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Chapter 1: Conic Section 

Things you need to know: 

1. Four conic sections (Circle, Ellipse, Hyperbola and Parabola) and their 
equations.  

• See P.13, 22, 26, 27, 29 and P.34 of Note 1 
  

2. Identify the conic section (including the details of conic section) 
• Using completing square techniques  

(for equation: !"# $ %&# $ '" $ (& $ ) * 0). 
• Using rotation of axes techniques 

(for equation: !"# $ ,"& $ %&# $ '" $ (& $ ) * 0). 

 

 

 

" * "- cos 1 2 &- sin 1 
& * &- cos 1 $ "- sin 1 

Remember (Rotation of axes formula) x
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Example 1 

It is given that the equation of conic section is 3"# 2 &# $ 4& 2 7 * 0. Identify 
this conic section and sketch its graph. 

☺Solution 

Since there is no "&-term in the equation, one can use complete square technique 
to identify the conic section. 

3"# 2 &# $ 4& 2 7 * 0 ⇒ 3"# 2 9&# 2 4&: * 7 

⇒ 3"# 2 9& 2 2:# * 3 

⇒
"#

1# 2
9& 2 2:#

=√3?
# * 1. 

The conic section is a hyperbola with centre 90,2: 
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Study Tips of Lecture Note 1: 

• You need to memorize the equations of conic sections.  
 

• You need to know how to sketch the graphs of four conic sections. (You 
may ignore the foci and directix). 
 

• You need to practice the use of rotation of axes formula. Pay special 
attention to the follow-up computation after the substitution of rotation 
of axes formula 

 

 

←
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Chapter 2: Functions 

Things you need to know: 

• Basic Concept of functions: Domain and Range. 
- Identify the domain and range of some simple functions, e.g. ln91 $ ": ,
√1 2 "# etc. 
 

• Some special functions: Increasing function, Decreasing function, periodic 
function. 
 

• Inverse function CDE9": 
- Existence of CDE: One-to-one 

For any "E F "#, C9"E: F C9"#:. 
- Domain of CDE9": * Range of C9": 
- Range of CDE9": * Domain of C9": 
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Example 4 

We consider the function C: 90,∞: → J defined by C9": * " $ E
K
. 

(a) Show that the value of C9": cannot be any number between 0 and 2 
(excluding 2). 

(b) Compute limK→M C9": and C91:. 
(c) Using (a) and (b), find the range of C9":. 
(d) Show that the inverse of C9": does not exist by showing the function is not 

one-to-one. 

☺Solution: 

(a) It suffices to show the equation C9": * " $ E
K
* N	has no solution for any 

N ∈ 90,2:. Note that 

" $
1
" * N ⇒ "# $ 1 * N" ⇒ "# 2 N" $ 1 * 0. 

Since the discriminant Δ * 92N:# 2 491:91: * N# 2 4 R 0, so the equation 
has no real solution. 
 

> o

'

⇒ ✗= ? ±/¥-7
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(b) It is easy to see that C91: * 1 $ E
E
* 2 and 

lim
K→M

C9": * lim
K→M

" $
1
" * ∞$ 0 * ∞. 

(c) Note that " $ E
K
 is positive for any " ∈ 90,∞: and " $ E

K
 is continuous, then 

we can conclude from its graph that 
Range of C9": * S2,∞:. 

(d) To show C9": is not one-to-one, we pick " * E
T
   and  " * 3, then we see 

C U
1
3V *

1
3 $ 3			NWX		C

93: * 3 $
1
3. 

Since C YE
T
Z * C93:, thus the function is not one-to-one and the inverse 

does not exist. 

 

 

 

:#÷
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Example 5 

We consider the function C: 90,∞: → J defined by 

C9": * [ED
E
K. 

(a) Calculate limK→\] C9": and limK→M [
ED^_. 

(b) Show that C9": is strictly increasing. 
(c) Hence, show that the inverse of C9": exists and find CDE9":. 
(d) Find the range and domain of CDE9":. (Hint: Consider the graph of & * C9":) 

☺Solution: 

(a) Note that E
K
→ ∞  as " → 0` and E

K
→ 0 as " → ∞, we have 

lim
K→\]

C9": * [EDM * [DM * 0		NWX		 lim
K→M

[ED
E
K * [E * [. 

 
 
 

" HUH
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(b) One can show this by considering its derivative 

C-9": *
X U[ED

E
KV

X Y1 2 1"Z

X Y1 2 1"Z
X" *a

E
KbK

c^
1
"# [

EDEK. 

Since [ED
^
_ d 0 and E

Ke
d 0, thus C-9": d 0 and C9": is strictly increasing. 

(c) Note that the function is strictly increasing, thus for any "E F "#, we must 
have C9"E: F C9"#:. So C9": is one-to-one and its inverse exists. 
To find the inverse, we set 

& * [ED
E
K ⇒ ln & * 1 2

1
" ⇒ " *

1
1 2 ln & ⇒ CDE9": *

1
1 2 ln ". 

(d) Using the graph of & * C9": (you can sketch it using (a) and (b)) 
Domain of CDE9": * Range of C9": * S0, [: 

Range of CDE9": * Domain of C9": * 90,∞:. 

 

 

Chain

Rate

:
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Chapter 3: Polynomial and Rational Function 

Things you need to know 

1. Factorize the polynomial using factor theorem and cross multiplication (for 
quadratic function). 
 

2. How to decompose a rational function using method of partial fraction 
- Step 1: Factorize the denominator 
- Step 2: Choose the decomposition based on the factorization of 

denominator 
" Distinct linear factor 
" Repeated factor 
" Quadratic factor 
" Improper rational function 

- Step 3: Find the values of the unknown in your decomposition (using 
method of substitution or comparing coefficients) 
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Example 6 

(a) Factorize the polynomial f9": * 2"g 2 6"T $ 5"# 2 3" $ 2 into the 
product of two linear factor and one quadratic factor. 

(b) Decompose the rational function 

C9": *
5"T 2 10"# $ 7" 2 5

2"g 2 6"T $ 5"# 2 3" $ 2. 

using method of partial fraction. 

☺Solution: 

(a) One should identify some linear factors by trial and error. Find "\ such that 
f9"\: * 0. To do this, one can first consider the integer values: 
 " * 22 " * 21 " * 0 " * 1 " * 2 
f9": 108 18 2 0 0 

Immediately, we see 9" 2 1: and 9" 2 2: are (linear) factor of f9":. 
By long division, we get 

2"g 2 6"T $ 5"# 2 3" $ 2 * 9" 2 1:9" 2 2:92"# $ 1:. 
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(b) Note that there is a quadratic factor and other factors are linear and distinct, 
we should try the following decomposition: 

5"T 2 10"# $ 7" 2 5
9" 2 1:9" 2 2:92"# $ 1: *

!
" 2 1 $

,
" 2 2 $

%" $ '
2"# $ 1. 

Taking common factor, we get 
5"T 2 10"# $ 7" 2 5

* !9" 2 2:92"# $ 1: $ ,9" 2 1:92"# $ 1:
$ 9%" $ ':9" 2 1:9" 2 2:. 

To find the constants, we use method of substitution: 
• Put " * 1, we get 23 * !921:93: ⇒ ! * 1. 
• Put " * 2, we get 9 * ,91:99: ⇒ , * 1. 
• Put " * 0, we get 25 * 22! 2 , $ 2' ⇒ ' * 21. 
• Put " * 21, we get 227 * 29! 2 6, $ 92% $ ':96: ⇒ % * 1. 

5"T 2 10"# $ 7" 2 5
9" 2 1:9" 2 2:92"# $ 1: *

1
" 2 1 $

1
" 2 2 $

" 2 1
2"# $ 1. 
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Example 7 

Decompose the function 

C9": *
" $ 2

9" $ 1:#9" 2 2:# 

using method of partial fraction. 

☺Solution: 

Since there exists repeated factor, we shall consider the following decomposition: 

" $ 2
9" $ 1:#9" 2 2:# *

!
" $ 1 $

,
9" $ 1:#lmmmmnmmmmo

pqrqstqu	vswtxpy
9K`E:e

$
%

" 2 2 $
'

9" 2 2:#lmmmmnmmmmo
pqrqstqu	vswtxpy

9KD#:e

 

To determine the unknown, we observe that 

" $ 2 * !9" $ 1:9" 2 2:# $ ,9" 2 2:# $ %9" $ 1:#9" 2 2: $ '9" $ 1:# 
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• Put " * 21, we get 1 * 9, ⇒ , * E
z
. 

• Put " * 2, we get 4 * '99: ⇒ ' * g
z
. 

• Put " * 0, we get 2 * 4! $ 4, 2 2% $ ' ⇒ 2! 2 % * {
z
. 

• Put " * 1, we get 3 * 2! $ , 2 4% $ 4' ⇒ ! 2 2% * {
z
 

Solving the last two equations, we get 

! *
5
27 				NWX			% * 2

5
27. 

Therefore, we obtain 

" $ 2
9" $ 1:#9" 2 2:# *

5
279" $ 1: $

1
99" $ 1:# 2

5
279" 2 2: $

4
99" 2 2:#. 
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Chapter 4: Trigonometric Function 

Things you need to know: 

• Six trigonometric functions and some simple identities and properties: 
sin# 1 $ cos# 1 * 1, tan# 1 $ 1 * sec# 1 

cot# 1 $ 1 * csc# 1. 

sin Y
�
2 2 1Z * cos1 , cos9� 2 1: * 2cos 1 			[��. 

• Compound angle formulae, Sum-to-product formula and product-to-sum 
formula. (See P.18, P.26 and P.44 of Lecture Note 4) 
 

• Inverse functions sinDE " , cosDE " 		NWX	 tanDE ". What are the domain and 
range of these functions? 
 

 

• sinkt & COSA)
• einYt Cos

'

0 = 1

• Compound Angle forulae :
SimCity) = . . -r

Cos (✗+ g) = . .
.
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• (Important) General Solution of trigonometric equations 
- cos 1 * � ⇒ 1 * 360°W � cosDE � 
- sin 1 * � ⇒ 1 * 180°W $ 921:� sinDE �. 
- tan 1 * � ⇒ 1 * 180°W $ tanDE �. 

where W is positive integer.  

Example 8 

Solve the equation 

tan " $ 1 * sec# ". 

☺Solution: 

tan " $ 1 * sec# " ⇒ tan " $ 1 * 1 $ tan# " ⇒ tan# " * tan" 

⇒ tan" 9tan" 2 1: * 0 ⇒ tan" * 0			��		 tan " * 1. 

⇒ " * W� $ tanDE 0 * W�				��		" * W� $ tanDE 1 * W� $
�
4 , W ∈ �. 

 

c
~ c- ≥

Iran = (4%1)+1 = Eauxin



 #A MA1200 Calculus and Basic Linear Algebra 
Final Review 

 

Example 9 

Solve the equation 

1 $ sin "
cos " $

cos "
1 $ sin " * 4. 

☺Solution 

By taking the common factor, we get 

91 $ sin ":# $ cos# "
cos " 91 $ sin ": * 4 ⇒

1 $ 2 sin " $ sin# " $ cos# "�����������
bE

cos " 91 $ sin ": * 4 

⇒ 2$ 2 sin "�������
#9E`���K:

* 4 cos " 91 $ sin ": ⇒ 91 $ sin ":92 2 4 cos ": * 0 

⇒ 91 $ sin ": * 0			9�[�. :		��		92 2 4 cos ": * 0 

⇒ cos" *
1
2 ⇒ " * 360°W � cosDE

1
2 ⇒ " * 360°W � 60°. 

← Salve for t
forwhich deuomiuatoris now -

Zero
.

-
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Example 10 

Find the largest possible domain of the function 

C91: *
1

sinT 1 $ 3 cos# 1 2 1. 

☺Solution 

The function is not defined when  
sinT 1 $ 3 cos# 1 2 1 * 0 ⇒ sinT 1 $ 391 2 sin# 1: 2 1 * 0 
⇒ sinT 1 2 3 sin# 1 $ 2 * 0 
⇒ 9sin 1 2 1:9sin# 1 2 2 sin 1 2 2: * 0 

⇒ sin1 * 1				��		 sin 1 *
2922: � �922:# 2 491:922:

2 * 1 � √3. 

⇒ 1 * W� $ 921:�
�
2 			��		1 * W� $ 921:� sinDE=1 2 √3?. 

Hence, the domain is J\	�W� $ 921:� �
#
, W ∈ �� ∪ �W� $ 921:� sinDE=1 2 √3? ,

W ∈ ��. 

← Get this by long division

←nejoct1+V7



 #D MA1200 Calculus and Basic Linear Algebra 
Final Review 

 

 

 

Chapter 6,7 and 8:  Limits, Continuity and Differentiability 

Things you need to know: 

1. How to check whether a given limits exist limK→s C9":? 
- Compute limK→s] C9":, limK→sc C9": 

If limK→s] C9": * limK→sc C9":, then the limits exists. 
If limK→s] C9": F limK→sc C9":, then the limits does not exist 
 

2. Computation of limits via various techniques 
- Algebraic Trick (See Lecture Note 6) or 
- L’ Hopital Rule (See Lecture Note 10) 

(Unless otherwise specified, you may use either one of these methods in 
computing limits) 
 

Sandwich Theorem
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3. How to check the continuity and differentiability of a function at " * �. 
- Continuity 

We need to check whether limK→w C9": * C9�:. 
 

- Differentiability 
We need to use method of first principle and compute 

lim
�→\

C9" $ �: 2 C9":
� 						9�(�(�,(�	��� ‼!: 

(Note: As mentioned in lecture, the use of L’Hopital rule may lead to some 
logic problems. If possible, avoid to use this unless you have no other 
choices) 
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Example 11 

Compute the limits 

lim
K→g

√" 2 2
"# 2 4". 

☺Solution: 

Method 1: Use classical method 

lim
K→g

√" 2 2
"# 2 4" * lim

K→g

√" 2 2
"# 2 4" £

√" $ 2
√" $ 2

¤ * lim
K→g

" 2 4
"9" 2 4:=√" $ 2?

* lim
K→g

1
"=√" $ 2?

*
1

4=√4 $ 2?
*
1
16. 

Method 2: Use L’ Hopital Rule (Since the limits is \
\
 type) 

lim
K→g

√" 2 2
"# 2 4" *a

√KbK
^
e

lim
K→g

1
2 "

DE#

2" 2 4 *
1
2 94:

DE#

294: 2 4 *
1
16. 

¥:*:c. --Ei:*
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Example 12 

Compute the limits 

lim
K→�g

√2 cos " 2 1
√2 sin " 2 1

 

☺Solution: 
Method 1: Use classical method 

lim
K→�g

√2 cos " 2 1
√2 sin " 2 1

* lim
K→�g

cos " 2 1
√2

sin " 2 1
√2

* lim
K→�g

cos " 2 cos �4
sin " 2 sin �4

* lim
K→�g

22 sin
" $ �4
2 sin

" 2 �4
2

2 sin
" 2 �4
2 cos

" $ �4
2

* 2 lim
K→�g

sin
" $ �4
2

cos
" $ �4
2

* 2
sin �4
cos �4

* 21. 

Method 2: Use L’Hopital Rule 

lim
K→�g

√2 cos " 2 1
√2 sin " 2 1

* lim
K→�g

2√2 sin "
√2 cos "

* 2
sin �4
cos �4

* 21. 

=

"

%
"

Sum - to - product
formula

↓

"
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Example 13 

Compute the limits 

lim
K→\

9tan ": Usin
1
"#V 

☺Solution: 

Note that as " → 0, the limits limK→\ sin
E
Ke
* sin∞ does not exist. Thus one has to use 

sandwich theorem  to eliminate this term sin E
Ke

. 

(☺Tips: This techniques can be applied when you see the terms such as sin YE
K
Z, cos YE

K
Z…etc. 

which their limits do not exist as " → 0.) 

Using the fact that 21 ¥ sin 1 ¥ 1, we get 

2 tan " ¥ 9tan ": Usin
1
"#V ¥ tan " 

⇒ 20 * 2 lim
K→\

tan " ¥ lim
K→\

9tan ": Usin
1
"#V ¥ lim

K→\
tan " * 0 ⇒ lim

K→\
9tan ": Usin

1
"#V * 0 

MIO i
as ✗→o

" "

-

Sandwich Tam
Tao Ko ↓
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Example 14 

Compute the limits 

lim
K→M

"T 2 "# sin "
4"T $ 1 	 

☺Solution: 

lim
K→M

"T 2 "# sin "
4"T $ 1 * lim

K→M

"T 2 "# sin "
"T

4"T $ 1
"T

* lim
K→M

1 2 sin ""
4 $ 1

"T
*
1 2 0
4 $ 0 *

1
4. 

 

☺Remark: 

Here, you may not able to use L’Hopital Rule since the limits limK→M sin " * sin∞  
does not exist 

 

fing SIE = o by Sandwich Tam

↓
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Example 15 

Compute the limits 

lim
K→M

U1 2
3
"TV

#K¦DTK
. 

☺Solution: 

Method 1: Classical method 

lim
K→M

U1 2
3
"TV

#K¦DTK
* lim

K→M
§U1 $

23
"T V

K¦

¨

#K¦DTK
K¦

		 *a

©�ª
«→¬

YE`s­Z
«
bq®

©�ª
_→¬

#K¦DTK
K¦ b ©�ª

_→¬

#D T
Ke
E b#

9[DT:#

* [D¯. 

Method 2: L’Hopital Rule 

Note that the limits is of the type 1M. 

=
> e-

3

,
as ✗

"→•



 << MA1200 Calculus and Basic Linear Algebra 
Final Review 

 

Let & * Y1 2 T
K¦
Z
#K¦DTK

⇒ ln & * 92"T 2 3":lmmnmmo
→M

ln Y1 2 T
K¦
Zlmmnmmo

→©�Eb\

 

Then 

lim
K→M

ln & * lim
K→M

92"T 2 3": ln U1 2
3
"TV * lim

K→M

ln Y1 2 3
"TZ

1
2"T 2 3"

					U
0
0 		�&°[V 

* lim
K→M

1
1 2 3

"T
Y 9"gZ

2 6"# 2 3
92"T 2 3":#

* lim
K→M

2992"T 2 3":#

9"g 2 3":96"# 2 3: * 29 lim
K→M

92"T 2 3":#
"¯

9"g 2 3":96"# 2 3:
"¯

* 29 lim
K→M

Y2 2 3
"#Z

#

Y1 2 3
"TZ Y6 2

3
"#Z

* 29
4

1 ± 6 * 26. 

Thus limK→M & * limK→M [©�­ * [D¯. 
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Example 16 (Continuity Problem) 

We consider the following functions 

C9": * ²
ln "
"# 2 1 											³C			" d 1
" $ 1															³C		" ¥ 1

. 

Determine whether the function C9": is continuous at " * 1. 

☺Solution: 

We need to consider whether limK→E C9": * C91: * 1 $ 1 * 2.  
It remains to compute limK→E C9":. Note that 

lim
K→E]

C9": * lim
K→E]

ln "
"# 2 1 *a

→©�E\ b\\
lim
K→E]

1
"
2" * lim

K→E]
1
2"# *

1
291:# *

1
2. 

lim
K→Ec

C9": * lim
K→Ec

9" $ 1: * 2. 

Since limK→E] C9": F limK→Ec C9":, thus the limits limK→E] C9": does not exist. 
Hence C9": is not continuous at " * 1. 

EH
.

≠ :
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Example 17 (Continuity Problem 2) 

Let C9": be a differentiable function with C90: * 0 and C-90: * 2. We consider 
another function defined by 

)9": *

´
µ

¶
C9": 2 "
C92": 				³C		" F 0

1
4 																	³C			" * 0

 

Determine whether the function )9": is continuous at " * 0. 

☺Solution: 

Again, we need to check whether limK→\ )9": * )90: * E
g
. Note that 

lim
K→\

)9": *a
K·\

lim
K→\

C9": 2 "
C92": *a

→v9\:D\v9\: b\\

lim
K→\

C-9": 2 1
2C-92": *

C-90: 2 1
2C-90: *

2 2 1
292: *

1
4. 

Since limK→\ )9": * )90: * E
g
, thus )9": is continuous at " * 0. 

OH
.
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Example 18 (Differentiability Problem) 

Using the method of first principle, determine whether the function C9": *
√2" $ 1 is differentiable. What is the corresponding derivative? 

☺Solution 

We consider the limits 

lim
�→\

C9" $ �: 2 C9":
� * lim

�→\

�29" $ �: $ 1 2 √2" $ 1
�  

* lim
�→\

√2" $ 2� $ 1 2 √2" $ 1
� £

√2" $ 2� $ 1 $ √2" $ 1
√2" $ 2� $ 1 $ √2" $ 1

¤	 

* lim
�→\

2" $ 2� $ 1 2 92" $ 1:�����������������
#�

�=√2" $ 2� $ 1 $ √2" $ 1?
* lim

�→\

2
√2" $ 2� $ 1 $ √2" $ 1

*
1

√2" $ 1
. 

Thus C9": is differentiable and C-9": * E
√#K`E

. 
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Example 19 (Differentiability Problem 2) 

Using the method of first principle, find the derivative of C9": * ln ".  

(Hint: You can consider the following series for ln91 $ &::  

ln91 $ &: * & 2
&#

2 $
&T

3 2
&g

4 $
&{

5 2⋯. 

☺Solution: 

Using the method of first principle, we consider 

C-9": * lim
�→\

ln9" $ �: 2 ln "
� * lim

�→\

ln Y" $ �" Z
� * lim

�→\

ln Y1 $ �"Z
�  

* lim
�→\

�
" 2

�#
2"# $

�T
3"T 2

�g
4"g $⋯

� * lim
�→\

¹
1
"2

�
2"# $

�#

3"T 2⋯
�����������

b\

º *
1
". 

☺Exercise: You can try this for C9": * [K. (Hint: [K * 1 $ " $ Ke

#!
$ K¦

T!
$ ⋯). 
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Example 20 (Differentiability Problem 3) 

Let C9": be a (twice) differentiable function, we define the following new function: 

)9": * »
"C9":
sin " 					³C			" F 0

C90:								³C		" * 0
. 

Determine whether )9": is differentiable at " * 0. 

☺Solution:  Again, we use method of first principle and consider 

lim
�→\

)90 $ �: 2 )90:
� *a

�·\
lim
�→\

�C9�:
sin � 2 C90:

� * lim
�→\

�C9�: 2 C90: sin �
� sin � 				U

0
0 		�&°[V 

* lim
�→\

C9�: $ �C-9�: 2 C90: cos �
sin � $ � cos � 					U

0
0 	�&°[V 

* lim
�→\

C-9�: $ C-9�: $ �C--9�: $ C90: sin �
cos � $ cos � 2 � sin � *

2C-90:
2 * C-90:. 

Hence, )9": is differentiable at " * 0 and )-90: * C-90:. 

differentiale

indifferentiable
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Study Tips: 

• Try to practice how to evaluate the limits using either algebraic trick or 
L’Hopital Rule. We will provide you some instructions if we ask you to 
compute the limits in certain way. 
 

• ALWAYS WRITE DOWN THE DEFINITION when doing continuity or 
differentiability problem. Try to memorize them CAREFULLY. You may write 
down the formal definition in the question paper after the start of exam 
(before you attempt the problem). 
 

• You may need to memorize some identities (say trigonometric identities, 

lim¼→\
���¼
¼

* 1, lim­→M Y1 $
s
­
Z
­
* [s. etc.) if you need them.  

(P.S. Perhaps, most of you may prefer to memorize the L’Hopital Rule which is 
“INEVITABLE”).  
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Chapter 8, 9:  Differentiation 

Things you need to know: 

• How to compute the derivative of a given function using various rules 

- Product Rule:  u
uK
C9":½9": * C-9":½9": $ C9":½-9": 

- Quotient Rule:  u
uK

v9K:
¾9K:

* ¾9K:v¿9K:Dv9K:¾¿9K:
S¾9K:Àe

. 

- Chain Rule: uv9Á9K::
uK

* uv
uÁ
	uÁ
uK

 

(Remark: The derivatives of some functions are provided in final) 
• How to compute the derivative (or higher-order derivative) using various tricks 

- Implicit Differentiation: Find u­
uK

 for "# 2 &T $ 2"& * 0 

- Inverse Differentiation: u
uK
CDE9": 

- Logarithmic Differentiation: u
uK
"K 

- Differentiation of parametric equations: u­
uK
, u

e­
uKe

 for " * �# and & * cos �. 

- Leibniz’s Rule: u
Â

uKÂ
C9":½9": * ∑ %p�C9p:9":½9�Dp:9":�

pb\ . 



 A" MA1200 Calculus and Basic Linear Algebra 
Final Review 

 

Example 21 

Compute the following derivatives 

9N:		
X
X" cos 2" ln9"

# $ 1: 

9Ä:	
X
X" tan U[

E`EKV 

9�:	
X
X" cos

DE U
1

92" $ 3:#V				9Å!�Æ�ÆÇ: cos
DE & F 9cos &:DE‼!: 

9X:	
X
X" "

ÈÉ�Ê=Ke?. 

☺Solution: 

9N:			
X
X" cos 2" ln9"

# $ 1: * ln9"# $ 1:
X
X" cos 2" $ cos 2"

X
X" ln

9"# $ 1: 

* ln9"# $ 1:
X9cos 2":
X92":

X92":
X" $ cos 2"

X9ln9"# $ 1::
X9"# $ 1:

X9"# $ 1:
X"  
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* ln9"# $ 1:	92 sin 2":92: $ cos 2"
1

"# $ 1
92": 

* 22sin 2" ln9"# $ 1: $	
2"

"# $ 1 	cos		2". 

9Ä:	
X
X" tan U[

E`EKV *
X tan U[E`

E
KV

X U[E`
E
KV

X[E`
E
K

X Y1 $ 1"Z

X Y1 $ 1"Z
X"  

*a

E
KbK

c^

sec# U[E`
E
KV [E`

E
K92"D#: * 2"D#[E`

E
K sec# U[E`

E
KV. 

9�:	
X
X" cos

DE U
1

92" $ 3:#V *
X9cosDES92" $ 3:D#À:

X992" $ 3:D#:
XS92" $ 3:D#À
X92" $ 3:

X92" $ 3:
X"  

*
1

�1 2 S92" $ 3:D#À#
S2292" $ 3:DTÀ92: *

2492" $ 3:DT

�1 2 92" $ 3:Dg
. 
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9X:		Let & * "ÈÉ�Ê=Ke?, then ln & * cosh9"#: ln ". 

Differentiating both sides of the equation with respect to ", we have 

X
X" ln & *

X
X" cosh

9"#: ln " 

⇒
X ln &
X&

X&
X" * ln "

X
X" cosh

9"#: $ cosh9"#:
X
X" ln " 

⇒
1
&
X&
X" * ln " Ì

X cosh9"#:
X9"#:

X9"#:
X" Í $ cosh9"#:	U

1
"V 

⇒
X&
X" * "ÈÉ�Ê9Ke:�������

­

Ìln " 9sinh "#:92": $
cosh9"#:

" Í. 

Note: 

X
X& ln & *

1
& 				NWX	

X
X& cosh& * sinh & 
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Example 22 

The equation of a graph is "# $ 2" cos & $ 3& * 3. 

(a) Find the equation of tangent to the graph at 9", &: * 91,0:. 
(b) Find the equation of normal to the graph at 9", &: * 91,0:. 

 ☺Solution 

We differentiate the equation with respect to " and obtain 

2" $ 2 cos & 2 2" sin &
X&
X" $ 3

X&
X" * 0 ⇒

X&
X" *

22" 2 2 cos &
22" sin & $ 3 

Then the slope of tangent is given by u­
uK
|9K,­:b9E,\: *

Dg
T
	 and the equation of 

tangent is given by ­D\
KDE

* 2g
T
⇒ & * 2g

T
" $ g

T
. 

On the other hand, (slope of tangent)±(slope of normal) * 21 ⇒slope of normal 

* T
g
. The equation of the normal is given by 

& 2 0
" 2 1 *

3
4 ⇒ & *

3
4" 2

3
4 

tseuplicif Differentiation )
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Example 23 

Compute the following derivatives 

	
XT

X"T
1

92" 2 3:T 

☺Solution: 

We write E
9#KDT:¦

* 92" 2 3:DT. Then we have 

X
X"
92" 2 3:DT *

X92" 2 3:DT

X92" 2 3:
X92" 2 3:

X" * 2392" 2 3:Dg92: * 2692" 2 3:Dg. 

X#

X"#
92" 2 3:DT * 26

X
X"
92" 2 3:Dg * 26

X92" 2 3:Dg

X92" 2 3:
X92" 2 3:

X"
* 4892" 2 3:D{. 

XT

X"T
92" 2 3:DT * 48

X
X"
92" 2 3:D{ * 48

X92" 2 3:D{

X92" 2 3:
X92" 2 3:

X"
* 248092" 2 3:D¯. 
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Example 24 

Let "9�: * 3�# $ E
t
  and  &9�: * � 2 E

te
, compute the derivative 

X&
X" 				NWX		

X#&
X"# 

☺Solution: 

X&
X" *

X&
X�
X"
X�

*
X
X� Y� 2

1
�#Z

X
X� Y3�

# $ 1�Z
*
1 $ 2�DT

6� 2 �D# *
1 $ 2

�T

6� 2 1
�#
*
�T $ 2
6�g 2 �. 

X#&
X"# *

X
X" U

X&
X"V *

X
X"

�T $ 2
6�g 2 �

�����
Ï9t:

*
XÐ
X" *

XÐ
X�
X"
X�

*

X
X� U

�T $ 2
6�g 2 �V

X
X� Y3�

# $ 1�Z
 

*

96�g 2 �: XX� 9�
T $ 2: 2 9�T $ 2: XX� 96�

g 2 �:
96�g 2 �:#

6� 2 1
�#

*
96�g 2 �:93�#: 2 9�T $ 2:924�T 2 1:

Y6� 2 1
�#Z 96�

g 2 �:#
. 

(☒
= : ZH)

Lt

☒ dän dä E = diese ¥
E. =

"

E- ¥
"

= GEE
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Example 25 

Using Leibniz’s Rule to compute 

Xg

X"g √" cos
91 $ 4": 

☺Solution: 

Using the Leibniz’s Rule with C9": * √" and ½9": * cos91 $ 4":, we have 

Xg

X"g √" cos
91 $ 4": *

Xg

X"g C
9":½9": *Ñ%pgC9p:9":½9gDp:9":

g

pb\

 

* %\gÒ
E

C9\:9":�����
bK

^
e

½9g:9":�����
#{¯ÈÉ�9E`gK:

$ %EgÒ
g

C9E:9":�����
bE#K

c^e

½9T:9":�����
¯g���9E`gK:

$ %#gÒ
¯

C9#:9":�����
DEgK

c¦e

½9#:9":�����
DE¯ÈÉ�9E`gK:

$ %TgÒ
g

C9T:9":�����

T
ÓK

cÔe

½9E:9":�����
Dg���9E`gK:

$ %ggÒ
E

C9g:9":�����
DE{E¯K

cÕe

½9\:9":�����
ÈÉ�9E`gK:

 

* 256"
E
# cos91 $ 4": $ 128"D

E
# sin91 $ 4": $ 24"D

T
# cos91 $ 4": 2 6"D

{
# sin91 $ 4":

2
15
16 "

DÖ# cos91 $ 4":. 
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Example 26 

For any positive integer W, compute the derivative 

X�

X"�
9"T 2 2" $ 2:[gK. 

☺Solution: 

Using Leibniz’s Rule with C9": * "T 2 2" $ 2 and ½9": * [gK, we  have 

X�

X"�
9"T 2 2" $ 2:[gK *

X�

X"� C
9":½9": *Ñ%p�C9p:9":½9�Dp:9":

�

pb\

 

* %\� C9\:9":�����
K¦D#K`#

½9�:9":�����
gÂq×_

$ %E� C9E:9":�����
TKeD#

½9�DE:9":�������
gÂc^q×_

$ %#� C9#:9":�����
¯K

½9�D#:9":�������
gÂceq×_

$ %T� C9T:9":�����
¯

½9�DT:9":�������
gÂc¦q×_

$ %g� C9g:9":�����
\

½9�Dg:9": $⋯

$ %�� C9�:9":�����
\

½9\:9": 



 AL MA1200 Calculus and Basic Linear Algebra 
Final Review 

 

 

 

The binomial coefficient can be computed as (Recall that %p� *
�!

p!9�Dp:!
) 

%\� * 1,					%E� * W,				%#� *
W9W 2 1:

2 , %T� *
W9W 2 1:9W 2 2:

6 . 

Combining the result, we finally get 

X�

X"�
9"T 2 2" $ 2:[gK 

* 4�9"T 2 2" $ 2:[gK $ W4�DE93"# 2 2:[gK $ 3W9W 2 1:4�D#"[gK

$ W9W 2 1:9W 2 2:4�DT[gK. 

 

 

 Different notation : c : = : (7)
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Example 27 

Let N be a real number and define & * YK`E
KDE

Z
p
 for " d 1. 

(a) Show that 9"# 2 1: u­
uK
$ 2�& * 0. 

(b) Using Leibniz’s Rule and the result of (a), show that 
9"# 2 1:&9�`E: $ 29W" $ �:&9�: $ 9W# 2 W:&9�DE: * 0, 

where &9Ø: * uÙ­
uKÙ

. 

 

 

 

 

 

 

a) ¥ = - an Ey
⇒ ⇐4)djz-t-zr.CI?Y-r---2rcfy=(x-1Kx4-

1)
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b) GE ( ex? ) dä) = Ig C : ¥-1)
"
y
""- "

(by Leibnitz Rule )

= µ ? 1) y
""/

+ zu × y
"

+ n (n-s) yl"
- "

= > 0¥ Zu ¥-177 +2ns)
= ⇐2- e) y

"")
+ zluxtr) y

"
+ E-a) f-!

(since fünfzig ) = zry" ) ✓
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Chapter 10: Application of Derivatives 

Things you need to know: 

• Taylor series and Maclaurin Series of a function 

C9": * C90: $ C-90:" $
C9#:90:
2! "# $

C9T:90:
3! "T $ ⋯ * Ñ

C9�:90:
W! "�

M

�b\

. 

(Maclaurin Series) 

C9": * C9N: $ C-9N:9" 2 N: $
C9#:9N:
2!

9" 2 N:# $
C9T:9N:
3!

9" 2 N:T $⋯

* Ñ
C9�:9N:
W!

9" 2 N:�
M

�b\

																																																					9�N&Ú��	 [�³[Û: 

 
• Application of Taylor series in computing limits (though we will provide you 

hints if we ask you to use this approach). 
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• Finding the maximum value and minimum value of a function 

" Find all local extema: Local maximum and Local Minimum 
(First derivative test or second derivative test) 

" Compute the value of C9": at the boundary points. 
 

• Find the tangent and normal to the graph at certain point Ü * 9N, Ä: 
" Tangent: Straight line which touches the graph at that point Ü. 

 Ú�°[	�C	�NW½[W� *
X&
X" |9K,­:b9s,Ý:	

" Normal: Straight line which passes through Ü and perpendicular to the 
tangent. 

 

• L’Hopital Rule and its application. 
(*Note: You have seen some related examples in the “limits” sections). 
 

er Investigator fix) at paiints ✗
• ,
waere f

'

Ao) does not exist
.



 BA MA1200 Calculus and Basic Linear Algebra 
Final Review 

 

Example 28 

Find the Maclaurin series of the function C9": * ln91 $ [K: up to the terms "T. 

☺Solution: 

Note that the Maclaurin series of C9": is given by 

C9": * C90: $ C-90:" $
C9#:90:
2! "# $

C9T:90:
3! "T … 9∗: 

Since C90: * ln91 $ [\: * ln 2, 

C-90: *
[K

1 $ [K |Kb\ *
1
2,			C

--90: *
[K

1 $ [K 2
[#K

91 $ [K:# |Kb\ *
1
4. 

C9T:90: *
[K

1 $ [K 2
[#K

91 $ [K:# 2
2[#K

91 $ [K:# $
2[TK

91 $ [K:T |Kb\ * 0. 

Hence, the Maclaurin series is then given by 

C9": * ln 2 $
1
2" $

1
8"

# $ 0"T $ ⋯ 
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Example 29 

Find the Taylor expansion of the function ½9": * cos√" at " * 1 up to 9" 2 1:T. 

☺Solution: 

The Taylor Series of ½9": at " * 1 is given by 

½9": * ½91: $ ½-91:9" 2 1: $
½9#:91:
2!

9" 2 1:# $
½9T:91:
3!

9" 2 1:T $ ⋯ 

Since ½91: * cos√1 * cos 1 and 

½-91: * 2
1
2"

DE# sin√" |KbE * 2
1
2 sin 1,			 

½9#:91: *
1
4"

DT# sin√" 2
1
4"

DE cos√" |KbE *
1
4 sin 1 2

1
4 cos 1 

½9T:91: * 2
3
8"

D{# sin√" $
1
8"

D# cos√" $
1
4"

D# cos√" $
1
8"

DT# sin√" |KbE

* 2
1
4 sin 1 $

3
8 cos 1. 

F-2×1-1



 BD MA1200 Calculus and Basic Linear Algebra 
Final Review 

 

Hence, the Taylor series is then given by 

½9": * cos 1 2
1
2
9sin 1:" $ U

1
8 sin 1 2

1
8 cos 1V "

# $ U2
1
24 sin 1 $

1
16 cos 1V "

T. 

 

Example 30 

(a) Find the Maclaurin’s expansion of the function C9": * ln91 $ sin ": up to 
the term in "g. 

(b) Hence, compute the limits 

lim
K→\

ln91 $ sin92"#::
"#  

 

 

 

 

f-(01=0f-
'

G) = ÄH ,
= > Fho) = 1

f-
"

(x) = - JIE ,
= > 7%1=-7
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e-
"

4×1--1-+1- ¥:* ) = _üü ,
= > 7%01=1

g-
'"(x) =

. _

=_Ü
,
= > f-

"Yo) = - 2

⇒ fan -_ × - ¥ + % - Fi„„i.ruflo) -- O

b) einer" ⇒ ein = z×-so ✗→0
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Example 31 

Find the maximum and minimum of the function C9": * [#KDKe  over the interval 
S22,2À 

☺Solution: 

Step 1: Find all local extrema (or turning point) 

We need to solve C-9": * 0 

⇒ 92 2 2":[#KDKe * 0 ⇒a
qe_c_eà\

2 2 2" * 0 ⇒ " * 1 

Step 2: Check whether the given local extrema is local maxima or local minima 

Note that C9": * 92 2 2":[#KDKe  

 22 ¥ " R 1 " * 1 1 R " ¥ 2 
C-9": d 0 0 R 0 
Ç�N°� ³W��[NÛ³W½ Ú��NÚ	áN". X[��[NÛ³W½ 

By direct substitution, we get C91: * [#DE * [. 

d
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Step 3: Compute the function values at the boundary points 

By direct substitution again, we get 

C92: * [#9#:D#e * [\ * 1, C922: * [#9D#:D9D#:e * [DÓ. 

 

Step 4: Find the maximum value and minimum value of the function 

By comparing the C92:, C91: and C922:, we get 

• The maximum value of C9": is [ (at " * 1). 
• The minimum value of C9": is [DÓ (at " * 22). 
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Example 32 

Find the maximum and minimum value of the function 

C9": * "
E
K 

over the interval S1,∞:. 

☺Solution: 

Step 1: Find all local extrema (or turning point) 

We need to solve C-9": * 0 

⇒ "
E
K U
1 2 ln "
"# V * 0 ⇒a

K
^
_à\
Keà\

1 2 ln " * 0 ⇒ " * [. 

Step 2: Check whether the given local extrema is local maxima or local minima 

Note that C9": * "
^
_ YED©�K

Ke
Z, 

Ily = enlx") = EKA )

p
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 1 ¥ " R [ " * [ [ R " R ∞ 
C-9": d 0 0 R 0 
Ç�N°� ³W��[NÛ³W½ Ú��NÚ	áN". X[��[NÛ³W½ 

By direct substitution, we get C9[: * [
^
â * [

^
â. 

 

Step 3: Compute the function values at the boundary points 

By direct substitution, we get C91: * 1
^
^ * 1,. On the other hand, we need to 

consider limK→M "
^
_ (since we need to compute the value at " * ∞). 

Let & * "
^
_ (∞\-type), then ln & * E

K
ln " * ©�K

K
 and 

lim
K→M

ln & * lim
K→M

ln "
" 		Y

∞
∞2 �&°[Z * lim

K→M

1
"
1 * lim

K→M

1
" * 0 

⇒ lim
K→M

"
E
K * lim

K→M
& * lim

K→M
[©�­ * [\ * 1. 
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Step 4: Find the maximum value and minimum value of the function 

By comparing the C91:, C9[: and C9∞: * limK→M C9":, we get 

• The maximum value of C9": is [
^
â (at " * [). 

• The minimum value of C9": is 1 (at " * 1,∞). 

Example 33 

The graph of the curve & * C9": * Ke`sK`Ý
9K`E:e

 has a turning point at ã * Y23, T
g
Z. 

Find the values of N and Ä. Show that ã is the local minimum point of the curve. 

 ☺Solution 

Note that ã * 9", &: * Y23, T
g
Z is the turning point, it must be that 

C-923: * 0 ⇒
2" $ N
9" $ 1:# 2

29"# $ N" $ Ä:
9" $ 1:T |KbDT * 0 ⇒ 2N 2 Ä * 3. 
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On the other hand, the graph of & * C9": passes through the point ã, we have 

C923: *
3
4 ⇒

9 2 3N $ Ä
4 *

3
4 ⇒ 3N 2 Ä * 6. 

Solve these two equations, we get N * 3 and Ä * 3. 

To verify ã is the local minimum, one can consider the second derivative test, note 
that 

C-9": *
2" $ 3
9" $ 1:# 2

29"# $ 3" $ 3:
9" $ 1:T *

2" 2 3
9" $ 1:T * 29" $ 3:9" $ 1:DT. 

⇒ C--9": * 29" $ 1:DT $ 39" $ 3:9" $ 1:Dg 

Since C--923: * E
Ó
$ 390: Y E

E¯
Z * E

Ó
d 0, ã is local minimum by second derivative 

test. 
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Example 34 

It is given that the equation of a conic section is given by 4"# 2 3"& $ 4&# * 5. 

(a) Identify this conic section and sketch the graph. 
(b) What are the equations of tangent and normal to the graph of conic section 

at 9", &: * 91,1:. 

☺Solution: 

(a) One can identify the conic section using “rotation of axes” (since there is "&-
term in the equation). We consider the "-&--system by rotating the original 
"&-system through the angle 1. 
 
Step 1: Find 1 
Since ! * % * 4, we should choose 1 such that 

cos 21 * 0 ⇒ 21 * 90° ⇒ 1 * 45°. 
(i.e. we need to rotate the axes by 45° through anti-clockwise direction.) 
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Step 2: identify the conic section 
Using the rotation of axes formula, 

" * "- cos 45° 2 &- sin 45° *
1
√2

"- 2
1
√2

&-, 

& * &- cos 45° $ "- sin 45° *
1
√2

"- $
1
√2

&-. 

Substitute this into the equation, we get 

4 U
1
√2

"- 2
1
√2

&-V
#
2 3 U

1
√2

"- 2
1
√2

&-V U
1
√2

"- $
1
√2

&-V

$ 4 U
1
√2

"- $
1
√2

&-V
#
* 5 

⇒
5
2"

-# $
11
2 &-# * 5 ⇒

"-#

=√2?
# $

&-#

£ä1011¤
# * 1. 

The conic section is an ellipse with centre 90,0:. 
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(b) One can obtain u­
uK

 by differentiating the equation with respect to ": 

8" 2 3& 2 3"
X&
X" $ 8&

X&
X" * 0 ⇒

X&
X" *

28" $ 3&
8& 2 3" . 

Note that the slope of tangent  at 9", &: * 91,1: is given by 
X&
X" |9K,­:b9E,E: *

28 $ 3
8 2 3 * 21. 

The equation of tangent at 9", &: * 91,1: is given by 
& 2 1
" 2 1 * 21 ⇒ & * 2" $ 2. 

On the other hand, the slope of normal can be found as follows: 
9 Ú�°[	�C	�NW½[W�: ± 9 Ú�°[	�C	Æ��áNÚ: * 21 ⇒  Ú�°[	�C	Æ��áNÚ

* 1. 
The equation of normal at 9", &: * 91,1: is given by 

& 2 1
" 2 1 * 1 ⇒ & * ". 
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Harder Example 

It is given that " * tan � and & * 9sec � $ tan �:Ø where 2�
#
R � R �

#
 and � is 

positive integer. In this problem, we would like to compute the derivative 

å� *
X�&
X"� ,					W	³Û	°�Û³�³æ[	³W�[½[� 

(a) Find the equation of tangent to the graph at � * 0 (i.e. 9", &: * 90,1:)  
(b) Show that 

91 $ "#:
X#&
X"# $ "

X&
X" 2 �

#& * 0. 

(c) Using Leibniz’s Rule, show that 
91 $ "#:&9�`#: $ 92W $ 1:"&9�`E: $ 9W# 2 �#:&9�: * 0 

where &9�: * uÂ­
uKÂ

.  

(d) Hence, conclude that 

91 $ "#:
X#å�
X"# $ 92W $ 1:"

Xå�
X" $ 9W# 2 �#:å� * 0 

¥+4; ?
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☺Solution: 

(a) Note that the slope of tangent is given by 

X&
X" |tb\ *

X&
X�
X"
X�

|tb\ *
�9sec � $ tan �:ØDESsec � tan � $ sec# �À

sec# � |tb\

*
�9sec � $ tan �:Ø

sec � |tb\ * �. 

Hence the equation of tangent is given by 
& 2 1
" 2 0 * � ⇒ & * �" $ 1 

(b) Note that u­
uK
* Ø9�çÈ t`èé� t:Ù

�çÈ t
, it remains to compute u

e­
uKe

. Note that 

X#&
X"# *

X
X" U

X&
X"V *

X U�9sec � $ tan �:
Ø

sec � V

X" *

X
X� U

�9sec � $ tan �:Ø
sec � V
X"
X�

* ⋯

*
�# sec � 9sec � $ tan �:Ø 2 � tan � 9sec � $ tan �:Ø

secT �  
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91 $ "#:
X#&
X"# $ "

X&
X" 2 �

#& 

* 91 $ tan# �:���������
b�çÈe t

£
�# sec � 9sec � $ tan �:Ø 2 � tan � 9sec � $ tan �:Ø

secT � ¤

$ tan � 	£
�9sec � $ tan �:Ø

sec � ¤ 2 �#9sec � $ tan �:Ø * 0 

(c) We differentiate the equation in (b) with respect to " for W-times, we have 

X�

X"� ê
91 $ "#:&9#:ë $

X�

X"� "&
9E: 2 �#

X�

X"� &
���
b­9Â:

* 0… 9∗: 

Using Leibniz’s Rule, we have 

X�

X"� ì
91 $ "#:�����

v9K:

&9#:í
¾9K:

î * Ñ%p�C9p:9":½9�Dp:9":
�

pb\
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* %\�Ò
E

C9\:í
9E`Ke:

½9�:ï
­9Â]e:

$ %E�Ò
�

C9E:í
#K

½9�DE:���
­9Â]^:

$ %#�Ò

�9�DE:
#

C9#:í
#

½9�D#:���
­9Â:

$ %T� C9T:í
b\

½9�DT:

$ ⋯$ %�� C9�:ï
b\

½9\: 
* 91 $ "#:&9�`#: $ 2W"&9�`E: $ W9W 2 1:&9�:. 
Similarly, we get 
X�

X"� "&
9E: * "&9�`E: $ W&9�:. 

Substitute the result in 9∗:, we get 
91 $ "#:&9�`#: $ 92W $ 1:"&9�`E: $ 9W# 2 �#:&9�: * 0. 

 

(d) Note that u
eðÂ
uKe

* &9�`#: and uð
uK
* &9�`E:, substitute them into (c), we get 

91 $ "#:
X#å�
X"# $ 92W $ 1:"

Xå�
X" $ 9W# 2 �#:å� * 0. 

Hence, one can obtain å� by solving this differential equation. 


