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GE1359      Solution to Take-home Assignment 1                      Summer 2022 

 

1. 𝑈 = [0, ∞),  𝐴 = [3, 7],  𝐵 = (5, 9],  𝐷 = {1, 2, 3, 4, 5, 6},  𝐸 = {5, 6, 7, 8, 9, 10}  

 

(a) 𝐴 ∪ 𝐸 = [3, 7] ∪ {8, 9, 10} 

 𝐵𝐶 = [0, ∞)\(5, 9] = [0, 5] ∪ (9, ∞) 

 ∴    (𝐴 ∪ 𝐸) ∩ 𝐵𝐶 = [3, 5] ∪ {10}  

 

(b) 𝐴𝐶 = [0, ∞)\[3, 7] = [0, 3) ∪ (7, ∞) 

 𝐴𝐶 ∩ 𝐵 = (7, 9]  

 (𝐴𝐶 ∩ 𝐵)𝐶 = [0, ∞)\(7, 9] = [0, 7] ∪ (9, ∞)  

 ∴    (𝐴𝐶 ∩ 𝐵)𝐶 ∪ 𝐸 = [0, 7] ∪ {8} ∪ [9, ∞) 

 

(c) 𝐴\𝐷 = (3, 7]\{4, 5, 6} = (3, 4) ∪ (4, 5) ∪ (5, 6) ∪ (6, 7] 

 𝐵\𝐸 = (5, 9)\{6, 7, 8} = (5, 6) ∪ (6, 7) ∪ (7, 8) ∪ (8, 9)  

 ∴    (𝐴\𝐷) ∩ (𝐵\𝐸) = (5, 6) ∪ (6, 7)  

 

2. (a)       𝐹(𝑥) = √
4𝑥+3

2𝑥−1
  is defined when  (i)  

4𝑥+3

2𝑥−1
≥ 0  and  (ii)  2𝑥 − 1 ≠ 0. 

  𝑥 < −
3

4
  𝑥 = −

3

4
  −

3

4
< 𝑥 <

1

2
  𝑥 =

1

2
  𝑥 >

1

2
  

Sign of (4𝑥 + 3) − 0 +  + 

Sign of (2𝑥 − 1) − − −  + 

Sign of  
4𝑥+3

2𝑥−1
 + 0 −  + 

  

  ∴    𝐷𝑜𝑚(𝐹) = (−∞, −
3

4
] ∪ (

1

2
, ∞)  

 

  Let  𝑦 = √
4𝑥+3

2𝑥−1
.  Note that  𝑦 ≥ 0   ⋯ ⋯ (1). 

  Then  𝑦2 =
4𝑥+3

2𝑥−1
   ⇒    𝑦2(2𝑥 − 1) = 4𝑥 + 3 

⇒    𝑥(2𝑦2 − 4) = 3 + 𝑦2 

⇒    𝑥 =
3+𝑦2

2𝑦2−4
  

  which has real solutions  2𝑦2 − 4 ≠ 0   ⇒    𝑦2 ≠ 2   ⇒    𝑦 ≠ ±√2   ⋯ ⋯ (2). 

  Combining (1) & (2),  

  𝑅𝑎𝑛(𝐹) = [0, ∞)\{√2}   or written as  [0, √2) ∪ (√2, ∞). 
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     (b)         𝐺(𝑥) =
2

𝑥2−6𝑥+8
   is defined when  𝑥2 − 6𝑥 + 8 ≠ 0 ⇒  (𝑥 − 2)(𝑥 − 4) ≠ 0 ⇒  𝑥 ≠ 2, 4. 

  ∴    𝐷𝑜𝑚(𝐺) = ℝ\{2, 4}. 

 

  Let  𝑦 =
2

𝑥2−6𝑥+8
.  Note that  𝑦 ≠ 0   ⋯ ⋯ (1). 

  Then  𝑦(𝑥2 − 6𝑥 + 8) = 2   ⇒    𝑦𝑥2 − 6𝑦𝑥 + 8𝑦 − 2 = 0 

⇒    𝑥 =
−(−6𝑦) ± √(−6𝑦)2 − 4𝑦(8𝑦 − 2)

2𝑦
 

  which has real solutions  (−6𝑦)2 − 4𝑦(8𝑦 − 2) ≥ 0   ⇒    4𝑦2 + 8𝑦 ≥ 0    

⇒    4𝑦(𝑦 + 2) ≥ 0 

   ⇒    𝑦 ≤ −2  or  𝑦 > 0  ⋯ ⋯ (2). 

  Combining (1) & (2),  

  𝑅𝑎𝑛(𝐹) = (−∞, −2] ∪ (0, ∞). 

 

3. Given that  𝑓: [0, ∞) ⟶ ℝ  and  𝑔: ℝ ⟶ ℝ,  where 

𝑓(𝑥) = √𝑥 − 1   and   𝑔(𝑥) = {
 𝑥 + 2    for   𝑥 < 1

     𝑥2       for   𝑥 ≥ 1 
 . 

(a) (𝑓 ∘ 𝑓)(𝑥) = 𝑓(𝑓(𝑥)) = 𝑓(√𝑥 − 1) = √√𝑥 − 1 − 1. 

(𝑓 ∘ 𝑓)(𝑥)  is defined when  √𝑥 − 1 ≥ 0 ⇒   √𝑥 ≥ 1  ⇒   𝑥 ≥ 1. 

  𝐷𝑜𝑚(𝑓 ∘ 𝑓) = [1, ∞)  

 

 (b) For  0 ≤ 𝑥 < 4,  𝑓(𝑥) = √𝑥 − 1 < 1 

   ⇒   (𝑔 ∘ 𝑓)(𝑥) = 𝑔(𝑓(𝑥)) = 𝑔(√𝑥 − 1) = (√𝑥 − 1) + 2 = √𝑥 + 1. 

  For  𝑥 ≥ 4,  𝑓(𝑥) = √𝑥 − 1 ≥ 1 

  ⇒   (𝑔 ∘ 𝑓)(𝑥) = 𝑔(𝑓(𝑥)) = 𝑔(√𝑥 − 1) = (√𝑥 − 1)
2
. 

 ∴    (𝑔 ∘ 𝑓)(𝑥) = {
    √𝑥 + 1       if   0 ≤ 𝑥 < 4

(√𝑥 − 1)
2

   if   𝑥 ≥ 4       
 

  𝐷𝑜𝑚(𝑔 ∘ 𝑓) = [0, ∞) 

 

 (c)  For  𝑥 < −1,  𝑔(𝑥) = 𝑥 + 2 < 1 

 ⇒   (𝑔 ∘ 𝑔)(𝑥) = 𝑔(𝑔(𝑥)) = 𝑔(𝑥 + 2) = (𝑥 + 2) + 2 = 𝑥 + 4. 

  For  −1 ≤ 𝑥 < 1,  𝑔(𝑥) = 𝑥 + 2 ≥ 1 

 ⇒   (𝑔 ∘ 𝑔)(𝑥) = 𝑔(𝑔(𝑥)) = 𝑔(𝑥 + 2) = (𝑥 + 2)2. 
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  For  𝑥 ≥ 1,  𝑔(𝑥) = 𝑥2 ≥ 1 

 ⇒   (𝑔 ∘ 𝑔)(𝑥) = 𝑔(𝑔(𝑥)) = 𝑔(𝑥2) = (𝑥2)2 = 𝑥4. 

 ∴    (𝑔 ∘ 𝑔)(𝑥) = {
      𝑥 + 4       if   𝑥 < −1            

(𝑥 + 2)2    if  − 1 ≤ 𝑥 < 1

𝑥4          if   𝑥 ≥ 1       

 

 𝐷𝑜𝑚(𝑔 ∘ 𝑔) = ℝ 

 

4. sin 𝛼 = −
3

5
 , where  𝜋 < 𝛼 <

3𝜋

2
  (Quadrant III) 

  

 

 

 

 

 
 

 tan 𝛽 = −
8

15
 , where  

𝜋

2
< 𝛽 < 𝜋  (Quadrant II) 

 

 

 

 

 

 
 

csc(𝛼 − 𝛽) =
1

sin(𝛼 − 𝛽)
=

1

sin 𝛼 cos 𝛽 − cos 𝛼 sin 𝛽
=

1

(−
3
5

) (−
15
17) − (−

4
5

) (
8

17)
=

85

77
 

 

 

 𝜋 < 𝛼 <
3𝜋

2
   ⇒   

𝜋

2
<

𝛼

2
<

3𝜋

4
   (Quadrant II)  

 

 cos2 (
𝛼

2
) =

1

2
(1 + cos 𝛼) =

1

2
[1 + (−

4

5
)] =

1

10
   ⇒   cos

𝛼

2
= ±

1

√10
 

 ∴    cos
𝛼

2
= −

1

√10
  

 

 sin2 (
𝛼

2
) =

1

2
(1 − cos 𝛼) =

1

2
[1 − (−

4

5
)] =

9

10
   ⇒   sin

𝛼

2
= ±

3

√10
  

 ∴    sin
𝛼

2
=

3

√10
  

 

 

cos (
𝛼

2
+ 𝛽) = cos

𝛼

2
 cos 𝛽 − sin

𝛼

2
 sin 𝛽 = (−

1

√10
) (−

15

17
) − (

3

√10
) (

8

17
) = −

9

17√10
 

= −
9√10

170
 

 

 

cos 𝛼 = −
4

5
 

 

4 

5 3 

𝛼 C 

A S 

T 

15 

17 
8 

𝛽 

sin 𝛽 =
8

17
     

cos 𝛽 = −
15

17
    

 

C 

A S 

T 

C 

A S 

T 
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5. (a) 𝐿𝐻𝑆 = sin 𝑥 + 2 sin 3𝑥 + sin 5𝑥 

= (sin 𝑥 + sin 3𝑥) + (sin 3𝑥 + sin 5𝑥) 

   = 2 sin (
𝑥+3𝑥

2
) cos (

𝑥−3𝑥

2
) + 2 sin (

3𝑥+5𝑥

2
) cos (

3𝑥−5𝑥

2
),   by sum-to-product formula 

= 2 sin(2𝑥) cos(−𝑥) + 2 sin(4𝑥) cos(−𝑥) 

   = 2 sin(2𝑥) cos 𝑥 + 2 sin(4𝑥) cos 𝑥 ,  since  cos 𝑥  is an even function 

= 2 cos 𝑥 [sin(2𝑥) + sin(4𝑥)] 

   = 2 cos 𝑥 ∙ 2 sin (
2𝑥+4𝑥

2
) cos (

2𝑥−4𝑥

2
) ,   by sum-to-product formula 

= 2 cos 𝑥 ∙ 2 sin(3𝑥) cos(−𝑥) 

  = 2 cos 𝑥 ∙ 2 sin(3𝑥) cos 𝑥,  since  cos 𝑥  is an even function 

= 4 cos2 𝑥 sin 3𝑥 = 𝑅𝐻𝑆 

∴    sin 𝑥 + 2 sin 3𝑥 + sin 5𝑥 = 4 cos2 𝑥 sin 3𝑥. 

 

      (b) sin 𝑥 + sin 3𝑥 + sin 5𝑥 = 0   ⇒    4 cos2 𝑥 sin 3𝑥 − sin 3𝑥 = 0   (from (a)) 

   ⇒    sin 3𝑥 (4 cos2 𝑥 − 1) = 0    

   ⇒    sin 3𝑥 = 0   or   cos2 𝑥 =
1

4
 

   ⇒    sin 3𝑥 = 0   or   
1

2
(1 + cos 2𝑥) =

1

4
 

  ⇒    sin 3𝑥 = 0   or   cos 2𝑥 = −
1

2
 

 ∴    3𝑥 = 𝑛𝜋 + (−1)𝑛 ∙ sin−1(0) = 𝑛𝜋  ⇒    𝑥 =
𝑛𝜋

3
 

 or   2𝑥 = 2𝑛𝜋 ± cos−1 (−
1

2
) = 2𝑛𝜋 ±

2𝜋

3
  ⇒    𝑥 = 𝑛𝜋 ±

𝜋

3
 

 ∴    𝑥 =
𝑛𝜋

3
   or    𝑥 = 𝑛𝜋 ±

𝜋

3
   for  𝑛 ∈ ℤ. 

  

6. 𝑆 = cos(2𝑥) + cos(4𝑥) + cos(6𝑥) + ⋯ + cos(2𝑛𝑥) 

 Multiply both sides by  2 sin 𝑥: 

 2 sin 𝑥 ∙ 𝑆 = 2 cos(2𝑥) sin 𝑥 + cos(4𝑥) sin 𝑥 + cos(6𝑥) sin 𝑥 + ⋯ + cos(2𝑛𝑥) sin 𝑥 

= (− sin 𝑥 + sin 3𝑥) + (− sin 3𝑥 + sin 5𝑥) + (− sin 5𝑥 + sin 7𝑥) + ⋯

+ {− sin[(2𝑛 − 1)𝑥] + sin[(2𝑛 + 1)𝑥]} 

= − sin 𝑥 + sin[(2𝑛 + 1)𝑥] 

⇒    𝑆 =
sin[(2𝑛 + 1)𝑥] − sin 𝑥

2 sin 𝑥
=

2 cos [
(2𝑛 + 1)𝑥 + 𝑥

2 ] sin [
(2𝑛 + 1)𝑥 − 𝑥

2 ]

2 sin 𝑥
 

=
cos[(𝑛 + 1)𝑥] sin(𝑛𝑥)

sin 𝑥
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7. (a) 𝑞(𝑥) = 𝑥4 + 4𝑥3 + 4𝑥2 − 9 

  𝑞(1) = 0   ⇒    𝑥 − 1  is a factor of  𝑞(𝑥). 

  𝑞(−2) = −9   ⇒    𝑥 + 2  is not a factor of  𝑞(𝑥). 

  𝑞(−3) = 0   ⇒    𝑥 + 3  is a factor of  𝑞(𝑥). 

 

(b) From (a),  (𝑥 − 1) and  (𝑥 + 3)  are factors of 𝑞(𝑥). 

∴    𝑞(𝑥)  is divisible by  (𝑥 − 1)(𝑥 + 3) = 𝑥2 + 2𝑥 − 3. 

 

By long division,  𝑞(𝑥) = (𝑥2 + 2𝑥 − 3)(𝑥2 + 2𝑥 + 3) 

= (𝑥 − 1)(𝑥 + 3)(𝑥2 + 2𝑥 + 3)   

    

2𝑥3 + 8𝑥2 − 4𝑥 + 18

𝑥4 + 4𝑥3 + 4𝑥2 − 9
=

2𝑥3 + 8𝑥2 − 4𝑥 + 18

(𝑥 − 1)(𝑥 + 3)(𝑥2 + 2𝑥 + 3)
≡

𝐴

𝑥 − 1
+

𝐵

𝑥 + 3
+

𝐶𝑥 + 𝐷

𝑥2 + 2𝑥 + 3
 

   

  ∴   2𝑥3 + 8𝑥2 − 4𝑥 + 18 = 𝐴(𝑥 + 3)(𝑥2 + 2𝑥 + 3) + 𝐵(𝑥 − 1)(𝑥2 + 2𝑥 + 3) 

           +(𝐶𝑥 + 𝐷)(𝑥 − 1)(𝑥 + 3)   

 

Put 𝑥 = 1:     24 = 𝐴(4)(6)   ⇒   𝐴 = 1 

Put 𝑥 = −3:     48 = 𝐵(−4)(6)  ⇒   𝐵 = −2 

  Compare coefficient of 𝑥3:     2 = 𝐴 + 𝐵 + 𝐶  ⇒    𝐶 = 3 

  Compare constant term:     18 = 9𝐴 − 3𝐵 − 3𝐷  ⇒    𝐷 = −1 

∴   
2𝑥3 + 8𝑥2 − 4𝑥 + 18

𝑥4 + 4𝑥3 + 4𝑥2 − 9
=

1

𝑥 − 1
−

2

𝑥 + 3
+

3𝑥 − 1

𝑥2 + 2𝑥 + 3
 

 

 

 


