SDSC2102

Statistical Methods and Data Analysis

Topic 1. Basic Probability and
Statistics Theory



Expectation



» Example 1: ATM takes 1000 photos

520 pictures have no one In it
294 pictures have one person at ATM
186 pictures have two people at ATM

Let X be the # of people at ATM. Find E[X].
EX)=0XPX=0)+1XxPX=1)+2%xP(X =2)

520 294 186

1000 ™ 1 %1000 T % * 1000

=0 X

= 0.666



» Example 2: There i1s a game in which with
probability p(x;) we can win x; dollars, for
i = 1,2, ..., k. How many dollars can we win
per game on average?

et X be the dollars we can win in a game.

E(X) =x; X p(xq) + x, X p(x3) ... x5 X ()
K

= z xip(x;)

=1



Expected Value

» For a discrete r.v. X with PMF p(x)

p=ECX) =) xp()

X

» For a continuous r.v. X with PDF f(x)

u=EX) = f xf(x)dx



Class Problems

1. Let X be a discrete random variable with pmf:
p(0)=P{X=0} =02,p(1)=P{X=1} =0.1, p(2) =P{X=2} =0.3, p(4) =P{X=4} = 0.2,
p(5)=P{X=5}=0.1, p(6) =P{X=6} =0.1
Find E(X)
u=EX)= Z xp(x)

X

=0X02+1%Xx01+2%x03+4X%X0.2
+5x01+6x0.1

= 2.6



Class Problems

2. A total of 4 trucks carrying 148 products from the same factory arrive at a warehouse.
The trucks carry, respectively, 40, 33, 25, and 50 products. One of the parts is
randomly selected after the products are dumped into the warehouse. Let X denote the
number of products that were on the truck carrying this randomly selected product.

What 1s E(X)?

40 33
P(X=40)=—— PX=33)=—=

148 148
25 50
P(X=25)=E8 P(XZSO):EB
40 33 25 50

=40 X —— X —— X —— X ——
E[X] =40 148+33 148+25 148+50 148



Class Problems

3. For problem 2, pick a truck driver at random. Let Y denote the number of products in
his/her truck. Compute E(Y).

P(r=40)=7  P(¥=33) =7
P(Y = 25) = P(Y = 50) = %

el Bl S e

E[Y]—40><1+33><1+25><1+50><1
- 4 4 4 4

(40 +33+25+50)
— i _

37




Class Problems

4. Compute E(X) if X 1s a continuous r.v. with pdf:

—

%(lx") -l1<x<l

f(x) = <
0 otherwise

—

E(X) = jooxf(x)dx

+ 00

-1 1 3
=[ x-de+f x-Z(l—xz)dx+f x - 0dx

-1 1

=0



Class Problems

5. Ifthe CDF of a continuous r.v. 1s given by

o
0 x <0
F(x) = ;
< ax +bx+c 0<x<1
| x> 1
N—

If E(X) = 3/5, find a, b and c.

Three unknowns: a, b, ¢
FO=ax0?°+bx0+c=0=>c=0
F(D)=ax1?+bx1l4+c=1>a+b=1
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Class Problems

Find PDF:

(0, x<0
f(x) =< 2ax + b, 0<x<1

\0' x> 1

ElX] = fooxf(x)dx

0.0)

0 1
=f x-de+Jx-(2ax+b)dx+j x - 0dx
—00 0 1

Ul W
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Expected Value of A Function of X

» For a discrete r.v. X with PMF p(x), the
expected value for a function g(X) Is

Elg(0] = ) g@p)

» For a continuous r.v. X with PDF f(x), the
expected value for a function g(X) Is

E[g(X)] = f 90O f @) dx

» The distribution for g(X) is not needed.
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» Discrete Example: Flip 2 coins, X = #heads
p(0) = 1/4, p(l)=1/2, p(2)=1/4

) ok leale zala)

» Continuous Example:
f(x) =2(x—1) for 1<x<2; olw f,(x) =0

E[X ] = LZ (x2)2(x—1) dx = 2j12 x> —x% dx = %
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Variance

» For any r.v. X, the variance Is the expected
squared deviation about Its mean:

o2 =Var(X) = E|(X — w?| = E[(X — E[X])?]
 Note that variance cannot be negative.

E|(X — E[X])?| = E[X? — 2XE[X] + (E[X])?]
= E[X*] — 2E[X] - E[X] + (E[X])?]
= E[X?] = (E[X])?]

Var(X) = E[X*] — (E[X])?]
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Linear Combinations

»a, b are constant

» Basic rules of expected value
 E[la]=a
« E[aX] =aE[X]
« E[aX+Db]=aE[X]+D

»Basic rules of variance
« V(@)=0
« V(aX) =a*V(X)
« V(aX +b)=a’V(X)
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Class Problems on Expected Value of a Function

l.

A newspaper boy buys newspapers each worth $0.35 from a distributor. He sells each
newspaper for $0.50 to customers. Let X be ar.v. denoting the demand for
newspapers in a day, with pmf: p(0) =P{X=0} = 0.1, p(1) =P{X=1} =0.2, p(2) =
P{X=2} =03,p(3) =P{X=3} =04,

The newspaper boy buys 3 newspapers at the beginning of each day. Assume that
people do not buy old newspapers.

a. Write down the daily profit as a function of X; g(X)
b. Compute the expected profit, E[g(X)]

X = Demand for newspapers

(a) Daily lost: $0.35x3 = $1.05
Daily income: $0.50*X
Daily profit: g(X) = 0.5X-1.05

(b) E[g(X)] = E[0.5X~1.05]
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Class Problems

Method 1:

3
E[g(X)] = 2(0.5x — 1.05)p(x)
x=0

= (0—-1.05) x0.1 + (0.5 —-1.05) * 0.2+ (1 — 1.05) * 0.3 + (1.5 — 1.05) * 0.4
= —0.05

Method 2:
Elg(X)] = E]|0.5X — 1.05] = 0.5E(X) — 1.05
ElIX]=0%01+1%x024+2*%x03+3*%x04=2

E[g(X)] = 0.5 * 2 — 1.05 = —0.05
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Class Problems

2. In the above problem, what is the variance of the demand for newspapers?
Var(X) = E[X?] — (E[X])?]

E|X?| =02%01+12%0.2+22%03+32 %04 =5
Var(X) =5-2%?=1

18



Class Problems

3. If X is a continuous r.v. denoting the size of a document at a web server with pdf

—
24/x x>2
fix)= <<
0 otherwise
Compute the variance of X. ~—
E|X] = xf(x)dx = x-—dx =3

E|X?| = fo:oxzf(x)dx = fzooxz c—dx = 12

Var(X) = E[X?] — (E[X])?] = 12 — 3% =

19



Class Problems

4. 1If the time to download a document, T, 1sar.v. suchthat T=aX +b (\/X) + ¢ for
some constants a, b, and ¢, compute the average time to download a document, E(T).
Use the pdf of X from problem 3 above.

E[T] = E [aX + bVX + c| = aE[X] + bE [VX| + ¢
E|X] =jooxf(x)dx=Joox i—jdx—B
0 2
E|VX| = f Jx - —dx—96 225

E[T] =3a+9.6b-27%°+¢
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Class Problems

5. If X and Y are random variables with X =3Y + 16 and E(Y) = 12 and Var(Y) = 4, the
compute E(X) and Var(X)

E[X] = E[3Y + 16] = 3E[Y]+ 16 =3 %12 + 16 = 52

Var[X] = Var[3Y + 16] = 3?Var(Y) = 9 x4 = 36
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Binomial Distribution

> PMF
P(X = x) = ( ) p*(1—p)** forx=012,..,n

> E(X) = ¥=ox-(’;)px(1—p)"‘x = np

E|Xx?| =

IIMS

()p (1 —p)"* =n?p* —np* +np

> Var(X) = E[X?] - [E(X)]? = np(1 — p)



Binomial Distribution

»Example:n=10,p=0.5

0.25 ®
0.2 ® ®
0.15
o o
0.1
0.05 W x
0oe—7% | | S o
0 1 2 3 4 5 6 7 8 9 10
X

E[X]=np=10%x05=5
Var(X) =np(1 —p) =10x0.5%0.5=2.5
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Geometric Distribution

> PMF
PX=x)=1-p)*1p forx=1,2,..,

1

> EX) =% (1-p)'p =~

E(X2)=Zx2-(1—p)x lp = >
x=1

> Var(X) = E(X?) — [E(X)]? = 1p—_2p



Geometric Distribution

» Example: Roll a die until we see a “6”
¢+ 1=%6”",0="nota 6"
p=P(6) =1/6

E[X]= % = 6 trials
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Poisson Distribution

> PMF
P(X=x)=

e~ )X

forx =0,1,2, ...

x!

e~ A)x
|

» E(X) = XxtoX = A

= —Ax
E(X?) =xZ;x2-e x"l = 2%+
> Var(X) = E(X?)—[E(X)]? =2
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Exponential Distribution

» PDF

e x=0
fx) = {O, otherwise

1

> E(X) = ffoooxf(x)dx = -

E(X?) = fooxzf(x)dx =%

> Var(X) = E(X?) — [E(X)]? = %2



Exponential Distribution

» Example: A battery Is expected to last for
500 hours on average. Its lifetime follows an

exponential distribution.

Let X be the lifetime of the battery ~ Exp (4)

1—500 => A= L
A 500

1
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Uniform Distribution

» PDF
(0, x < A
f(x)=<ﬁ, A<x<B
L0, x>B

> E(X) = f_ooooxf(x)dx — 415

2

A%+ AB+B?%

E(X?) = ffooo x2f(x)dx = ;

> Var(x) = E(x?) - [E))? = &2
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Uniform Distribution
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Standard Normal Distribution

> PDF
1 -

1 —5Z
f(z) = \/TTTB 2

> E(2)=[__zf(z)dz=0
E(Z?) = ffooozzf(z)dz =1

> Var(Z) =E(Z?)—-[E(2)]* =1



Normal Distribution

> PDF )

& >X=u+”zZo
o

» E(X)=E|lu+Zol=u+oE|Zl=pu
> Var(X) = Var[u + Zo] = o
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Gamma Distribution

» PDF

(1
fo) ={BT(@)"

0, otherwise

a-1p-x/F x>0

> E(X) = [ xf (X)dx = ap

> Var(X) = af?

33
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