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Chapter 1: Conic Section 

Things you need to know: 

1. Four conic sections (Circle, Ellipse, Hyperbola and Parabola) and their 

equations.  

• See P.13, 22, 26, 27, 29 and P.34 of Note 1 

  

2. Identify the conic section (including the details of conic section) 

• Using completing square techniques  

(for equation: ��� � ��� � �� � �� � 	 
 0). 

• Using rotation of axes techniques 

(for equation: ��� � ��� � ��� � �� � �� � 	 
 0). 

 

 

 

� 
 �
 cos � � �
 sin � � 
 �
 cos � � �
 sin � 

Remember (Rotation of axes formula) 
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Example 1 

It is given that the equation of conic section is 3�� � �� � 4� � 7 
 0. Identify 

this conic section and sketch its graph. 

☺Solution 

Since there is no ��-term in the equation, one can use complete square technique 

to identify the conic section. 3�� � �� � 4� � 7 
 0 ⇒ 3�� � ��� � 4�� 
 7 ⇒ 3�� � �� � 2�� 
 3 

⇒ ��1� � �� � 2��
�√3�� 
 1. 

The conic section is a hyperbola with centre �0,2� 
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Example 2 (Rotation of axes with known ")  

It is given that the equation of conic section is given by �� � 3�� � �� 
 4. We 

consider the new �
�
-system which is obtained by rotating �-axis and �-axis by 45° in clockwise direction. 

(a) Find the equation of this conic section in �
�
-system. 

(b) Hence, identify the conic section and sketch the graph. 

☺Solution: 

(a) Using the rotation of axes formula (with � 
 �45° 
 � %&) 

� 
 �
 cos��45°� � �
 sin��45°� 
 1√2 �
 � 1√2 �
 
� 
 �
 cos��45°� � �
 sin��45°� 
 1√2 �
 � 1√2 �
. 

Substitute this into the equation, we get 
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	( 1√2 �
 � 1√2 �
)� � 3 ( 1√2 �
 � 1√2 �
) ( 1√2 �
 � 1√2 �
)
� ( 1√2 �
 � 1√2 �
)� 
 4 

⇒ (12 � 32 � 12) �
� � �1 � 0 � 1��
�
 � (12 � 32 � 12) �
� 
 4 

⇒ 52 �
� � 12 �
� 
 4 ⇒ �
�
*+85-� � �
�

�√8�� 
 1 

(b) The conic section is a standard hyperbola in �′�′-system.  
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Example 3A (Rotation with unknown ") 

It is given that the equation of a conic section is given by ��� � ��� � ��� � 	 
 0 

where �, �, � and 	 are some real numbers. 

To identify this conic section, we consider a new �
�
-system which is obtained by 

rotating �-axis and �-axis by an angle �. 

(a) Using the rotation of axes formula, find the equation of the conic section in 

terms of �
, �
 and �. 

(b) In order to identify the conic section, one has to choose � so that there is no �
�
 term in the equation obtained in (a). Show that � must satisfy 

/tan 2� 
 �� � � 										23		� 4 �cos 2� 
 0																				23		� 
 �. 
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☺Solution 

(a) Using the rotation of axes formula � 
 �
 cos � � �
 sin � 			567				� 
 �
 sin � � �
 cos �, 
we have ���
 cos � � �
 sin ��� � ���
 cos � � �
 sin ����
 sin � � �
 cos ��� ���
 sin � � �
 cos ��� � 	 
 0 ⇒ �� cos� � � � cos � sin � � � sin� ���
�� ��2� cos � sin � � ��cos� � � sin� �� � 2� sin � cos ���
�
� �� sin� � � � sin � cos � � � cos� ���
� � 	 
 0 

 

(b) Since � is chosen so that there is no �
�
-term, we have �2� cos � sin � � ��cos� � � sin� �� � 2� sin � cos � 
 0 ⇒ ��� � �� sin 2� � � cos 2� 
 0 

⇒ /tan 2� 
 �� � � 										23		� 4 �cos 2� 
 0																				23		� 
 �. 
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Example 3B 

Using the result of 3A, identify the following conic sections and sketch their graphs. 

(a) �� � 3√3�� � 2�� � 1 
 0 

(b) 2√3�� � 3�� � √3�� � 2√3 
 0 

☺Solution: 

(a) Since � 4 �, the angle � is given by 

tan 2� 
 �3√31 � ��2� 
 �√3 ⇒ 2� 
 �60° ⇒ � 
 �30° 

Then using the rotation of axes formula 

� 
 �
 cos��30°� � �
 sin��30°� 
 √32 �
 � 12 �
 
� 
 �
 cos��30°� � �
 sin��30°� 
 √32 �
 � 12 �
. 
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Substitute this into the equation, we get 

*√32 �
 � 12 �
-� � 3√3 *√32 �
 � 12 �
- *√32 �
 � 12 �
- � 2 *√32 �
 � 12 �
-�
� 1 
 0 

⇒ (34 � 94 � 12) �
� � *√32 � 3√32 � √3- �
�
 � (14 � 94 � 32) �
� � 1 
 0 

⇒ 52 �
� � 12 �
� 
 1 ⇒ �
�
*+25-� � �
�

�√2�� 
 1.			�:�;<=>?@5� 

(b) Since � 4 �, then the angle � is given by tan 2� 
 32√3 � √3 
 √3 ⇒ 2� 
 60° ⇒ � 
 30°. 
The corresponding rotation of axes is given by 

� 
 �
 cos�30°� � �
 sin�30°� 
 √32 �
 � 12 �
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� 
 �
 cos�30°� � �
 sin�30°� 
 √32 �
 � 12 �
. 
Substitute this into the equation, we get 

2√3 *√32 �
 � 12 �
-� � 3 *√32 �
 � 12 �
- *√32 �
 � 12 �
- � √3 *√32 �
 � 12 �
-�
� 2√3 
 0 

⇒ *6√34 � 3√34 � √34 - �
� � (�3 � 94 � 34 � 32) �
�
 � *√32 � 3√34 � 3√34 - �
�

 2√3 

⇒ 54 �
� � 14 �
� 
 1 ⇒ �
�
*+45-� � �
�2� 
 1			�<@@2;A<�. 
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Study Tips of Lecture Note 1: 

• You need to memorize the equations of conic sections.  

 

• You need to know how to sketch the graphs of four conic sections. (You 

may ignore the foci and directix). 

 

• You need to practice the use of rotation of axes formula. Pay special 

attention to the follow-up computation after the substitution of rotation 

of axes formula 
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Chapter 2: Functions 

Things you need to know: 

• Basic Concept of functions: Domain and Range. 

- Identify the domain and range of some simple functions, e.g. ln�1 � �� ,√1 � �� etc. 

 

• Some special functions: Increasing function, Decreasing function, periodic 

function. 

 

• Inverse function 3CD��� 

- Existence of 3CD: One-to-one 

For any �D 4 ��, 3��D� 4 3����. 

- Domain of 3CD��� 
 Range of 3��� 

- Range of 3CD��� 
 Domain of 3��� 

 



 �� MA1200 Calculus and Basic Linear Algebra 

Final Review 
 

Example 4 

We consider the function 3: �0, ∞� → H defined by 3��� 
 � � DI. 

(a) Show that the value of 3��� cannot be any number between 0 and 2 

(excluding 2). 

(b) Compute limI→K 3��� and 3�1�. 

(c) Using (a) and (b), find the range of 3���. 

(d) Show that the inverse of 3��� does not exist by showing the function is not 

one-to-one. 

☺Solution: 

(a) It suffices to show the equation 3��� 
 � � DI 
 5	has no solution for any 5 ∈ �0,2�. Note that � � 1� 
 5 ⇒ �� � 1 
 5� ⇒ �� � 5� � 1 
 0. 
Since the discriminant Δ 
 ��5�� � 4�1��1� 
 5� � 4 N 0, so the equation 

has no real solution. 
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(b) It is easy to see that 3�1� 
 1 � DD 
 2 and 

limI→K 3��� 
 limI→K � � 1� 
 ∞ � 0 
 ∞. 
(c) Note that � � DI is positive for any � ∈ �0, ∞� and � � DI is continuous, then 

we can conclude from its graph that 

Range of 3��� 
 O2, ∞�. 
(d) To show 3��� is not one-to-one, we pick � 
 DP   and  � 
 3, then we see 

3 (13) 
 13 � 3			567		3�3� 
 3 � 13. 
Since 3 QDPR 
 3�3�, thus the function is not one-to-one and the inverse 

does not exist. 

 

 

 



 �" MA1200 Calculus and Basic Linear Algebra 

Final Review 
 

Example 5 

We consider the function 3: �0, ∞� → H defined by 

3��� 
 <DCDI . 
(a) Calculate limI→ST 3��� and limI→K <DCUV. 

(b) Show that 3��� is strictly increasing. 

(c) Hence, show that the inverse of 3��� exists and find 3CD���. 

(d) Find the range and domain of 3CD���. (Hint: Consider the graph of � 
 3���) 

☺Solution: 

(a) Note that 
DI → ∞  as � → 0W and 

DI → 0 as � → ∞, we have 

limI→ST 3��� 
 <DCK 
 <CK 
 0		567		 limI→K <DCDI 
 <D 
 <. 
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(b) One can show this by considering its derivative 

3
��� 
 7 (<DCDI)
7 Q1 � 1�R 7 Q1 � 1�R7� 
XDIYIZU 1�� <DCDI . 

Since <DCUV [ 0 and 
DI\ [ 0, thus 3
��� [ 0 and 3��� is strictly increasing. 

(c) Note that the function is strictly increasing, thus for any �D 4 ��, we must 

have 3��D� 4 3����. So 3��� is one-to-one and its inverse exists. 

To find the inverse, we set � 
 <DCDI ⇒ ln � 
 1 � 1� ⇒ � 
 11 � ln � ⇒ 3CD��� 
 11 � ln �. 
(d) Using the graph of � 
 3��� (you can sketch it using (a) and (b)) 

Domain of 3CD��� 
 Range of 3��� 
 O0, <� 

Range of 3CD��� 
 Domain of 3��� 
 �0, ∞�. 
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Chapter 3: Polynomial and Rational Function 

Things you need to know 

1. Factorize the polynomial using factor theorem and cross multiplication (for 

quadratic function). 

 

2. How to decompose a rational function using method of partial fraction 

- Step 1: Factorize the denominator 

- Step 2: Choose the decomposition based on the factorization of 

denominator 

� Distinct linear factor 

� Repeated factor 

� Quadratic factor 

� Improper rational function 

- Step 3: Find the values of the unknown in your decomposition (using 

method of substitution or comparing coefficients) 
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Example 6 

(a) Factorize the polynomial ]��� 
 2�& � 6�P � 5�� � 3� � 2 into the 

product of two linear factor and one quadratic factor. 

(b) Decompose the rational function 

3��� 
 5�P � 10�� � 7� � 52�& � 6�P � 5�� � 3� � 2. 
using method of partial fraction. 

☺Solution: 

(a) One should identify some linear factors by trial and error. Find �S such that ]��S� 
 0. To do this, one can first consider the integer values: 

 � 
 �2 � 
 �1 � 
 0 � 
 1 � 
 2 ]��� 108 18 2 0 0 

Immediately, we see �� � 1� and �� � 2� are (linear) factor of ]���. 

By long division, we get 2�& � 6�P � 5�� � 3� � 2 
 �� � 1��� � 2��2�� � 1�. 
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(b) Note that there is a quadratic factor and other factors are linear and distinct, 

we should try the following decomposition: 5�P � 10�� � 7� � 5�� � 1��� � 2��2�� � 1� 
 �� � 1 � �� � 2 � �� � �2�� � 1. 
Taking common factor, we get 5�P � 10�� � 7� � 5
 ��� � 2��2�� � 1� � ��� � 1��2�� � 1�� ��� � ���� � 1��� � 2�. 
To find the constants, we use method of substitution: 

• Put � 
 1, we get �3 
 ���1��3� ⇒ � 
 1. 
• Put � 
 2, we get 9 
 ��1��9� ⇒ � 
 1. 
• Put � 
 0, we get �5 
 �2� � � � 2� ⇒ � 
 �1. 
• Put � 
 �1, we get �27 
 �9� � 6� � ��� � ���6� ⇒ � 
 1. 5�P � 10�� � 7� � 5�� � 1��� � 2��2�� � 1� 
 1� � 1 � 1� � 2 � � � 12�� � 1. 
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Example 7 

Decompose the function 

3��� 
 � � 2�� � 1���� � 2�� 

using method of partial fraction. 

☺Solution: 

Since there exists repeated factor, we shall consider the following decomposition: � � 2�� � 1���� � 2�� 
 �� � 1 � ��� � 1��^____`____abcdcefcg	heifjbk�IWD�\
� �� � 2 � ��� � 2��^____`____abcdcefcg	heifjbk�IC��\

 

To determine the unknown, we observe that � � 2 
 ��� � 1��� � 2�� � ��� � 2�� � ��� � 1���� � 2� � ��� � 1�� 
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• Put � 
 �1, we get 1 
 9� ⇒ � 
 Dl. 
• Put � 
 2, we get 4 
 ��9� ⇒ � 
 &l. 
• Put � 
 0, we get 2 
 4� � 4� � 2� � � ⇒ 2� � � 
 ml. 
• Put � 
 1, we get 3 
 2� � � � 4� � 4� ⇒ � � 2� 
 ml 

Solving the last two equations, we get 

� 
 527 				567			� 
 � 527. 
Therefore, we obtain � � 2�� � 1���� � 2�� 
 527�� � 1� � 19�� � 1�� � 527�� � 2� � 49�� � 2��. 
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Chapter 4: Trigonometric Function 

Things you need to know: 

• Six trigonometric functions and some simple identities and properties: sin� � � cos� � 
 1, tan� � � 1 
 sec� � cot� � � 1 
 csc� �. sin Qo2 � �R 
 cos � , cos�o � �� 
 � cos � 			<pq. 
• Compound angle formulae, Sum-to-product formula and product-to-sum 

formula. (See P.18, P.26 and P.44 of Lecture Note 4) 

 

• Inverse functions sinCD � , cosCD � 		567	 tanCD �. What are the domain and 

range of these functions? 
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• (Important) General Solution of trigonometric equations 

- cos � 
 r ⇒ � 
 360°6 s cosCD r 

- sin � 
 r ⇒ � 
 180°6 � ��1�t sinCD r. 
- tan � 
 r ⇒ � 
 180°6 � tanCD r. 
where 6 is positive integer.  

Example 8 

Solve the equation tan � � 1 
 sec� �. 
☺Solution: tan � � 1 
 sec� � ⇒ tan � � 1 
 1 � tan� � ⇒ tan� � 
 tan � ⇒ tan � �tan � � 1� 
 0 ⇒ tan � 
 0			?=		 tan � 
 1. 
⇒ � 
 6o � tanCD 0 
 6o				?=		� 
 6o � tanCD 1 
 6o � o4 , 6 ∈ u. 
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Example 9 

Solve the equation 1 � sin �cos � � cos �1 � sin � 
 4. 
☺Solution 

By taking the common factor, we get 

�1 � sin ��� � cos� �cos � �1 � sin �� 
 4 ⇒ 1 � 2 sin � � sin� � � cos� �vwwwwxwwwwyYD
cos � �1 � sin �� 
 4 

⇒ 2 � 2 sin �vwwxwwy��DWz{| I� 
 4 cos � �1 � sin �� ⇒ �1 � sin ���2 � 4 cos �� 
 0 ⇒ �1 � sin �� 
 0			�=<}. �		?=		�2 � 4 cos �� 
 0 

⇒ cos � 
 12 ⇒ � 
 360°6 s cosCD 12 ⇒ � 
 360°6 s 60°. 
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Example 10 

Find the largest possible domain of the function 

3��� 
 1sinP � � 3 cos� � � 1. 
☺Solution 

The function is not defined when  sinP � � 3 cos� � � 1 
 0 ⇒ sinP � � 3�1 � sin� �� � 1 
 0 ⇒ sinP � � 3 sin� � � 2 
 0 ⇒ �sin � � 1��sin� � � 2 sin � � 2� 
 0 

⇒ sin � 
 1				?=		 sin � 
 ���2� s ~��2�� � 4�1���2�2 
 1 s √3. 
⇒ � 
 6o � ��1�t o2 			?=		� 
 6o � ��1�t sinCD�1 � √3�. 
Hence, the domain is H\	�6o � ��1�t %� , 6 ∈ u� ∪ �6o � ��1�t sinCD�1 � √3� ,6 ∈ u�. 
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Chapter 6,7 and 8:  Limits, Continuity and Differentiability 

Things you need to know: 

1. How to check whether a given limits exist limI→e 3���? 

- Compute limI→eT 3���, limI→eZ 3��� 

If limI→eT 3��� 
 limI→eZ 3���, then the limits exists. 

If limI→eT 3��� 4 limI→eZ 3���, then the limits does not exist 

 

2. Computation of limits via various techniques 

- Algebraic Trick (See Lecture Note 6) or 

- L’ Hopital Rule (See Lecture Note 10) 

(Unless otherwise specified, you may use either one of these methods in 

computing limits) 
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3. How to check the continuity and differentiability of a function at � 
 q. 

- Continuity 

We need to check whether limI→i 3��� 
 3�q�. 
 

- Differentiability 

We need to use method of first principle and compute lim�→S 3�� � �� � 3���� 						���������	�:��‼!� 

(Note: As mentioned in lecture, the use of L’Hopital rule may lead to some 

logic problems. If possible, avoid to use this unless you have no other 

choices) 
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Example 11 

Compute the limits 

limI→& √� � 2�� � 4�. 
☺Solution: 

Method 1: Use classical method 

limI→& √� � 2�� � 4� 
 limI→& √� � 2�� � 4� *√� � 2√� � 2- 
 limI→& � � 4��� � 4��√� � 2� 
 limI→& 1��√� � 2�
 14�√4 � 2� 
 116. 
Method 2: Use L’ Hopital Rule (Since the limits is 

SS type) 

limI→& √� � 2�� � 4� 
X√IYIU\ limI→&
12 �CD�2� � 4 
 12 �4�CD�2�4� � 4 
 116. 
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Example 12 

Compute the limits 

limI→%&
√2 cos � � 1√2 sin � � 1 

☺Solution: 

Method 1: Use classical method 

limI→%&
√2 cos � � 1√2 sin � � 1 
 limI→%&

cos � � 1√2sin � � 1√2 
 limI→%&
cos � � cos o4sin � � sin o4 
 limI→%&

�2 sin � � o42 sin � � o42
2 sin � � o42 cos � � o42


 � limI→%&
sin � � o42
cos � � o42


 � sin o4cos o4 
 �1. 
Method 2: Use L’Hopital Rule 

limI→%&
√2 cos � � 1√2 sin � � 1 
 limI→%&

�√2 sin �√2 cos � 
 � sin o4cos o4 
 �1. 
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Example 13 

Compute the limits 

limI→S�tan �� (sin 1��) 

☺Solution: 

Note that as � → 0, the limits limI→S sin DI\ 
 sin ∞ does not exist. Thus one has to use 

sandwich theorem  to eliminate this term sin DI\. 

(☺Tips: This techniques can be applied when you see the terms such as sin QDIR, cos QDIR…etc. 

which their limits do not exist as � → 0.) 

Using the fact that �1 � sin � � 1, we get 

� tan � � �tan �� (sin 1��) � tan � 

⇒ �0 
 � limI→S tan � � limI→S�tan �� (sin 1��) � limI→S tan � 
 0 ⇒ limI→S�tan �� (sin 1��) 
 0 
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Example 14 

Compute the limits 

limI→K �P � �� sin �4�P � 1 	 
☺Solution: 

limI→K �P � �� sin �4�P � 1 
 limI→K
�P � �� sin ��P4�P � 1�P 
 limI→K 1 � sin ��4 � 1�P 
 1 � 04 � 0 
 14. 

 

☺Remark: 

Here, you may not able to use L’Hopital Rule since the limits limI→K sin � 
 sin ∞  

does not exist 
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Example 15 

Compute the limits 

limI→K (1 � 3�P)�I�CPI. 
☺Solution: 

Method 1: Classical method 

limI→K (1 � 3�P)�I�CPI 
 limI→K �(1 � �3�P )I���I�CPII� 		 
X
�{��→�QDWe�R�Yc�

�{�V→��I�CPII� Y �{�V→��C PI\D Y� �<CP��

 <C�. 

Method 2: L’Hopital Rule 

Note that the limits is of the type 1K. 
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Let � 
 Q1 � PI�R�I�CPI ⇒ ln � 
 �2�P � 3��^__`__a→K ln Q1 � PI�R^__`__a→�| DYS  

Then 

limI→K ln � 
 limI→K�2�P � 3�� ln (1 � 3�P) 
 limI→K
ln Q1 � 3�PR12�P � 3� 					(00 		p�;<) 


 limI→K
11 � 3�P Q 9�&R

� 6�� � 3�2�P � 3��� 
 limI→K �9�2�P � 3�����& � 3���6�� � 3� 
 �9 limI→K
�2�P � 3�������& � 3���6�� � 3���


 �9 limI→K
Q2 � 3��R�

Q1 � 3�PR Q6 � 3��R 
 �9 41 � 6 
 �6. 
Thus limI→K � 
 limI→K <�| � 
 <C�. 
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Example 16 (Continuity Problem) 

We consider the following functions 

3��� 
 / ln ��� � 1 											23			� [ 1� � 1															23		� � 1. 
Determine whether the function 3��� is continuous at � 
 1. 
☺Solution: 

We need to consider whether limI→D 3��� 
 3�1� 
 1 � 1 
 2.  
It remains to compute limI→D 3���. Note that 

limI→DT 3��� 
 limI→DT ln ��� � 1 
X→�| DS YSS limI→DT
1�2� 
 limI→DT 12�� 
 12�1�� 
 12. 

limI→DZ 3��� 
 limI→DZ�� � 1� 
 2. 
Since limI→DT 3��� 4 limI→DZ 3���, thus the limits limI→DT 3��� does not exist. 

Hence 3��� is not continuous at � 
 1. 
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Example 17 (Continuity Problem 2) 

Let 3��� be a differentiable function with 3�0� 
 0 and 3
�0� 
 2. We consider 

another function defined by 

	��� 
 ��
�3��� � �3�2�� 				23		� 4 014 																	23			� 
 0 

Determine whether the function 	��� is continuous at � 
 0. 

☺Solution: 

Again, we need to check whether limI→S 	��� 
 	�0� 
 D&. Note that 

limI→S 	��� 
XI�S limI→S 3��� � �3�2�� 
X→h�S�CSh�S� YSS limI→S 3
��� � 123
�2�� 
 3
�0� � 123
�0� 
 2 � 12�2� 
 14. 
Since limI→S 	��� 
 	�0� 
 D&, thus 	��� is continuous at � 
 0. 
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Example 18 (Differentiability Problem) 

Using the method of first principle, determine whether the function 3��� 
√2� � 1 is differentiable. What is the corresponding derivative? 

☺Solution 

We consider the limits 

lim�→S 3�� � �� � 3���� 
 lim�→S ~2�� � �� � 1 � √2� � 1�  


 lim�→S √2� � 2� � 1 � √2� � 1� *√2� � 2� � 1 � √2� � 1√2� � 2� � 1 � √2� � 1-	 

 lim�→S 2� � 2� � 1 � �2� � 1�vwwwwwwwxwwwwwwwy��

��√2� � 2� � 1 � √2� � 1� 
 lim�→S 2√2� � 2� � 1 � √2� � 1 
 1√2� � 1. 
Thus 3��� is differentiable and 3
��� 
 D√�IWD. 
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Example 19 (Differentiability Problem 2) 

Using the method of first principle, find the derivative of 3��� 
 ln �.  

(Hint: You can consider the following series for ln�1 � ��:  

ln�1 � �� 
 � � ��2 � �P3 � �&4 � �m5 � ⋯. 
☺Solution: 

Using the method of first principle, we consider 

3
��� 
 lim�→S ln�� � �� � ln �� 
 lim�→S
ln Q� � �� R� 
 lim�→S

ln Q1 � ��R�  


 lim�→S
�� � ��2�� � �P3�P � �&4�& � ⋯� 
 lim�→S �1� � �2�� � ��3�P � ⋯vwwwwxwwwwyYS   
 1�. 

☺Exercise: You can try this for 3��� 
 <I. (Hint: <I 
 1 � � � I\�! � I�P! � ⋯). 
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Example 20 (Differentiability Problem 3) 

Let 3��� be a (twice) differentiable function, we define the following new function: 

	��� 
 ¡�3���sin � 					23			� 4 03�0�								23		� 
 0 . 
Determine whether 	��� is differentiable at � 
 0. 

☺Solution:  Again, we use method of first principle and consider 

lim�→S 	�0 � �� � 	�0�� 
X��S lim�→S
�3���sin � � 3�0�� 
 lim�→S �3��� � 3�0� sin �� sin � 				(00 		p�;<) 


 lim�→S 3��� � �3
��� � 3�0� cos �sin � � � cos � 					(00 	p�;<) 


 lim�→S 3
��� � 3
��� � �3

��� � 3�0� sin �cos � � cos � � � sin � 
 23
�0�2 
 3
�0�. 
Hence, 	��� is differentiable at � 
 0 and 	
�0� 
 3
�0�. 
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Study Tips: 

• Try to practice how to evaluate the limits using either algebraic trick or 

L’Hopital Rule. We will provide you some instructions if we ask you to 

compute the limits in certain way. 

 

• ALWAYS WRITE DOWN THE DEFINITION when doing continuity or 

differentiability problem. Try to memorize them CAREFULLY. You may write 

down the formal definition in the question paper after the start of exam 

(before you attempt the problem). 

 

• You may need to memorize some identities (say trigonometric identities, lim¢→S z{| ¢¢ 
 1, lim�→K Q1 � e�R� 
 <e. etc.) if you need them.  

(P.S. Perhaps, most of you may prefer to memorize the L’Hopital Rule which is 

“INEVITABLE”).  
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Chapter 8, 9:  Differentiation 

Things you need to know: 

• How to compute the derivative of a given function using various rules 

- Product Rule:  
ggI 3���£��� 
 3
���£��� � 3���£
��� 

- Quotient Rule:  
ggI h�I�¤�I� 
 ¤�I�h¥�I�Ch�I�¤¥�I�O¤�I�¦\ . 

- Chain Rule: 
gh�§�I��gI 
 ghg§ 	g§gI 

(Remark: The derivatives of some functions are provided in final) 

• How to compute the derivative (or higher-order derivative) using various tricks 

- Implicit Differentiation: Find 
g�gI for �� � �P � 2�� 
 0 

- Inverse Differentiation: 
ggI 3CD��� 

- Logarithmic Differentiation: 
ggI �I 

- Differentiation of parametric equations: 
g�gI , g\�gI\ for � 
 p� and � 
 cos p. 

- Leibniz’s Rule: 
g¨gI¨ 3���£��� 
 ∑ �bt3�b����£�tCb����tbYS . 
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Example 21 

Compute the following derivatives 

�5�		 77� cos 2� ln��� � 1� 

�>�	 77� tan (<DWDI) 

�q�	 77� cosCD ( 1�2� � 3��)				�ª��«�«¬: cosCD � 4 �cos ��CD‼!� 

�7�	 77� �­®z¯�I\�. 
☺Solution: 

�5�			 77� cos 2� ln��� � 1� 
 ln��� � 1� 77� cos 2� � cos 2� 77� ln��� � 1� 


 ln��� � 1� 7�cos 2��7�2�� 7�2��7� � cos 2� 7�ln��� � 1��7��� � 1� 7��� � 1�7�  
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 ln��� � 1�	�� sin 2���2� � cos 2� 1�� � 1 �2�� 


 �2 sin 2� ln��� � 1� � 	 2��� � 1 	cos		2�. 
�>�	 77� tan (<DWDI) 
 7 tan (<DWDI)

7 (<DWDI) 7<DWDI7 Q1 � 1�R 7 Q1 � 1�R7�  


XDIYIZU sec� (<DWDI) <DWDI���C�� 
 ��C�<DWDI sec� (<DWDI). 
�q�	 77� cosCD ( 1�2� � 3��) 
 7�cosCDO�2� � 3�C�¦�7��2� � 3�C�� 7O�2� � 3�C�¦7�2� � 3� 7�2� � 3�7�  


 1~1 � O�2� � 3�C�¦� O�2�2� � 3�CP¦�2� 
 �4�2� � 3�CP~1 � �2� � 3�C&. 
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�7�		Let � 
 �­®z¯�I\�, then ln � 
 cosh���� ln �. 
Differentiating both sides of the equation with respect to �, we have 77� ln � 
 77� cosh���� ln � 

⇒ 7 ln �7� 7�7� 
 ln � 77� cosh���� � cosh���� 77� ln � 

⇒ 1� 7�7� 
 ln � ±7 cosh����7���� 7����7� ² � cosh����	(1�) 

⇒ 7�7� 
 �­®z¯�I\�vwwxwwy� ±ln � �sinh ����2�� � cosh����� ². 
Note: 77� ln � 
 1� 				567	 77� cosh � 
 sinh � 
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Example 22 

The equation of a graph is �� � 2� cos � � 3� 
 3. 

(a) Find the equation of tangent to the graph at ��, �� 
 �1,0�. 

(b) Find the equation of normal to the graph at ��, �� 
 �1,0�. 
 ☺Solution 

We differentiate the equation with respect to � and obtain 2� � 2 cos � � 2� sin � 7�7� � 3 7�7� 
 0 ⇒ 7�7� 
 �2� � 2 cos ��2� sin � � 3 

Then the slope of tangent is given by 
g�gI |�I,��Y�D,S� 
 C&P 	 and the equation of 

tangent is given by 
�CSICD 
 � &P ⇒ � 
 � &P � � &P. 

On the other hand, (slope of tangent)�(slope of normal) 
 �1 ⇒slope of normal 
 P&. The equation of the normal is given by 

� � 0� � 1 
 34 ⇒ � 
 34 � � 34 
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Example 23 

Compute the following derivatives 

	 7P7�P 1�2� � 3�P 

☺Solution: 

We write 
D��ICP�� 
 �2� � 3�CP. Then we have 

77� �2� � 3�CP 
 7�2� � 3�CP7�2� � 3� 7�2� � 3�7� 
 �3�2� � 3�C&�2� 
 �6�2� � 3�C&. 
7�7�� �2� � 3�CP 
 �6 77� �2� � 3�C& 
 �6 7�2� � 3�C&7�2� � 3� 7�2� � 3�7�
 48�2� � 3�Cm. 7P7�P �2� � 3�CP 
 48 77� �2� � 3�Cm 
 48 7�2� � 3�Cm7�2� � 3� 7�2� � 3�7�
 �480�2� � 3�C�. 
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Example 24 

Let ��p� 
 3p� � Df  and  ��p� 
 p � Df\, compute the derivative 7�7� 				567		 7��7�� 

☺Solution: 

7�7� 
 7�7p7�7p 
 77p Qp � 1p�R77p Q3p� � 1pR 
 1 � 2pCP6p � pC� 
 1 � 2pP6p � 1p� 
 pP � 26p& � p. 
7��7�� 
 77� (7�7�) 
 77� pP � 26p& � pvwxwy´�f�


 7µ7� 
 7µ7p7�7p 
 77p ( pP � 26p& � p)77p Q3p� � 1pR 


 �6p& � p� 77p �pP � 2� � �pP � 2� 77p �6p& � p��6p& � p��6p � 1p� 
 �6p& � p��3p�� � �pP � 2��24pP � 1�Q6p � 1p�R �6p& � p�� . 
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Example 25 

Using Leibniz’s Rule to compute 7&7�& √� cos�1 � 4�� 

☺Solution: 

Using the Leibniz’s Rule with 3��� 
 √� and £��� 
 cos�1 � 4��, we have 7&7�& √� cos�1 � 4�� 
 7&7�& 3���£��� 
 ¶ �b&3�b����£�&Cb����&
bYS  


 �S&·D 3�S����vwxwyYIU\ £�&����vwxwy�m� ­®z�DW&I� � �D&·& 3�D����vwxwyYD�IZU\ £�P����vwxwy�& z{|�DW&I� � ��&·� 3������vwxwyCD&IZ�\ £������vwxwyCD� ­®z�DW&I�

� �P&·& 3�P����vwxwyP̧IZ¹\ £�D����vwxwyC& z{|�DW&I� � �&&·D 3�&����vwxwyCDmD�IZº\ £�S����vwxwy­®z�DW&I�
 


 256�D� cos�1 � 4�� � 128�CD� sin�1 � 4�� � 24�CP� cos�1 � 4�� � 6�Cm� sin�1 � 4��� 1516 �C»� cos�1 � 4��. 
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Example 26 

For any positive integer 6, compute the derivative 7t7�t ��P � 2� � 2�<&I. 
☺Solution: 

Using Leibniz’s Rule with 3��� 
 �P � 2� � 2 and £��� 
 <&I, we  have 

7t7�t ��P � 2� � 2�<&I 
 7t7�t 3���£��� 
 ¶ �bt3�b����£�tCb����t
bYS  


 �St 3�S����vwxwyI�C�IW� £�t����vwxwy&¨c¼V � �Dt 3�D����vwxwyPI\C� £�tCD����vwwxwwy&¨ZUc¼V � ��t 3������vwxwy�I £�tC�����vwwxwwy&¨Z\c¼V

� �Pt 3�P����vwxwy� £�tCP����vwwxwwy&¨Z�c¼V � �&t 3�&����vwxwyS £�tC&���� � ⋯
� �tt 3�t����vwxwyS £�S���� 



 �) MA1200 Calculus and Basic Linear Algebra 

Final Review 
 

 

 

The binomial coefficient can be computed as (Recall that �bt 
 t!b!�tCb�!) 
�St 
 1,					�Dt 
 6,				��t 
 6�6 � 1�2 , �Pt 
 6�6 � 1��6 � 2�6 . 

Combining the result, we finally get 7t7�t ��P � 2� � 2�<&I 


 4t��P � 2� � 2�<&I � 64tCD�3�� � 2�<&I � 36�6 � 1�4tC��<&I� 6�6 � 1��6 � 2�4tCP<&I. 
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Example 27 

Let 5 be a real number and define � 
 QIWDICDRb
 for � [ 1. 

(a) Show that ��� � 1� g�gI � 2=� 
 0. 
(b) Using Leibniz’s Rule and the result of (a), show that ��� � 1���tWD� � 2�6� � =���t� � �6� � 6���tCD� 
 0, 

where ��½� 
 g¾�gI¾. 
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Chapter 10: Application of Derivatives 

Things you need to know: 

• Taylor series and Maclaurin Series of a function 

3��� 
 3�0� � 3
�0�� � 3����0�2! �� � 3�P��0�3! �P � ⋯ 
 ¶ 3�t��0�6! �tK
tYS . 
(Maclaurin Series) 

3��� 
 3�5� � 3
�5��� � 5� � 3����5�2! �� � 5�� � 3�P��5�3! �� � 5�P � ⋯

 ¶ 3�t��5�6! �� � 5�tK

tYS 																																																					��5�@?=	�<=2<A� 

 

• Application of Taylor series in computing limits (though we will provide you 

hints if we ask you to use this approach). 
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• Finding the maximum value and minimum value of a function 

� Find all local extema: Local maximum and Local Minimum 

(First derivative test or second derivative test) 

� Compute the value of 3��� at the boundary points. 

 

• Find the tangent and normal to the graph at certain point ¿ 
 �5, >� 

� Tangent: Straight line which touches the graph at that point ¿. �@?;<	?3	p56£<6p 
 7�7� |�I,��Y�e,À�	
� Normal: Straight line which passes through ¿ and perpendicular to the 

tangent. 

 

• L’Hopital Rule and its application. 

(*Note: You have seen some related examples in the “limits” sections). 
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Example 28 

Find the Maclaurin series of the function 3��� 
 ln�1 � <I� up to the terms �P. 
☺Solution: 

Note that the Maclaurin series of 3��� is given by 

3��� 
 3�0� � 3
�0�� � 3����0�2! �� � 3�P��0�3! �P … �∗� 

Since 3�0� 
 ln�1 � <S� 
 ln 2, 
3
�0� 
 <I1 � <I |IYS 
 12,			3

�0� 
 <I1 � <I � <�I�1 � <I�� |IYS 
 14. 
3�P��0� 
 <I1 � <I � <�I�1 � <I�� � 2<�I�1 � <I�� � 2<PI�1 � <I�P |IYS 
 0. 
Hence, the Maclaurin series is then given by 

3��� 
 ln 2 � 12 � � 18 �� � 0�P � ⋯ 
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Example 29 

Find the Taylor expansion of the function £��� 
 cos √� at � 
 1 up to �� � 1�P. 
☺Solution: 

The Taylor Series of £��� at � 
 1 is given by 

£��� 
 £�1� � £
�1��� � 1� � £����1�2! �� � 1�� � £�P��1�3! �� � 1�P � ⋯ 

Since £�1� 
 cos √1 
 cos 1 and 

£
�1� 
 � 12 �CD� sin √� |IYD 
 � 12 sin 1,			 
£����1� 
 14 �CP� sin √� � 14 �CD cos √� |IYD 
 14 sin 1 � 14 cos 1 

£�P��1� 
 � 38 �Cm� sin √� � 18 �C� cos √� � 14 �C� cos √� � 18 �CP� sin √� |IYD

 � 14 sin 1 � 38 cos 1. 
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Hence, the Taylor series is then given by 

£��� 
 cos 1 � 12 �sin 1�� � (18 sin 1 � 18 cos 1) �� � (� 124 sin 1 � 116 cos 1) �P. 
 

Example 30 

(a) Find the Maclaurin’s expansion of the function 3��� 
 ln�1 � sin �� up to 

the term in �&. 

(b) Hence, compute the limits 

limI→S ln�1 � sin�2������  
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Example 31 

Find the maximum and minimum of the function 3��� 
 <�ICI\
 over the interval O�2,2¦ 

☺Solution: 

Step 1: Find all local extrema (or turning point) 

We need to solve 3
��� 
 0 

⇒ �2 � 2��<�ICI\ 
 0 ⇒Xc\VZV\ÃS 2 � 2� 
 0 ⇒ � 
 1 

Step 2: Check whether the given local extrema is local maxima or local minima 

Note that 3��� 
 �2 � 2��<�ICI\
 

 �2 � � N 1 � 
 1 1 N � � 2 3
��� [ 0 0 N 0 ¬=5;� 26q=<5A26£ @?q5@	Ä5�. 7<q=<5A26£ 

By direct substitution, we get 3�1� 
 <�CD 
 <. 
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Step 3: Compute the function values at the boundary points 

By direct substitution again, we get 3�2� 
 <����C�\ 
 <S 
 1, 3��2� 
 <��C��C�C��\ 
 <C¸. 
 

Step 4: Find the maximum value and minimum value of the function 

By comparing the 3�2�, 3�1� and 3��2�, we get 

• The maximum value of 3��� is < (at � 
 1). 

• The minimum value of 3��� is <C¸ (at � 
 �2). 
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Example 32 

Find the maximum and minimum value of the function 

3��� 
 �DI 

over the interval O1, ∞�. 

☺Solution: 

Step 1: Find all local extrema (or turning point) 

We need to solve 3
��� 
 0 

⇒ �DI (1 � ln ��� ) 
 0 ⇒XIUVÃSI\ÃS 1 � ln � 
 0 ⇒ � 
 <. 
Step 2: Check whether the given local extrema is local maxima or local minima 

Note that 3��� 
 �UV QDC�| II\ R, 
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 1 � � N < � 
 < < N � N ∞ 3
��� [ 0 0 N 0 ¬=5;� 26q=<5A26£ @?q5@	Ä5�. 7<q=<5A26£ 

By direct substitution, we get 3�<� 
 <UÅ 
 <UÅ. 
 

Step 3: Compute the function values at the boundary points 

By direct substitution, we get 3�1� 
 1UU 
 1,. On the other hand, we need to 

consider limI→K �UV (since we need to compute the value at � 
 ∞). 

Let � 
 �UV (∞S-type), then ln � 
 DI ln � 
 �| II  and 

limI→K ln � 
 limI→K ln �� 		Q∞∞ � p�;<R 
 limI→K
1�1 
 limI→K 1� 
 0 

⇒ limI→K �DI 
 limI→K � 
 limI→K <�| � 
 <S 
 1. 
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Step 4: Find the maximum value and minimum value of the function 

By comparing the 3�1�, 3�<� and 3�∞� 
 limI→K 3���, we get 

• The maximum value of 3��� is <UÅ (at � 
 <). 

• The minimum value of 3��� is 1 (at � 
 1, ∞). 

Example 33 

The graph of the curve � 
 3��� 
 I\WeIWÀ�IWD�\  has a turning point at Æ 
 Q�3, P&R. 

Find the values of 5 and >. Show that Æ is the local minimum point of the curve. 

 ☺Solution 

Note that Æ 
 ��, �� 
 Q�3, P&R is the turning point, it must be that 

3
��3� 
 0 ⇒ 2� � 5�� � 1�� � 2��� � 5� � >��� � 1�P |IYCP 
 0 ⇒ 25 � > 
 3. 
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On the other hand, the graph of � 
 3��� passes through the point Æ, we have 

3��3� 
 34 ⇒ 9 � 35 � >4 
 34 ⇒ 35 � > 
 6. 
Solve these two equations, we get 5 
 3 and > 
 3. 
To verify Æ is the local minimum, one can consider the second derivative test, note 

that 

3
��� 
 2� � 3�� � 1�� � 2��� � 3� � 3��� � 1�P 
 �� � 3�� � 1�P 
 ��� � 3��� � 1�CP. 
⇒ 3

��� 
 ��� � 1�CP � 3�� � 3��� � 1�C& 

Since 3

��3� 
 Ḑ � 3�0� Q DD�R 
 Ḑ [ 0, Æ is local minimum by second derivative 

test. 
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Example 34 

It is given that the equation of a conic section is given by 4�� � 3�� � 4�� 
 5. 
(a) Identify this conic section and sketch the graph. 

(b) What are the equations of tangent and normal to the graph of conic section 

at ��, �� 
 �1,1�. 

☺Solution: 

(a) One can identify the conic section using “rotation of axes” (since there is ��-

term in the equation). We consider the �
�
-system by rotating the original ��-system through the angle �. 

 

Step 1: Find � 

Since � 
 � 
 4, we should choose � such that cos 2� 
 0 ⇒ 2� 
 90° ⇒ � 
 45°. 
(i.e. we need to rotate the axes by 45° through anti-clockwise direction.) 
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Step 2: identify the conic section 

Using the rotation of axes formula, � 
 �
 cos 45° � �
 sin 45° 
 1√2 �
 � 1√2 �
, 
� 
 �
 cos 45° � �
 sin 45° 
 1√2 �
 � 1√2 �
. 

Substitute this into the equation, we get 

4 ( 1√2 �
 � 1√2 �
)� � 3 ( 1√2 �
 � 1√2 �
) ( 1√2 �
 � 1√2 �
)
� 4 ( 1√2 �
 � 1√2 �
)� 
 5 

⇒ 52 �
� � 112 �
� 
 5 ⇒ �
�
�√2�� � �
�

*+1011-� 
 1. 
The conic section is an ellipse with centre �0,0�. 
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(b) One can obtain 
g�gI by differentiating the equation with respect to �: 

8� � 3� � 3� 7�7� � 8� 7�7� 
 0 ⇒ 7�7� 
 �8� � 3�8� � 3� . 
Note that the slope of tangent  at ��, �� 
 �1,1� is given by 7�7� |�I,��Y�D,D� 
 �8 � 38 � 3 
 �1. 
The equation of tangent at ��, �� 
 �1,1� is given by � � 1� � 1 
 �1 ⇒ � 
 �� � 2. 
On the other hand, the slope of normal can be found as follows: ��@?;<	?3	p56£<6p� � ��@?;<	?3	«?=Ä5@� 
 �1 ⇒ �@?;<	?3	«?=Ä5@
 1. 
The equation of normal at ��, �� 
 �1,1� is given by � � 1� � 1 
 1 ⇒ � 
 �. 
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Harder Example 

It is given that � 
 tan p and � 
 �sec p � tan p�½ where � %� N p N %� and r is 

positive integer. In this problem, we would like to compute the derivative 

Çt 
 7t�7�t ,					6	2A	;?A2p2È<	26p<£<= 

(a) Find the equation of tangent to the graph at p 
 0 (i.e. ��, �� 
 �0,1�)  

(b) Show that �1 � ��� 7��7�� � � 7�7� � r�� 
 0. 
(c) Using Leibniz’s Rule, show that �1 � �����tW�� � �26 � 1����tWD� � �6� � r����t� 
 0 

where ��t� 
 g¨�gI¨.  

(d) Hence, conclude that �1 � ��� 7�Çt7�� � �26 � 1�� 7Çt7� � �6� � r��Çt 
 0 
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☺Solution: 

(a) Note that the slope of tangent is given by 7�7� |fYS 
 7�7p7�7p |fYS 
 r�sec p � tan p�½CDOsec p tan p � sec� p¦sec� p |fYS

 r�sec p � tan p�½sec p |fYS 
 r. 

Hence the equation of tangent is given by � � 1� � 0 
 r ⇒ � 
 r� � 1 

(b) Note that 
g�gI 
 ½�zÉ­ fWÊË| f�¾zÉ­ f , it remains to compute 

g\�gI\. Note that 

7��7�� 
 77� (7�7�) 
 7 (r�sec p � tan p�½sec p )7� 
 77p (r�sec p � tan p�½sec p )7�7p 
 ⋯

 r� sec p �sec p � tan p�½ � r tan p �sec p � tan p�½secP p  
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�1 � ��� 7��7�� � � 7�7� � r�� 


 �1 � tan� p�vwwwxwwwyYzÉ­\ f *r� sec p �sec p � tan p�½ � r tan p �sec p � tan p�½secP p -
� tan p 	*r�sec p � tan p�½sec p - � r��sec p � tan p�½ 
 0 

(c) We differentiate the equation in (b) with respect to � for 6-times, we have 

7t7�t Ì�1 � �������Í � 7t7�t ���D� � r� 7t7�t �vxyY��¨�

 0 … �∗� 

Using Leibniz’s Rule, we have 7t7�t Î�1 � ���vwxwyh�I� ����Ï¤�I�Ð 
 ¶ �bt3�b����£�tCb����t
bYS  
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 �St·D 3�S�Ï�DWI\� £�t�Ñ��¨T\� � �Dt·t 3�D�Ï�I £�tCD�vxy��¨TU� � ��t·t�tCD�� 3���Ï� £�tC��vxy��¨� � �Pt 3�P�ÏYS £�tCP�
� ⋯ � �tt 3�t�ÑYS £�S� 
 �1 � �����tW�� � 26���tWD� � 6�6 � 1���t�. 

Similarly, we get 7t7�t ���D� 
 ���tWD� � 6��t�. 
Substitute the result in �∗�, we get �1 � �����tW�� � �26 � 1����tWD� � �6� � r����t� 
 0. 

 

(d) Note that 
g\Ò¨gI\ 
 ��tW�� and 

gÒgI 
 ��tWD�, substitute them into (c), we get 

�1 � ��� 7�Çt7�� � �26 � 1�� 7Çt7� � �6� � r��Çt 
 0. 
Hence, one can obtain Çt by solving this differential equation. 


