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Discrete-Time LTI Systems

x(t) = Ax(t) + Bu(t), x(0) = x,
y(t) = Cx(t) + Du(t)

I | | | | |
0 h 2h 3h kh  (k+1)h

() ~ x((k + 1)2) — x(kh)

=)
x((k + 1)h) = hAx(kh) + x(kh) + hBu(kh)
= [RA + I]x(kh) + [hBlu(kh)

9
Xik+1 = Axk + Buk

Easily:
yi = Cx; + Duy, = Cxy + Duy,



Difference Equations

X1 = Ax, + Buy
In one-dimensional setting, it is a difference equation:
Xg+1 — QX = bug
Or, in general,
Xig+n T A1 Xk4n—1 T A2 Xgqn—2 T+ A1 X1 + ApXy

= boUg4n + D1Ugyn—1 + -+ by_qUpsq + bpug

Recall: Z- Transform

Z{xx} = X(2), Z{xgin} =2"X(2), Z{xp_n} =2""X(2)
—)
z"X(z) + a;z" X (2) + -+ a,_12zX(2) + a, X (2) = byz"U(2) + --- + b,,U(2)

—
X(z) _ boz™+byz" 1+ tby_1z+by

U(z)  z"+az" 1++an_1z+an

Transfer Function: G(z) =



0 h 2h 3h kh  (k+1)h

x((k + 1)h) — x(kh)

x(t) = h

Exercise:

Convert the following one-dimensional differential equation to
a difference equation:

X(t) + 2x(t) — x(t) = u(t) (10 minutes)



0 h 2h 3h kh  (k+1)h

x((k + 1)h) — x(kh)
h

x(t) =

Exercise:

Convert the following one-dimensional differential equation to
a difference equation:

X(t) + 2x(t) — x(t) = u(t)

Solution:
SO i+ ) - i@
X(t) = n
_ 1 [x(k+2)h)=x((k+1)h)  x((k+1)h)-x(kh)
“ h h h

= —[x(Ck + 2)h) — 2x((k + DR) + x(kh)]

1
=132 [Xkt+2 — 2Xp41 + X ]



Exercise: Consider the following difference equation:
Vk+2 T Vg1 + Vg = Uy

1
X

By defining x; = [ ’;] with x,% = v}, and x,% = Vi1,
Xk

write this difference equation in the state-space form. (5 minutes)



Exercise: Consider the following difference equation:
Uitz T Vgs1 T Vg = Ug
51
By defining x;, = [ ’;] with x; = v, and xf = Vy4q,
Xk
write this difference equation in the state-space form.

Solution: Xpoi = _01 _11] Xy + [(1)] Up

Vi = [1 O] X

Next, consider the following general difference equation:

VikantTA1Vgin—1 T AVgpn—2 + "+ Ap_1 Vg1 + AUk

= boUg+4n + D1Ugyn—1 + -+ bpy_qUp4q + bpug



General difference equation:
Vk4ntA1Vk4n-1 + AQ2Vg4n—2 t "+ Qn_1Vk41 + AnVg

= boUg4n + D1Ugin—1 + -+ bpy_qUp4q + bpuy

State-Space Canonical form:

0 1 0 S ]
o0 1 ¢ B
A= , B=| + |, C=[10 0], D = [B]
0 . 1 IBn—l
—a, -+ T4z —ap) | S |
Bo = by
B = by — a,By

B, = b, — a1 — a2
Bs = by — a1, — a1 — asPy

Bua= by g — @Pyurg— iy 3Py — @, a2y
Bn = bn - aan~1 - an—lBl - an-lBO



General difference equation:
Vk4ntA1Vk4n-1 + AQ2Vg4n—2 t "+ Qn_1Vk41 + AnVg

= boUg4n + D1Ugin—1 + -+ bpy_qUp4q + bpuy

State-Space Canonical form:

0 1 - 0 1 " By ]
o0 1 B2
A= , B = |, C=[10 0],D—[ﬁ0]
0 . 1 IBn—l
—a, -+ —a —ag] | B,
Bo = by
Bi = by — aiBy Exercise:
Bf i Zf : Zlgl : ZLZU il Vk+3 + ka+2 — 3vk+1 ~+ 10vk
Lo = 2Up41 — Ug
Find: 4, B, C, D (5 minutes)
Bn*l = bnfl - aan*Q - an*ZBl - an*IBU

IBH = bn - aan—l - an—llBl - an—IIBO



General difference equation:

VikanTA1 Vkyn—1 T AVkypn—2 T *+ Ap_1Vk41 T AU

= boUg4n + D1Ugin—1 + -+ bpy_qUp4q + bpuy

State-Space Canonical form:

0 1 0
0 1
A= , B =
0 1
—an —d; —aq]
Bo = by
Bi = by — a6y

B = by — a1 — axPy
Bs = by —aiB — axB1 — a3P

- an—lﬁl
= @14

Bn—l = bn—l - aan—Z -
IBH = bn - aan—l -

B, -

s
Brs

| Bn |

- a,- IB()
— a,-1B

Exercise:

Vg3 + 2Vp42 — 3Vp41 + 1004

= 2Upy1 — Uy
Solution:
0 1 O 0
A=| 0 0O 11|,B=]|2]
—-10 3 -2 -5

C=[100], D=][0]



Consider SISO LTI system:
Xik+1 — Axk + Buk

Vi = ka + Duk
Z - Transform -

zX(z) = AX(z) + BU(2)

Y(z) = CX(z) + DU(2)

Exercise: Find Transfer Function G;(z) = 58 =7?

and Transfer Function G,(z) = 58 =7? (5 minutes)



zX(z) = AX(z) + BU(2)
Y(z) = CX(z) + DU(2)

Solution:
Transfer Function G;(z) = 5&2 =(zI —A)™'B
Transfer Function G,(z) = 52 =C(zI-A)™'B+D

=
Stability:

Continuous-time LTI systems: Poles are inside LHP in s-plane

Discrete-time LTI systems: Poles are inside unit circle in z-plane



Recall:
Vkt+2 T Vg1 + Vg = Uy
o
Defining x;, = [ ';] with x; = v, and X7 = V4
Xk

i N _[0 1] 0
k+1 =1 _q xk"‘[l]uk

UV = [1 0] X

Exercise: Is this system stable? (10 minutes)



Solution:
Xk+1 = [_01 _11] Xk + [(1)] Uy
v = [1 0] x4

=

Transfer Function:

11t 1
G(z) = Clzl - A]"'B =[1 0] ﬁ z+11 [(1)] T Z224z+1

Or Vgyz + Vgyr + Vg = Ui

1
Z24+7+1

> VAV +V=U > - =

Poles: pi, = —%ij\/; > |p2|>1 > unstable

Note: For continuous-time LTI systems, these are stable poles !



Consider:

X(2) =zl —A)™'BU(2)

Y(z) =[C(zI — A)'B + D]U(2)
Inverse z -Transform

(with zero initial conditions)

N k k
X = {Pr} * {ug} = z Op_; Bu;_ = zAk_i Bu;_4
i=1 =1
(convolution)
(with non-zero initial condition x, # 0)
9

Kk
x, = A¥xy + Z A 'Bu;_,
i=1



In fact:

Xr+1 = Axy + Bu,,

—
x1 = Axy + Bu,
Xy = Ax, + Bu, = A[Axy + Buy] + Bu; = A*xy + (Bu, + ABu,)
X3 = Ax, + Bu, = -+ = A3xy, + (Bu, + ABu, + A*Bu,)

Note: U, 4
: Controllability
2 .. An—1 .
[B AB A°B --A""B | Uq = condition
- to %MatlLab

co = ctrb (A,B)



Xr+1 = Ax, + Bu,,

Y =Cx;, (D =0)

Similarly:
Yo = Cxg
yl - Cx1 - CAxO + CBuO
yz = sz = CAZxO + ---
Yn-1=Cxpq = CAn_le + -
=
_ i’/" | [ ¢ | Observability
51 = C:A Xy + -+ ==mp condition
Vn-11 LCA™1]

%MatlLab
ob = obsv (A,C);



Exercise:

Verify the controllability and observability of the following
discrete-time LTI system: (10 minutes)

Uk+3 T 2Vkt2 — V41 + 100 = 2041 — Uy

Yk = Vg



Exercise:

Verify the controllability and observability of the following
discrete-time LTI system: (10 minutes)

Vk+3 t 2Vp42 — 3Vpq1 + 100 = 2Upq1 —uy

Yk = Vg

Solution: Recall

0 1 O 0
A=l0 o0 1| B= 2‘,6=[100],D=[0]
—-10 3 -2 -5
—
0 2 -5
[B AB A’B]l=|2 -5 16 ‘ - Controllable
-5 16 —-67
C 1 0 O
CA|l=10 1 0] - Observable
C A? 0O 0 1




END



