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First-Order Differential Equation

• Separable Equations

• Exact Equations 

• Integrating Factors

• Bernoulli Equations. 



Separable Equations
• Type 1)   𝑓 𝑥 𝑑𝑥 + 𝑔 𝑦 𝑑𝑦 = 0 ⟹ ∫𝑓 𝑥 𝑑𝑥 + ∫𝑔 𝑦 𝑑𝑦 = 𝐶

General Solution: 𝐹 𝑥 + 𝐺 𝑦 = 𝐶

• Type 2)   !"
!#
= 𝑓 𝑥 𝑔 𝑦 ⟹ ∫𝑓 𝑥 𝑑𝑥 = ∫ !"

$ "
⟹ General Solu-on: 𝐹 𝑥 = ∫ !"

$ "
+ 𝐶
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⟹ General Solution: ln 𝑥 + 𝐶 = ∫ !%

& % '%



Separable Equations
• Example) Exponential Growth DE

!"
!(
= 𝑘 = 𝑦 ⟹ 𝑦 𝑡 = 𝑦) = 𝑒*(, where 𝑦 0 = 𝑦)

• Example) Logistic Growth

𝑑𝑦
𝑑𝑡

= 𝑘 = 𝑦 = 1 −
𝑦
𝑀

⟹ 𝑦 𝑡 =
𝐶 = 𝑘 = 𝑒*(

1 + 𝐶 = 𝑒*(

Given 𝑦 0 = 𝑦), we can prove 𝐶 = "!
+'"!

and general solution 𝑦 𝑡 = "!,+,-"#

+'"! ."!,-"#

Graph



Separable Equations
• Example) Logistic Growth DE

𝑑𝑦
𝑑𝑡

= 𝑘 = 𝑦 = 1 −
𝑦
𝑀

⟹ 𝑦 𝑡 =
𝑦) = 𝑀 = 𝑒*(

𝑀 − 𝑦) + 𝑦) = 𝑒*(

𝑦 𝑡 :	Population at	time	t,	 𝑦): Initial Population
𝑀: Carrying capacity, 𝑘: Growth rate

• Example) A population of rabbits in a meadow is observed to be 200 rabbits at time 𝑡=0. 
After a month, the rabbit population is observed to have increased by 4. Using an initial 
population of 200 and a growth rate of 0.04, predict the population with a carrying 
capacity of 750 rabbits. 



Exact Differential Equation
Definition

If a continuous DE 𝐹(𝑥, 𝑦) exist, such that

𝐼 𝑥, 𝑦 𝑑𝑥 + 𝐽 𝑥, 𝑦 𝑑𝑦 = 0	 ⇒
𝜕𝐹
𝜕𝑥

= 𝐼 𝑥, 𝑦 ,
𝜕𝐹
𝜕𝑦

= 𝐽 𝑥, 𝑦 ,

the differential equation is exact if and only if  $% &,(
$(

= $) &,(
$&

. 

𝐼( 𝑥, 𝑦 	= 𝐽& 𝑥, 𝑦


