GE1359 Solution to Take-home Assignment 1 Summer 2022

1. U=[0,0), A=[3,7], B=(59], D={1,23,45,6}, E={56,7,8,9,10}

@@ AUE=][3,71U{8,9 10}
B¢ = [0,00)\(5,9] = [0,5] U (9, )
(AUE) N B¢ =[3,5] U {10}

(b)  A°=1[0,0)\[3,7] =[0,3) U (7,)
AN B =(7,9]
(A n B)¢ =[0,0)\(7,9] = [0,7] U (9, »)
(A°NB)CUE =10,7] U {8} U[9, )

©  A\D = (3,71\{4,5,6} = (3,4) U (4,5) U (5,6) U (6,7]
B\E = (5,9)\{6,7,8} = (5,6) U (6,7) U (7,8) U (8,9)
(A\D) n (B\E) = (5,6) U (6,7)

2. (@ F() = ‘Z*zjj is defined when (i) ‘Z‘j:j >0 and (i) 2x—1 # 0.
x<—2 | x==2| C<cx<lt | x=1 x>
4 4 4 2 2 2
Sign of (4x + 3) - 0 + +
Signof 2x —1) - - — +
Sign of > + 0 - n

Let y = /;”:i Notethat y >0 - (1).

_ 4x+3

Then y? = — = y?2(2x — 1) = 4x + 3

= x(2y?—4)=3+y?

_ 3+y?
T 2y2-4

which has real solutions 2y? —4#0 = y?#2 = y#+V2 - (2).
Combining (1) & (2),
Ran(F) = [0,0)\{v2} orwrittenas [0,v2) U (V2, ).



) 6=

~ Dom(G) = R\{2,4}.

is definedwhen x2 —6x+8+0 = (x—2)(x—4) #0 = x # 2,4.

2
x2-6x+8

Then y(x? —6x+8)=2 = yx?—6yx+8y—2=0
L —(=69) £ J(=6y)” — 4y(8y —2)
2y
which has real solutions (—6y)? —4y(8y —2) >0 = 4y?+8y >0
= 4y(y+2)=0

Let y = Notethat y #0 - (D).

= y<—-2o0ory>0 - (2).
Combining (1) & (2),
Ran(F) = (—o0,—2] U (0, o).

3. Giventhat f:[0,00) — R and g:R — R, where

f(x) =vx—-1 and g(x):{x-l-ZZ for x <1

X for x>1"
@ (FoN)=f(f®)=Ff(a-1)=vvx-1-1.
(f o f)(x) isdefinedwhen Vx—1>0 = Vx>1 = x>1.
Dom(f o f) = [1,0)

(b) For0<x<4, fx)=V/x—-1<1
= (o N =g9(f®)=9({x—-1)=Fx-1)+2=vx+1.
For x >4, f(x) =vx—-1>1
= (goN@=g(f@) = g(Vx-1) = (Vx-1)"

Vx+1 if 0<x<4
(Vx—1)" if x>4

Dom(g e f) = [0,)

: (g°f)(X)={

() Forx<-1, gx)=x+2<1
= (geg)@)=g(gx)=gx+2)=x+2)+2=x+4.
For -1<x<1, glx)=x+2=>1

= (gog() =g(g) =gk +2) = (x+2)%



For x>1, g(x) =x?2>1

= (geg)®) =g(gx) =g(x?) = (x¥)? = x*.

x+4 if x<-—-1
(gog)x) =] (x+2)* if —1<x<1

x4 if x>1
Dom(geg) =R
. 3 3
sina = —E,Where m<a<— (Quadrant 111)
cosa = —— S
5 3
« O
4
tan B = —%,Where §<,8 < 7 (Quadrant I1)
) _ 8
17 sinf =17 @ A
8 15
B , __ T
s cosf = 17
1 1 85
csc(a—p) = =—

sin(a — ) - sina cosff —cosasinf - (_E)

3 3
r[<a<7n = §<%<f (Quadrant II)

cos? (g) =%(1+cosa) =%[1+(—§)] == = cos%= +
1

a
COSE— _\/T_O

e (§) =10 s =1~ (-] =5 = s =

.oa
Sin— =
2

gl
(=)

cos(g+[3) = cos% cos 8 —sin% sinf = (_\/%—0> (_1_§> - (\/%—0> (%) - _17\9/1_0
170



5. (@ LHS =sinx + 2sin3x + sin 5x
= (sinx + sin 3x) + (sin 3x + sin 5x)

= 2sin (’”;j) cos (x_3x) + 2sin (Sx;Sx) cos (3x;5x), by sum-to-product formula

2

= 2sin(2x) cos(—x) + 2 sin(4x) cos(—x)
= 2sin(2x) cos x + 2 sin(4x) cos x , since cosx is an even function

= 2 cos x [sin(2x) + sin(4x)]

= 2cosx - 2sin (Zx;“) cos (Zx:l'x) , by sum-to-product formula
= 2 cosx 2 sin(3x) cos(—x)

= 2 cosx - 2sin(3x) cosx, since cosx isan even function

= 4 cos? x sin3x = RHS

sin x 4+ 2 sin 3x + sin 5x = 4 cos? x sin 3x.

(b) sinx +sin3x+sin5x =0 = 4cos?xsin3x —sin3x =0 (from (a))
= sin3x(4cos’x—1)=0
= sin3x =0 or coszx=%

= sin3x=0 or %(1+c052x):i

) 1
= sin3x =0 or c052x=—5

3x =nm+ (-1)"-sin"}(0)=nr = x= n?n

or 2x=2nnicos‘1(—%)=2mri2?n = x=nni§

3 for n € Z.
6. S = cos(2x) + cos(4x) + cos(6x) + --- + cos(2nx)
Multiply both sides by 2 sin x:
2sinx S = 2 cos(2x) sinx + cos(4x) sinx + cos(6x) sinx + --- + cos(2nx) sin x
= (—sinx + sin 3x) + (—sin 3x + sin 5x) + (—sin 5x + sin 7x) + -
+ {—sin[(2n — 1)x] + sin[(2n + 1)x]}
= —sinx + sin[(2n + 1)x]

) Cn+Dx+x] . [@2n+1x—x
_sin[(2n + Dx] —sinx 03 2 Sin 2

2sinx 2sinx
_cos[(n + Dx] sin(nx)
B sinx

=




7. @ qx)=x*+4x3+4x2-9

(b)

q(1)=0 = x—1 isafactor of q(x).
q(—2) =—-9 = x4+ 2 isnota factor of q(x).
q(—3)=0 = x4+ 3 isafactor of q(x).

From (a), (x — 1) and (x + 3) are factors of q(x).
q(x) isdivisibleby (x — 1)(x +3) = x? + 2x — 3.

x2+2x+3
:xcz+2x—3/x4+4x3+4-x2 -9
x* +2x3 — 3x2
2x3 + 7x? -9
2x3 + 4x? —6x
3x2+6x —9
3x2+6x —9
By long division, q(x) = (x? + 2x — 3)(x? + 2x + 3)
=(x—-DxE+3)(x*2+2x+3)
2x3+8x2—4x+18_ 2x3 +8x% —4x + 18 A B Cx+D

= = + +
x*+4x3+4x2 -9 (x—-Dx+3)(x?*+2x+3) x—-1 x+3 x?>+2x+3

v 2x34+8x2—4x+18=A(x+3)(x?+2x +3) + B(x — 1)(x? + 2x + 3)

+(Cx+D)(x —1)(x+ 3)

Putx =1: 24=A44)(6) = A=1
Putx =—3: 48=B(-4)(6) = B=-2
Compare coefficientof x3: 2=A+B+C > C=3

Compare constant term: 18=94A—-3B—3D > D=-1

2x3+8x2—4x+18_ 1 2 N 3x — 1
x4t 4+ 4x34+4x2-9  x—1 x+3 x24+2x+3



