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Statistical Methods and Data Analysis

Topic 1. Basic Probability and 

Statistics Theory 
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Examples

➢Example 1: ATM takes 1000 photos

520 pictures have no one in it

294 pictures have one person at ATM

186 pictures have two people at ATM

Let X be the # of people at ATM. Find E[X].

𝐸 𝑋 = 0 × 𝑃 𝑋 = 0 + 1 × 𝑃 𝑋 = 1 + 2 × 𝑃(𝑋 = 2)

= 0 ×
520

1000
+ 1 ×

294

1000
+ 2 ×

186

1000

= 0.666
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Examples

➢Example 2: There is a game in which with 

probability 𝑝 𝑥𝑖 we can win 𝑥𝑖 dollars, for 

𝑖 = 1,2, … , 𝑘. How many dollars can we win 

per game on average?

Let X be the dollars we can win in a game.

𝐸 𝑋 = 𝑥1 × 𝑝 𝑥1 + 𝑥2 × 𝑝 𝑥2 … .+𝑥𝑘 × 𝑝(𝑥𝑘)

=෍

𝑖=1

𝑘

𝑥𝑖𝑝 𝑥𝑖
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Expected Value

➢For a discrete r.v. X with PMF p(x) 

➢For a continuous r.v. X with PDF f(x)

𝜇 = 𝐸 𝑋 =෍

𝑥

𝑥𝑝(𝑥)

𝜇 = 𝐸 𝑋 = න
−∞

∞

𝑥𝑓 𝑥 𝑑𝑥
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Class Problems

𝜇 = 𝐸 𝑋 =෍

𝑥

𝑥𝑝(𝑥)

= 0 × 0.2 + 1 × 0.1 + 2 × 0.3 + 4 × 0.2

+ 5 × 0.1 + 6 × 0.1

= 2.6
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Class Problems

𝑃 𝑋 = 40 =
40

148
𝑃 𝑋 = 33 =

33

148

𝑃 𝑋 = 25 =
25

148
𝑃 𝑋 = 50 =

50

148

𝐸 𝑋 = 40 ×
40

148
+ 33 ×

33

148
+ 25 ×

25

148
+ 50 ×

50

148
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Class Problems

𝑃 𝑌 = 40 =
1

4
𝑃 𝑌 = 33 =

1

4

𝑃 𝑌 = 25 =
1

4
𝑃 𝑌 = 50 =

1

4

𝐸 𝑌 = 40 ×
1

4
+ 33 ×

1

4
+ 25 ×

1

4
+ 50 ×

1

4

=
(40 + 33 + 25 + 50)

4
= 37
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Class Problems

𝐸 𝑋 = න
−∞

∞

𝑥𝑓 𝑥 𝑑𝑥

= න
−∞

−1

𝑥 ∙ 0𝑑𝑥 + න
−1

1

𝑥 ∙
3

4
(1 − 𝑥2)𝑑𝑥 + න

1

+∞

𝑥 ∙ 0𝑑𝑥

= 0
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Class Problems

Three unknowns: 𝑎, 𝑏, 𝑐

𝐹 0 = 𝑎 × 02 + 𝑏 × 0 + 𝑐 = 0 ⇒ 𝑐 = 0

𝐹 1 = 𝑎 × 12 + 𝑏 × 1 + 𝑐 = 1 ⇒ 𝑎 + 𝑏 = 1
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Class Problems

Find PDF:

𝑓 𝑥 = ቐ
0, 𝑥 < 0
2𝑎𝑥 + 𝑏, 0 ≤ 𝑥 ≤ 1
0, 𝑥 > 1

𝐸 𝑋 = න
−∞

∞

𝑥𝑓 𝑥 𝑑𝑥

= න
−∞

0

𝑥 ∙ 0𝑑𝑥 + න
0

1

𝑥 ∙ (2𝑎𝑥 + 𝑏)𝑑𝑥 + න
1

∞

𝑥 ∙ 0𝑑𝑥

= ቤ
2

3
𝑎𝑥3 +

𝑏

2
𝑥2

1
0
=
2

3
𝑎 +

𝑏

2
=
3

5
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Expected Value of A Function of X

➢For a discrete r.v. X with PMF p(x), the 

expected value for a function g(X) is

➢For a continuous r.v. X with PDF f(x), the 

expected value for a function g(X) is

➢The distribution for g(X) is not needed.

𝐸 𝑔 𝑋 =෍

𝑥

𝑔 𝑥 𝑝(𝑥)

𝐸 𝑔 𝑋 = න
−∞

∞

𝑔 𝑥 𝑓 𝑥 𝑑𝑥
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Examples

➢Discrete Example: Flip 2 coins, X = #heads

p(0) = 1/4,   p(1) = 1/2,   p(2) = 1/4

➢Continuous Example:

f(x) = 2(x−1)  for  1 < x < 2;  o/w  fX(x) = 0
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Variance

➢For any r.v. X, the variance is the expected 
squared deviation about its mean:

• Note that variance cannot be negative.

𝜎2 = 𝑉𝑎𝑟 𝑋 = 𝐸 𝑋 − 𝜇 2 = 𝐸 𝑋 − 𝐸[𝑋] 2

𝐸 𝑋 − 𝐸[𝑋] 2 = 𝐸[𝑋2 − 2𝑋𝐸 𝑋 + (𝐸[𝑋])2]

= 𝐸[𝑋2] − 2𝐸[𝑋] ∙ 𝐸 𝑋 + (𝐸[𝑋])2]

= 𝐸[𝑋2] − (𝐸[𝑋])2]

𝑉𝑎𝑟 𝑋 = 𝐸[𝑋2] − (𝐸[𝑋])2]
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Linear Combinations

➢a, b are constant

➢Basic rules of expected value

• E[a] = a

• E[aX] = a E[X] 

• E[aX + b] = a E[X] + b

➢Basic rules of variance
• V(a) = 0
• V(aX) = a2 V(X) 
• V(aX + b) = a2 V(X) 
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Class Problems on Expected Value of a Function

X = Demand for newspapers

(a) Daily lost: $0.353 = $1.05

Daily income: $0.50*X

Daily profit: g(X) = 0.5X−1.05

(b) E[g(X)] = E[0.5X−1.05]
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Class Problems

Method 1:

𝐸 𝑔 𝑋 = ෍

𝑥=0

3

0.5𝑥 − 1.05 𝑝(𝑥)

= 0 − 1.05 ∗ 0.1 + 0.5 − 1.05 ∗ 0.2 + 1 − 1.05 ∗ 0.3 + 1.5 − 1.05 ∗ 0.4

= −0.05

Method 2:

𝐸 𝑔 𝑋 = 𝐸 0.5𝑋 − 1.05 = 0.5𝐸 𝑋 − 1.05

𝐸 𝑋 = 0 ∗ 0.1 + 1 ∗ 0.2 + 2 ∗ 0.3 + 3 ∗ 0.4 = 2

𝐸 𝑔 𝑋 = 0.5 ∗ 2 − 1.05 = −0.05
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Class Problems

𝑉𝑎𝑟 𝑋 = 𝐸[𝑋2] − (𝐸[𝑋])2]

𝐸 𝑋2 = 02 ∗ 0.1 + 12 ∗ 0.2 + 22 ∗ 0.3+32 ∗ 0.4 = 5

𝑉𝑎𝑟 𝑋 = 5 − 22 = 1
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Class Problems

𝑉𝑎𝑟 𝑋 = 𝐸[𝑋2] − 𝐸 𝑋 2] = 12 − 32 = 3

𝐸 𝑋 = න
−∞

∞

𝑥𝑓 𝑥 𝑑𝑥 = න
2

∞

𝑥 ∙
24

𝑥4
𝑑𝑥 = 3

𝐸 𝑋2 = න
−∞

∞

𝑥2𝑓 𝑥 𝑑𝑥 = න
2

∞

𝑥2 ∙
24

𝑥4
𝑑𝑥 = 12
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Class Problems

𝐸 𝑇 = 𝐸 𝑎𝑋 + 𝑏 𝑋 + 𝑐 = 𝑎𝐸 𝑋 + 𝑏𝐸 𝑋 + 𝑐

𝐸 𝑋 = න
−∞

∞

𝑥𝑓 𝑥 𝑑𝑥 = න
2

∞

𝑥 ∙
24

𝑥4
𝑑𝑥 = 3

𝐸 𝑋 = න
2

∞

𝑥 ∙
24

𝑥4
𝑑𝑥 = 9.6 ∙ 2−2.5

𝐸 𝑇 = 3𝑎 + 9.6𝑏 ∙ 2−2.5 + 𝑐
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Class Problems

𝐸 𝑋 = 𝐸 3𝑌 + 16 = 3𝐸 𝑌 + 16 = 3 ∗ 12 + 16 = 52

𝑉𝑎𝑟 𝑋 = 𝑉𝑎𝑟 3𝑌 + 16 = 32𝑉𝑎𝑟 𝑌 = 9 ∗ 4 = 36
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Binomial Distribution

𝑃 𝑋 = 𝑥 = 𝑛
𝑥
𝑝𝑥(1 − 𝑝)𝑛−𝑥 for 𝑥 = 0,1,2, … , 𝑛

➢ PMF

➢ 𝐸 𝑋 = σ𝑥=0
𝑛 𝑥 ∙ 𝑛

𝑥
𝑝𝑥(1 − 𝑝)𝑛−𝑥 = 𝑛𝑝

𝐸 𝑋2 = ෍

𝑥=0

𝑛

𝑥2 ∙
𝑛

𝑥
𝑝𝑥(1 − 𝑝)𝑛−𝑥 = 𝑛2𝑝2 − 𝑛𝑝2 + 𝑛𝑝

➢ 𝑉𝑎𝑟 𝑋 = 𝐸[𝑋2] − 𝐸 𝑋 2 = 𝑛𝑝(1 − 𝑝)
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Binomial Distribution

➢Example: n = 10, p = 0.5

0

0.05

0.1

0.15

0.2

0.25

0 1 2 3 4 5 6 7 8 9 10

x

b (x )

𝐸 𝑋 = 𝑛𝑝 = 10 ∗ 0.5 = 5

𝑉𝑎𝑟(𝑋) = 𝑛𝑝 1 − 𝑝 = 10 ∗ 0.5 ∗ 0.5 = 2.5
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Geometric Distribution

𝑃 𝑋 = 𝑥 = (1 − 𝑝)𝑥−1𝑝 for 𝑥 = 1,2, … ,

➢ PMF

➢ 𝐸 𝑋 = σ𝑥=1
∞ 𝑥 ∙ (1 − 𝑝)𝑥−1𝑝 =

1

𝑝

𝐸 𝑋2 = ෍

𝑥=1

∞

𝑥2 ∙ (1 − 𝑝)𝑥−1𝑝 =
2 − 𝑝

𝑝2

➢ 𝑉𝑎𝑟 𝑋 = 𝐸 𝑋2 − 𝐸 𝑋 2 =
1−𝑝

𝑝2
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Geometric Distribution

➢Example: Roll a die until we see a “6”
• 1 = “6”, 0 = “not a 6” 

• p = P(6) = 1/6

 trials6
6/1

1
][ ==XE

𝑉𝑎𝑟 𝑋 =

5
6

1
6

2 = 30
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Poisson Distribution

➢ PMF

➢ 𝐸 𝑋 = σ𝑥=0
∞ 𝑥 ∙

𝑒−𝜆𝜆𝑥

𝑥!
= 𝜆

𝐸 𝑋2 = ෍

𝑥=0

∞

𝑥2 ∙
𝑒−𝜆𝜆𝑥

𝑥!
= 𝜆2 + 𝜆

➢ 𝑉𝑎𝑟 𝑋 = 𝐸 𝑋2 − 𝐸 𝑋 2 = 𝜆

𝑃 𝑋 = 𝑥 =
𝑒−𝜆𝜆𝑥

𝑥!
for 𝑥 = 0,1,2, …
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Exponential Distribution

➢ PDF

➢ 𝐸 𝑋 = ∞−׬
∞
𝑥𝑓 𝑥 𝑑𝑥 =

1

𝜆

𝐸 𝑋2 = න
−∞

∞

𝑥2𝑓 𝑥 𝑑𝑥 =
2

𝜆2

➢ 𝑉𝑎𝑟 𝑋 = 𝐸 𝑋2 − 𝐸 𝑋 2 =
1

𝜆2

𝑓 𝑥 = ቊ𝜆𝑒
−𝜆𝑥 , 𝑥 ≥ 0

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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Exponential Distribution

➢ Example: A battery is expected to last for 

500 hours on average.  Its lifetime follows an 

exponential distribution.

Let X be the lifetime of the battery ~ Exp ()

1

𝜆
= 500 ⇒ 𝜆 =

1

500

𝑋~𝐸𝑥𝑝
1

500
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Uniform Distribution

➢ PDF

➢ 𝐸 𝑋 = ∞−׬
∞
𝑥𝑓 𝑥 𝑑𝑥 =

𝐴+𝐵

2

𝐸 𝑋2 = ∞−׬
∞
𝑥2𝑓 𝑥 𝑑𝑥 =

𝐴2+𝐴𝐵+𝐵2

3

➢ 𝑉𝑎𝑟 𝑋 = 𝐸 𝑋2 − 𝐸 𝑋 2 =
(𝐵−𝐴)2

12

𝑓 𝑥 =

0, 𝑥 < 𝐴
1

𝐵 − 𝐴
, 𝐴 ≤ 𝑥 ≤ 𝐵

0, 𝑥 > 𝐵
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Uniform Distribution

𝐴 + 𝐵

2
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Standard Normal Distribution

➢ PDF

➢ 𝐸 𝑍 = ∞−׬
∞
𝑧𝑓 𝑧 𝑑𝑧 = 0

𝐸 𝑍2 = ∞−׬
∞
𝑧2𝑓 𝑧 𝑑𝑧 = 1

➢ 𝑉𝑎𝑟 𝑍 = 𝐸 𝑍2 − 𝐸 𝑍 2 = 1

𝑓 𝑧 =
1

2𝜋
𝑒−

1
2
𝑧2
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Normal Distribution

➢ PDF

➢ 𝐸 𝑋 = 𝐸 𝜇 + 𝑍𝜎 = 𝜇 + 𝜎𝐸 𝑍 = 𝜇

➢ 𝑉𝑎𝑟 𝑋 = 𝑉𝑎𝑟[𝜇 + 𝑍𝜎] = 𝜎2

𝑓 𝑥 =
1

𝜎 2𝜋
𝑒
−
1
2
𝑥−𝜇
𝜎

2

𝑍 =
𝑋 − 𝜇

𝜎
⇒ 𝑋 = 𝜇 + 𝑍𝜎
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Gamma Distribution

➢ PDF

➢ 𝐸 𝑋 = ∞−׬
∞
𝑥𝑓 𝑥 𝑑𝑥 = 𝛼𝛽

➢ 𝑉𝑎𝑟 𝑋 = 𝛼𝛽2

𝑓 𝑥 = ቐ

1

𝛽𝛼Γ(𝛼)
𝑥𝛼−1𝑒−𝑥/𝛽 , 𝑥 ≥ 0

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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