1 2 4
0 @ =21+ %) Bl =H=22
t=0
Method 2 :
g(t)=f <1 + t\lf 14 t\lf 1) . Then using chain rule, we have
|t =2 1)d—§(0)+8_f(1 1,1)%(0) + 2(1,1,1)%(0)

HFALD || 50 y+z % 2 | v

a1 () T+ 2 % 2 v

9(1,1,1) % (0) T4y 0 2 0

rz=1,y=1,z=1
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Example

Suppose that the temperature (in degree Celsius) in the point (z,y, 2) is

w= f(z,y,2) = réo(7400 —4x — 9y — 0.03zy) — 22. Suppose a hawk hovering at the point
P(200,200,5) above the airport suddenly dives at a speed of 3 km/min in the direction specified by
the vector (3,4, —12)7. What instantaneous rate of change of temperature does the bird experience?
Solution:

The unit vector in the direction of the given vector 37 + 47 — 12k is

3i+4j—12k

- _ 37,47 17
U= 1 | 13 + 13 — 13k

The temperature gradient vector V f(z,y, z) = —4+108‘83yZ— 9*&839”} — 2k has the value

V £(200,200,5) = — 0032007 940.03x200 7 of — 107" 157 9F at the initial position

P(200,200,5) of the hawk. Therefore the hawk’s initial rate of change of temperature

with respect to distance is:

Dy (200,200,5) = V£(200,200,5) - & = (=357 = 45,7 = 2F) - (&7 + 557 — 2F) = 1.808-<

ds _ gkm

Its speed is ~, 50 the time rate of change of temperature experienced by the hawk is

dw __ dwds __ ds __ el km ) __ o¢c
de— duds — D = (180855 ) (352) = 54245

Thus the hawk initially gets warmer by almost 5.5 degrees per minute as it dives toward the ground.

O
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Example (for reference only)

Consider f(x,vy,2) = axy® + byz + cz%z3.

(a) Determine the value of a, b, ¢ such that the value of the partial derivative % at P(1,2,—1) is the
greatest among all directional derivatives of f at P(1,2,—1).

(b) Let a, b, ¢ be the values found in (i), find the directional derivative D;f(1,2,—1) with
T=1i+2j+3k

Solution:

(a)

Flz,y,2) = axy? + byz + 223 = Vf(x,y, 2) = (ay® + 3cz222) i + (2axy + b2)] + (by + 2cz2®) k
And Vf(1,2,—1) = (4a + 3¢)i + (4a — b)j + (2b — 2¢)k.

9 at P(1,2,—1) is the greatest among all directional

In order the value of the partial derivative 5~

derivatives of f at P(1,2,—1) we have
( (
4a+3c=0 c=—%

16a

da—b=0 =14 b=4q =da+%>0=>E>0=a>0

2b—2¢>0 b—c>0

\

\
Then Vf(1,2,-1) = (8a+ %) k = 2%k, a > 0.

(b)

Dy pgirgif (1,2, —1) = Vf(1,2,—1) - DEESE _ s2ap B2foh

e = a
|i+27+3k| 3 V14 >0
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Example (for reference only)

S (2.y) # (0,0)

0 if (z,9) = (0,0)
Recall that f(x,y) is not differentiable at (0, 0).

Consider the function f(z,y) =

a
(a) Given v = where a? 4+ b? = 1 and a # 0,b # 0, the straight line passing through the
b
a T a
origin with direction v = is =t , where ¢ is any real number. Find the
b Y b

directional derivative f,(0,0).

(b) Show that the chain rule is not applicable to find f,(0,0).

Solution:
—Ftift #0
a2—i-b2
(a) f(at,bt) = = f(at,bt) = 2+b2t
0 ift=0
%t b2
. a b . a
Then fU(O,O) = 11_1;%+ = 2152

f(z,y) has directional derivatives in all directions.

(b)
By (a), f,(0,0) exists and f,(0,0) = GSbe # 0 where a® +b* =1 and a # 0,b # 0.

a f2(0,0) a 0 a )
However, V £(0,0) - = : = : =0# f,(0,0) = £,
Remark: This example shows the fact that the chain rule is not applicable if f is not differentiable.

51



(For reference only)

Let f: R* — R. We say f(z,y) is differentiable at (zg, o) if and only if there exists a 1 x 2 matrix

r — Tg
f(@y)—f(zoy0)-T
Y—Yo
T such that lim = = =0.
(2,9)—=(0,y0) V/ (@=20)>+(y—y0)
Observe that if "= (a,b) then
r — 29
f(@y)—f(zoy0)—T
Y =%
lim — 0= lim flay)=f(zoyo)—alz—z0)~bly—yo) _
(2,9)=(z0,0) V (@=20)’+(y—y0)° (2,5)—(0,50) V (@=20)’+(y—y0)°
Theorem
Suppose f : R? — R is differentiable at (g, 1), then the partial derivatives % and g—£ exist at

(0,Y0) and the 1 x 2 matrix T is given by T' = <g—£, g—?);).
Theorem

Suppose f : R?> — R is differentiable at (g, %), then f: R? — R is continuous at (g, 3o).

Example

F if (,y) # (0,0)

0 if (z,y) = (0,0)

Consider the function f(z,y) =

Show that
(a) %(0,0), 3—5(0,0) exist.

Proof:

y—0 y—0 N y—0Y~

Show that f(x,y) is not differentiable at (0, 0).
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Proof:

We observe that if (z,y) is on the line y = ¢,z = ¢, then if t # 0

f@y)-100)-[F00]@-0-[F00]w-0 _ ren _ & _ 1 ¢
V/ (z—0)2+(y—0)2 V242 % 2v2 |t

Suppose now (x,y) approaches (0,0) along the straight line y = ¢,z = t, Pr%ﬁ‘%' does not exist.
—

It follows that

lim (@)~ F(20,y0)—[ 5L (20,90)] (@—20) [ 5L (0,90 | (y—10)
(2,5)—(z0,50) V (@=20)*+(y—v0)°

So f(z,y) is not differentiable at (0,0).

does not exist.
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