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Course Information

• EE3109 Applied Electromagnetics
• Lecture + Tutorial: Thurs 3-6pm (Yeung B4302)
• Lab Sessions: (Yeung P1615)

• Session 1: Weeks 10 & 12, Wed 9am - 12nn (31 students)
• Session 2: Weeks 9 & 11, Wed 9am - 12nn (32 students)
• Session 3: Weeks 10 & 12, Fri 7pm - 10pm (11 students)

• Lecturer:
• Dr. Alex M. H. Wong (Assistant Professor, Yeung G6516)

• Teaching Assistants:
• Mr. Tayyab Ali KHAN (tkhan6-c AT my.cityu.edu.hk)
• Mr. Bo XUE (boxue3-c AT my.cityu.edu.hk)

• Office Hours: Friday 1:30-2:30pm
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Metasurfaces for Imaging and Communication
Metasurfaces allow one to generate or tune an

incident EM wave with great flexibility. We
study and build metasurfaces with
arbitrary properties, and demonstrate
their use in next generation
communication and imaging systems

𝜃𝜃𝑖𝑖
𝒌𝒌𝒊𝒊 𝒌𝒌𝒓𝒓

𝜃𝜃𝑟𝑟 𝒌𝒌𝒔𝒔

Metasurface

Super-Resolution can be
achieved by creatively applying
EM-wave theory and by
arranging metasurfaces in novel
geometries. We examine how
super-resolution systems can
be best applied towards
scientific and medical imaging,
antenna systems and power
transfer.
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Passive Discretized Huygens’ Metasurfaces

Passive Discreteized Huygens’ Metasurfaces allow very simple
metasurface unit cells to perform at high performance over
broad bandwidth and angular width, hence opening a practical
avenue to mm-wave and THz high-performance metasurfaces. Dr. Alex M. H. Wong

Discrete Huygens’
metasurface
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Tentative Course Schedule
Week 
#

Week 
of

Course Coverage

1 Jan 9 Course Introduction, Math Review
2 Jan 16 Introduction to Maxwell Equations, Materials and Boundaries

Jan 23 Happy Chinese New Year!
3 Jan 30 Wave Equations, Plane Waves, Propagation in Lossy Media
4 Feb 6 Polarizations, EM Potential  Asst. 1a Due
5 Feb 13 Reflection and Transmission  Asst. 1b Due
6 Feb 20 Test 1,   Electromagnetics R&D
7 Feb 27 Poynting vector, Power and Velocity
8 Mar 6 Waveguides and Transmission Lines (TL)
9 Mar 13 VIP in a TL, Terminated and Lossy TLs, Asst. 2 Due, Lab 1 

Begins
10 Mar 20 Impedance in a TL, Smith Charts, 
11 Mar 27 Smith Charts Cont’d, Impedance Matching, Quarter-wave 

Transformers, Lab 2 Begins
12 Apr 3 Test 2,   Introduction to Antennas
13 Apr 10 Dipole Antennas, Asst. 3 Due



Review and preview

• Last class we reviewed the prerequisite 
mathematics required in this course

• This class we will introduce Maxwell’s equations, 
which govern time-varying electric and magnetic 
fields

• We will then examine how materials and boundary 
conditions affect electromagnetic waves
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Outline

• Course Matter
• Intro to Maxwell’s Equations
• Electromagnetic Materials
• Electromagnetic Boundary Relations
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Fundamental EM field quantities:
1. Electric field intensity E
2. Electric flux density D
3. Magnetic flux density B
4. Magnetic field intensity H

The principal objective of studying electromagnetism is to
understand the interaction between charges and currents at a
distance.

( )mV /

( )T
( )mA /

)mC( 2/

We have fundamental postulates relating E, D, B, H and the 
source quantities J and ρ.

Preview to Maxwell’s Equations
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Electrostatics / Magnetostatics

• Study of electric and magnetic phenomena when 
quantities do not vary with time

• When is a static solution appropriate?
• When the wavelength is long compared to the device 

size
• When the wave’s time period is long compared to the 

time scale is interest
• If these conditions are not true, we need to consider 

time-varying electromagnetics
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Electrostatic  postulates Magnetostatic postulates

0E =×∇
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Constitutive relations (linear and isotropic media) :

D = εE B = μH

ε  = εrε0 : permittivity μ = μrμ0 : permeability

ε0 : 8.854 x 10-12 (F/m) μ0 = 4 π x 10-7 (H/m)

Conservative Electric Field

Gauss’ Law

Non-existence of magnetic monopole

Ampere’s Law (ver. 1)
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Quasi-Statics: Faraday’s law of Electromagnetic Induction:

differential form

integral form

= emf induced in circuit 
with contour C (V)

= magnetic flux crossing 
surface S (Wb)

“Electromagnetic force induced in a stationary closed circuit is 
equal to the negative rate of increasing of magnetic flux linking 
the circuit.”
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𝛻𝛻 × 𝐄𝐄 = −
𝜕𝜕𝐁𝐁
𝜕𝜕𝜕𝜕

�
𝐶𝐶
𝐄𝐄 ⋅ 𝑑𝑑𝐥𝐥 = −�

𝑆𝑆

𝜕𝜕𝐁𝐁
𝜕𝜕𝜕𝜕

⋅ 𝑑𝑑𝐬𝐬

𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒 = �
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𝐄𝐄 ⋅ 𝑑𝑑𝐥𝐥

𝜙𝜙 = −�
𝑆𝑆
𝐁𝐁 ⋅ 𝑑𝑑𝐬𝐬

𝑉𝑉𝑒𝑒𝑒𝑒𝑒𝑒 = −
𝜕𝜕𝜙𝜙
𝜕𝜕𝜕𝜕



James Clerk Maxwell

• British physicist, 1831-1879
• Maxwell proposed that light is 

an undulation in the same 
medium that is the cause of 
electric and magnetic 
phenomena.

• The unification of light and 
electrical phenomena also led 
to the prediction of the 
existence of radio waves

• In a millennium poll—a survey 
of the 100 most prominent 
physicists—Maxwell was voted 
the third greatest physicist of 
all time, behind only Newton 
and Einstein.
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Quasi-Electrostatic  postulates Magnetostatic postulates

JH


=×∇

ρ=⋅∇ D


0B =⋅∇


IH
c

=⋅∫ ld


0B
s

=⋅∫ sd


QsdD
s

=⋅∫


or

or

or

or

Faraday’s Law

Gauss’ Law

Non-existence of magnetic monopole

Ampere’s Law (ver. 1)

�
C

E ⋅ 𝑑𝑑𝑙𝑙 = −�
S

𝑑𝑑B
𝑑𝑑𝑑𝑑

⋅ 𝑑𝑑s⃑

𝛻𝛻 × E = −
𝑑𝑑B
𝑑𝑑𝑑𝑑

I  : Total current through S

Q : Total charge contained in volume V bounded by 
Surface S

Electromagnetic Postulates 
Considered by Maxwell



Consider Ampere’s Law:

J0

⋅∇=
J)H(

⋅∇=×∇⋅∇

(from the null identity)

which is inconsistent with the principle of conservation of 
charge:

J-

⋅∇=

∂
ρ∂
t

: equation of continuity

What is missing? Maxwell’s Solution….
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𝛻𝛻 ⋅ 𝛻𝛻 × 𝐇𝐇 −
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝛻𝛻 ⋅ 𝐉𝐉

𝛻𝛻 ⋅ 𝛻𝛻 × 𝐇𝐇 −
𝜕𝜕 𝛻𝛻 ⋅ 𝐃𝐃

𝜕𝜕𝜕𝜕
= 𝛻𝛻 ⋅ 𝐉𝐉

𝛻𝛻 ⋅ 𝛻𝛻 × 𝐇𝐇 − 𝛻𝛻 ⋅
𝜕𝜕𝐃𝐃
𝜕𝜕𝜕𝜕

= 𝛻𝛻 ⋅ 𝐉𝐉

𝛻𝛻 ⋅ 𝛻𝛻 × 𝐇𝐇−
𝜕𝜕𝐃𝐃
𝜕𝜕𝜕𝜕

= 𝛻𝛻 ⋅ 𝐉𝐉

(Used Gauss’ law)

EE3109 Jan - Apr 2023, L02 - Maxwell's Equations; Materials and Boundaries



Cont’d from last page: 

Hence Maxwell rewrote Ampere’s Law to
to establish consistency with current continuity.

He called 𝐉𝐉𝑑𝑑 = 𝜕𝜕𝐃𝐃
𝜕𝜕𝜕𝜕

the displacement current density.

The modified Ampere’s Law shows that a time-varying E-
field can give rise to an H-field, even in the absence of J.
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𝛻𝛻 ⋅ 𝛻𝛻 × 𝐇𝐇−
𝜕𝜕𝐃𝐃
𝜕𝜕𝜕𝜕

= 𝛻𝛻 ⋅ 𝐉𝐉

𝛻𝛻 × 𝐇𝐇 −
𝜕𝜕𝐃𝐃
𝜕𝜕𝜕𝜕

= 𝐉𝐉

𝛻𝛻 × 𝐇𝐇 = 𝐉𝐉 +
𝜕𝜕𝐃𝐃

𝜕𝜕𝜕𝜕



Example 0: Visualizing the Displacement Current

Conduction current
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Maxwell’s Equations
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Differential Form Integral Form

𝛻𝛻 × 𝐄𝐄 = −
𝜕𝜕𝐁𝐁
𝜕𝜕𝜕𝜕

𝛻𝛻 × 𝐇𝐇 = 𝐉𝐉 +
𝜕𝜕𝐃𝐃
𝜕𝜕𝜕𝜕

𝛻𝛻 ⋅ 𝐃𝐃 = 𝜌𝜌

𝛻𝛻 ⋅ 𝐁𝐁 = 0

�
C
𝐄𝐄 ⋅ 𝑑𝑑𝒍𝒍 = −�

S

𝑑𝑑𝐁𝐁
𝑑𝑑𝑑𝑑

⋅ 𝑑𝑑𝐬𝐬

�
C
𝐇𝐇 ⋅ 𝑑𝑑𝒍𝒍 = �

S
𝐉𝐉 +

𝑑𝑑𝐃𝐃
𝑑𝑑𝑑𝑑

⋅ 𝑑𝑑𝐬𝐬 = 𝐼𝐼𝑐𝑐 + 𝐼𝐼𝑑𝑑

�
S
𝐃𝐃 ⋅ 𝑑𝑑𝐬𝐬 = Q

�
S
𝐁𝐁 ⋅ 𝑑𝑑𝐬𝐬 = 0

Faraday’s Law

Ampere’s Law

Gauss’ Law

Non-existence of
Magnetic
monopole

Current Continuity

𝛻𝛻 ⋅ 𝐉𝐉 = −
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

Constitutive Relationship

𝐃𝐃 = 𝜖𝜖𝐄𝐄 𝐁𝐁 = 𝜇𝜇𝐇𝐇

Question:

How many equations and 
unknowns do we have?



Maxwell’s Equations:
Equations and Unknowns

• The Maxwell’s equations are not all independent: the 
divergence equations can be derived by the curl 
equations and the continuity relationship.

• Further, the continuity relationship relates current to 
charge in an environment.

• Hence when the material and source are known, the 
curl equations and constitutive relationships can be 
solved to find the fields and flux densities (i.e. 12 
equations and 12 unknowns!)

• Conclusion: When the material and source are known, 
one can uniquely determine {𝐄𝐄,𝐇𝐇,𝐁𝐁,𝐃𝐃} for all space 
and all time
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Example 1
If 𝐄𝐄(𝑡𝑡) = 𝐴𝐴0 sin 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + 𝜙𝜙 �𝐱𝐱, find 𝐇𝐇(𝑡𝑡)

Solution

Use Faraday’s Law: 𝛻𝛻 × 𝐄𝐄 = −𝜕𝜕𝐁𝐁
𝜕𝜕𝜕𝜕

= −𝜇𝜇 𝜕𝜕𝐇𝐇
𝜕𝜕𝜕𝜕

Let 𝐸𝐸0 = 𝐴𝐴0 sin 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + 𝜙𝜙 , s.t. 𝐄𝐄 = 𝐸𝐸0 �𝐱𝐱

LS = 𝜕𝜕
𝜕𝜕𝜕𝜕

, 𝜕𝜕
𝜕𝜕𝜕𝜕

, 𝜕𝜕
𝜕𝜕𝜕𝜕

× 𝐸𝐸0, 0,0

=

�𝐱𝐱 �𝐲𝐲 �𝐳𝐳
𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝑦𝑦

𝜕𝜕
𝜕𝜕𝑧𝑧

𝐸𝐸0 0 0
= 𝜕𝜕𝐸𝐸0

𝜕𝜕𝜕𝜕
�𝐲𝐲 = −𝛽𝛽𝐴𝐴0 cos 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + 𝜙𝜙 �𝐲𝐲 .

RS = LS: −𝜇𝜇 𝜕𝜕𝐇𝐇
𝜕𝜕𝜕𝜕

= −𝛽𝛽𝐴𝐴0 cos 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + 𝜙𝜙 �𝐲𝐲

⇒ 𝐇𝐇(𝑡𝑡) = 𝛽𝛽
𝜇𝜇
𝐴𝐴0 ∫ cos 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + 𝜙𝜙 𝑑𝑑𝑑𝑑 �𝐲𝐲 = 𝛽𝛽

𝜔𝜔𝜔𝜔
𝐴𝐴0 sin 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + 𝜙𝜙 �𝐲𝐲 + 𝐂𝐂
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Cont’d:

𝐇𝐇(𝑡𝑡) =
𝛽𝛽
𝜔𝜔𝜔𝜔

𝐴𝐴0 sin 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + 𝜙𝜙 �𝐲𝐲 + 𝐂𝐂 =
𝛽𝛽
𝜔𝜔𝜇𝜇

𝐸𝐸0 �𝐲𝐲 + 𝐂𝐂

Remarks:
1. It is usually easier to let the known quantity be the argument inside 

the curl operation.

2. We will often see the term 𝜔𝜔𝜇𝜇
𝛽𝛽

(written in various ways). It is in some 
ways related to the “impedance” of the material.

3. What is the integration constant 𝐂𝐂?
It is a constant w.r.t. time (but not w.r.t. space), i.e. a static H field 
that can exist independent of the E field.
For the purpose of this course, we will ignore its presence to 
concentrate on the time varying field.

EE3109 Jan - Apr 2023, L02 - Maxwell's Equations; Materials and Boundaries 21



Simplifying Maxwell’s Equations 
with Phasors
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Time Domain Differential Form Phasor Differential Form

𝛻𝛻 × 𝐄𝐄 = −𝜇𝜇
𝜕𝜕𝐇𝐇
𝜕𝜕𝜕𝜕

𝛻𝛻 × 𝐇𝐇 = 𝐉𝐉 + 𝜀𝜀
𝜕𝜕𝐄𝐄
𝜕𝜕𝜕𝜕

𝛻𝛻 ⋅ 𝐄𝐄 = 𝜌𝜌/𝜀𝜀

𝛻𝛻 ⋅ 𝐇𝐇 = 0

Faraday’s Law

Ampere’s Law

Gauss’ Law

Non-existence of
Magnetic
monopole

𝛻𝛻 × 𝐄𝐄 = −𝑗𝑗𝑗𝑗𝑗𝑗𝐇𝐇

𝛻𝛻 × 𝐇𝐇 = 𝐉𝐉 + 𝑗𝑗𝑗𝑗𝑗𝑗𝐄𝐄

𝛻𝛻 ⋅ 𝐄𝐄 = 𝜌𝜌/𝜀𝜀

𝛻𝛻 ⋅ 𝐇𝐇 = 0

When waves of only one frequency are considered, Maxwell’s 
Equations are greatly simplified using phasors!



Example 2
If 𝐇𝐇(𝑡𝑡) = 𝐴𝐴0 sin 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + 𝜙𝜙 �𝐱𝐱, find 𝐄𝐄 𝑡𝑡 (Assume there is no source in the 
environment.

Solution

First convert into a phasor: 𝐇𝐇 = 𝐴𝐴0𝑒𝑒
𝑗𝑗(𝜙𝜙−𝜋𝜋2)𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 �𝐱𝐱 = 𝐻𝐻0 �𝐱𝐱

Use Ampere’s Law (phasor form): 𝛻𝛻 × 𝐇𝐇 = 𝐽𝐽 + 𝑗𝑗𝑗𝑗𝑗𝑗𝐄𝐄

⇒ 𝐄𝐄 =
1
𝑗𝑗𝑗𝑗𝑗𝑗

𝛻𝛻 × 𝐇𝐇 =
1
𝑗𝑗𝑗𝑗𝑗𝑗

𝜕𝜕
𝜕𝜕𝜕𝜕

,
𝜕𝜕
𝜕𝜕𝜕𝜕

,
𝜕𝜕
𝜕𝜕𝜕𝜕

× 𝐻𝐻0, 0,0

=
1
𝑗𝑗𝑗𝑗𝑗𝑗

�𝐱𝐱 �𝐲𝐲 �𝐳𝐳
𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝜕𝜕

𝐻𝐻0 0 0

=
1
𝑗𝑗𝑗𝑗𝑗𝑗

𝜕𝜕𝐻𝐻0
𝜕𝜕𝜕𝜕

�𝐲𝐲 = −
𝛽𝛽
𝜔𝜔𝜔𝜔

𝐇𝐇0 �𝐲𝐲

Convert back into time domain: 𝐄𝐄 𝑡𝑡 = − 𝛽𝛽
𝜔𝜔𝜔𝜔
𝐴𝐴0 sin 𝜔𝜔𝜔𝜔 − 𝛽𝛽𝛽𝛽 + 𝜙𝜙 �𝐲𝐲
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Remarks:
1. Computation is made much easier when phasor notation 

is used!

2. There is no ambiguity with the integration constant, 
because by using the phasor formulation we are just 
examining one frequency.

3. In both Examples 1 and 2, E and H have the same 
magnitude ratio (meaning the quantity |E|/|H| does not 
depend on space or time), and are orthogonal to one-
another. We shall see next time why this is the case.
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Summary

• In this class section we
• Reviewed electro/magneto/quasi-statistics
• Introduced Maxwell and Maxwell’s equations
• Used Maxwell’s equations to solve for electromagnetic 

fields
• Introduced and demonstrated the usage of Maxwell’s 

equations in phasor formulation
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Outline

• Course Matter
• Intro to Maxwell’s Equations
• Electromagnetic Materials
• Electromagnetic Boundary Relations
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Simplifying Maxwell’s Equations 
with Phasors

Time Domain Differential Form Phasor Differential Form

𝛻𝛻 × 𝐄𝐄 = −𝜇𝜇
𝜕𝜕𝐇𝐇
𝜕𝜕𝜕𝜕

𝛻𝛻 × 𝐇𝐇 = 𝐉𝐉 + 𝜀𝜀
𝜕𝜕𝐄𝐄
𝜕𝜕𝜕𝜕

𝛻𝛻 ⋅ 𝐄𝐄 = 𝜌𝜌/𝜀𝜀

𝛻𝛻 ⋅ 𝐇𝐇 = 0

Faraday’s Law

Ampere’s Law

Gauss’ Law

Non-existence of
Magnetic
monopole

𝛻𝛻 × 𝐄𝐄 = −𝑗𝑗𝑗𝑗𝑗𝑗𝐇𝐇

𝛻𝛻 × 𝐇𝐇 = 𝐉𝐉 + 𝑗𝑗𝑗𝑗𝑗𝑗𝐄𝐄

𝛻𝛻 ⋅ 𝐄𝐄 = 𝜌𝜌/𝜀𝜀

𝛻𝛻 ⋅ 𝐇𝐇 = 0

Take a look at Ampere’s Law… (what is the unit of 𝑗𝑗𝑗𝑗𝑗𝑗𝐄𝐄 ?)
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A complex permittivity

𝛻𝛻 × 𝐇𝐇 = 𝐉𝐉c + 𝐉𝐉d = 𝜎𝜎𝐄𝐄 + 𝑗𝑗𝑗𝑗𝑗𝑗𝐄𝐄 = j𝜔𝜔 𝜀𝜀 − 𝑗𝑗 𝜎𝜎
𝜔𝜔

𝐄𝐄 ≡ 𝑗𝑗𝑗𝑗𝜀𝜀𝑐𝑐𝐄𝐄

Define:

𝜀𝜀𝑐𝑐 = 𝜀𝜀′ − 𝑗𝑗𝜀𝜀′′ ≡ 𝜀𝜀 − 𝑗𝑗
𝜎𝜎
𝜔𝜔

Good insulator: 𝜀𝜀′ ≫ 𝜀𝜀𝜀𝜀 (𝜔𝜔𝜔𝜔 ≫ 𝜎𝜎)

Good conductor: 𝜀𝜀′′ ≫ 𝜀𝜀𝜀 (𝜎𝜎 ≫ 𝜔𝜔𝜀𝜀)
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Example 1: Ulaby 6.18
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Question 1: What happens if you place a certain amount of free charge inside of a material?
Answer: The charge will move to the surface of the material, thereby returning its interior to a 
neutral state.

Question 2: How fast will this happen?
Answer: It depends on the material; in a good conductor, the charge dissipates in less than a 
femtosecond, whereas in a good dielectric, the process may take several hours.

Charge Dissipation from a Conductor

Derivation of charge density equation:
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Solution of Charge Dissipation Equation

For copper:  

For mica: = 15 hours
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Complicated Permittivity and 
Permeability

• For simple medium, this applies:

• More complicated constitutive relationships exist:

• Anisotropic material: 𝐃𝐃 =
𝜀𝜀𝑥𝑥 0 0
0 𝜀𝜀𝑦𝑦 0
0 0 𝜀𝜀𝑧𝑧

𝐄𝐄

• Tensorial permittivity material: 𝐃𝐃 = ̿𝜀𝜀𝐄𝐄
• Bi-anisotropic material: 𝐃𝐃 = ̿𝜀𝜀𝐄𝐄 + 𝜅̿𝜅𝐇𝐇
• Non-linear material: 𝐃𝐃 = 𝜀𝜀0 1 + 𝜒𝜒 1 𝐸𝐸 + 𝜒𝜒 2 𝐸𝐸2 + 𝜒𝜒 3 𝐸𝐸3 …

• Notice: this means new frequencies are generated!

Constitutive Relationship
𝐃𝐃 = 𝜖𝜖𝐄𝐄 𝐁𝐁 = 𝜇𝜇𝐇𝐇
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Metamaterials

• Permittivity (𝝐𝝐, 
“epsilon”) and 
permeability (𝝁𝝁, 
“mu”) denote a 
material’s response to 
electric and magnetic
fields

• By engineering the 
material structure, 
one can achieve 
material properties 
unfound in nature

Natural 
Materials

(𝜖𝜖𝑟𝑟 ≥ 1;
𝜇𝜇𝑟𝑟 ≥ 1)

M
N

Z

ENZ

Magneto-optic 
Materials

(𝝁𝝁-negative)

Plasmonic
Materials

(𝝐𝝐-negative)

Double
Negative

(“Left-Handed”)
Materials

𝜀𝜀𝑟𝑟

𝜇𝜇𝑟𝑟
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Some Example Metamaterials
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Outline

• Course Matter
• Intro to Maxwell’s Equations
• Electromagnetic Materials
• Electromagnetic Boundary Relations
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Electric Boundary Conditions

36



Magnetic Boundary Conditions
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Boundary Conditions

• Summary: Boundary Conditions remain the same 
for electro/magneto-statics and electromagnetics
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Summary

• In this class section we looked at
• Electromagnetic material properties (𝜀𝜀𝑐𝑐 , 𝜇𝜇,𝜎𝜎)
• Relationship between electromagnetic fields across a 

boundary of two different materials
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