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Chapter 1: Conic Section
Things you need to know:

1. Four conic sections (Circle, Ellipse, Hyperbola and Parabola) and their
equations.
e See P.13, 22, 26, 27, 29 and P.34 of Note 1

2. ldentify the conic section (including the details of conic section)
e Using completing square techniques
(for equation: Ax? + Cy? + Dx + Ey + F = 0).
ing rotation of axes techniques

=y'cosf + x'sinf
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Example 1

It is given that the equation of conic section is 3x% — y% + 4y — 7 = 0. Identify
this conic section and sketch its graph.

©Solution

Since there is no xy-term in the equation, one can use complete square technique
to identify the conic section.

3x2 —y2+4y—-7=0=>3x2—-(y?2 —4y) =7
=>3x2—-(y—2)*=3
xZ ( _2)2
:>12_y 2 =
(V3)

The conic section is a hyperbola with centre (0,2)

1.
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Study Tips of Lecture Note 1:

® You need to memorize the equations of conic sections.

® You need to know how to sketch the graphs of four conic sections. (Yeu_

. he fock-and-directix).

® You neée ctice the use of rotation of a

ay special

attention to the follow-u after the substitution of rotation

of axes
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Chapter 2: Functions
Things you need to know:

® Basic Concept of functions: Domain and Range.
- ldentify the domain and range of some simple functions, e.g. In(1 + x),

V1 — x?2 etc.

e Some special functions: Increasing function, Decreasing function, periodic

function. f Domain of f1(x)
0.—\ ' >0 = Range of f(x)
) [
* Inverse function f~1(x) 0z 0
- Existence of f~1: One-to-one O — 20
=
Forany x; # x5, f(x1) # f(xy). | :
- Domain of f~1(x) = Range of f(x)
A (domain) B (codomain)

- Range of f1(x) = Domain of f(x)
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Example 4

We consider the function f: (0,0) — R defined by f(x) = x + i > 0
(a) Show that the value of f(x) cannot be any number between 0 and 2
(excluding 2).
(b) Compute lim,_,, f(x) and f(1).
(c) Using (a) and (b), find the range of f(x).
(d) Show that the inverse of f(x) does not exist by showing the function is not
one-to-one.

©Solution:

(a) It suffices to show the equation f(x) = x + i = a has no solution for any

a € (0,2). Note that , 4 /7
1 2= T 7
x+;=a:x2+1=ax:x2—ax+1=0.

Since the discriminant A = (—a)? — 4(1)(1) = a? — 4 < 0, so the equation
has no real solution.
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(b)

(c)

(d)

It is easy to see that f(1) =1 + % = 2 and

1
lim f(x) = limx+—=00+ 0 = oo,

X—00 X— 00 X

1. . 1. :
Note that x + ~Is positive forany x € (0,) and x + ~ Is continuous, then

we can conclude from its graph that
Range of f(x) = [2, ).

: : 1
To show f(x) is not one-to-one, we pick x = 3 and x = 3, then we see

f(%)=%+3 and f(3)=3+§.

: 1 o :
Since f (E) = f(3), thus the function is not one-to-oneland the inverse

does not exist.
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Example 5

We consider the function f: (0, ) — R defined by

fO) = el %

KR |

(a) Calculate lim,_ 4+ f(x) and lim,_, e'
(b) Show that f(x) is strictly increasing.
(c) Hence, show that the inverse of f(x) exists and find f~1(x).

(d) Find the range and domain of f ~1(x). (Hint: Consider the graph of y = f(x))

©Solution:

1 1
(a) Notethat=—> o asx - 0" and-— 0 asx — o, we have
X X

. 4 U ool , 1
lim f(x) =el™® L b-='_ 0 and lime'x=el =e.
x—0t X—>00
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(b)

(c)

(d)

One can show this by considering its derivative

2 1
%ﬂ{e d (81_5) d (]_ — 1) %zx_l 1 1
Fat ot s L

d (1 . E) dx X2

1

, _1 1 . . . .
Since ' "* > 0 and — > 0, thus f'(x) > 0and f(x) is strictly increasing.
Note that the function is strictly increasing, thus for any x; # x5, we must
have f(x;) # f(x;). So f(x) is one-to-one and its inverse exists.

To find the inverse, we set

S 1 1 - - 1
y=e x:>lny=1—;:>x=1_lny:>f (x)_l—lnx'
Using the graph of y = f(x) (you can sketch it using (a) and (b))
Domain of f~1(x) = Range of f(x) = @, e)

Range of f~1(x) = Domain of f(x) = (0, o).
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Chapter 3: Polynomial and Rational Function
Things you need to know

1. Factorize the polynomial using factor theorem and cross multiplication (for
guadratic function).

2. How to decompose a rational function using method of partial fraction
- Step 1: Factorize the denominator
- Step 2: Choose the decomposition based on the factorization of
denominator
v’ Distinct linear factor
v Repeated factor
v Quadratic factor
v Improper rational function
- Step 3: Find the values of the unknown in your decomposition (using
method of substitution or comparing coefficients)
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Example 6

(a) Factorize the polynomial P(x) = 2x* — 6x3 + 5x% — 3x + 2 into the
product of two linear factor and one quadratic factor.
(b) Decompose the rational function
5x3 —10x%2 +7x—5
OEY

x* —6x3+5x2—-3x+2
using method of partial fraction.

©Solution:

(a) One should identify some linear factors by trial and error. Find x, such that
P(xy) = 0. To do this, one can first consider the integer values:

X =—2 x =-1 x =0 x =1 X =2
P(x) 108 18 2 0 0
Immediately, we see (x — 1) and (x — 2) are (linear) factor of P(x).

By long division, we get
2x* —6x3+5x2—-3x+2=(x—-1Dx-2)2x*+1).
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(b) Note that there is a quadratic factor and other factors are linear and distinct,
we should try the following decomposition:
5x3—10x%2 +7x—5 A B Cx+D
G—Dx -2 +1D x—1"x—2 22241
Taking common factor, we get
5x3 —10x%+7x—5
=A(x —2)2x* + 1)+ B(x —1)(2x* + 1)
+ (Cx+D)(x—1)(x —2).
To find the constants, we use method of substitution:
e Putx =1, weget—-3=4(-1)(3) = A= 1.
® Putx =2, weget9=B(1)(9) =B =1.
® Putx =0,weget—5=—-24—-B+2D =D =-1.
® Putx =—1,weget—27=-9A—-6B+ (—-C+D)(6)=C=1.
5x3 —10x%+7x —5 1 1 x—1
D —2)C2+1) x—1 x—2"2%2+1
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Example 7

Decompose the function

X+ 2
(x + 1)%(x — 2)>

fx) =

using method of partial fraction.

©Solution:

Since there exists repeated factor, we shall consider the following decomposition:

X+ 2 _ A N B N C N D
(x+1D2%(x—-2)2 x+1 (x+1)? x—2 (x—2)?
repeated factors repeated factors
(x+1)2 (x—2)2

To determine the unknown, we observe that

x+2=Ax+1Dx—-2)>+B(x—-2)"+C(x+1)?*(x—2)+D(x + 1)?
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® Putx =—1,wegetl =9B = B =-.

|_[;\O|P—\

® Putx =2, weget4 = D(9):~D—
® Putx =0, weget2—4A+4B—ZC+D:>2A C =
e Putx =1, weget3=24A+B—-4C+4D = A —-2C =

\OIU‘I\DIU‘I

Solving the last two equations, we get

A= i c=_2
— o7 ML= To7

Therefore, we obtain

x+ 2 5 1 5

4

G+ 12x—-22 27(x+1) 9@x+1)2 27(x—2)

T o= 27
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o si(v) & wHX)
. 2 ?

¢ S~ G+ COS B :7
Chapter 4: Trigonometric Function o (@W/?Ww/ /%Vtyff forulac -
Sr— (3 4) = .,
cos(x+y)= .
e Six trigonometric functions and some simple identities and properties:

sin® @ 4+ cos? 6 =1, tan® 6 + 1 = sec? 60
cot?0 + 1 = csc? 6.

Things you need to know:

T
sin (E — 9) = cos 6, cos(m—0) = —cosf etc.

¢ Compound angle formulae, Sum-to-product formula and product-to-sum
formula. (See P.18, P.26 and P.44 of Lecture Note 4)

e Inverse functions sin~! x,cos ' x and tan~! x. What are the domain and
range of these functions?
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¢ (Important) General Solution of trigonometric equations
- cos@ =k =0 =360n+cos 1k , ez
- sinf =k =60 =180°n+ (—1)"sin ' k.
- tanf =k = 0 =180°n + tan ' k.
where n is positive integer.
Example 8

Solve the equation

tanx + 1 = sec? x.

F A v e L Z
©Solution: = o = (9 )y f = @mx} L
Ve

cos(x)

tanx+1=sec’x=>tanx+1=1+tan’x = tan’x = tanx

=S tanx (tanx — 1) =0=>tanx =0 or tanx = 1.

T
S>x=nm+tan 10 =nm or x=nn+tan_11=n7t+1,

n € Z.
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Example 9

Solve the equation

1+ sinx COS X
COS X * 1+sinx *
i
_ & 9&@/@ Z%% N~
©Solution =
58 Wﬂ@% /BM.&M\ u )é,
: @~
By taking the common factor, we get LS gy, =
Crp,
=A1
(1 + sinx)? + cos? x A 1+ 2sinx + sin? x + cos2 x A
= = =
cosx (1 + sinx) cosx (1 + sinx)
2(1+sinx)

=2+ 2sinx =4cosx(1+sinx) = (1 +sinx)(2—4cosx) =0

Mj.) or (2—4cosx)=0

1
= COSX = > = x = 360°n + Cos‘li = x = 360°n + 60°,
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Example 10

Find the largest possible domain of the function

f(e):sin39+3c0529—1'

©Solution

The function is not defined when

sin30 +3cos?’80—1=0=sin>0 +3(1 —sin?0)—1=0

= sin®0 —3sin?6 +2 =0 — Gt s 57 /@% e

= (sin® — 1)(sin® @ — 2sinf —2) =0 MJ:QC%

0TI, T

T
=0 =nm + (—1)"5 or 0 =nm+ (—1)" sin‘l(l — \/§)

=>sinf =1 or sinf =

Hence, the domain is R\ {nn + (=)™ %, ne Z} U {nn + (=)™ sin‘l(l — \/§),
n e Z}.
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Chapter 6,7 and 8: Limits, Continuity and Differentiability
Things you need to know:

1. How to check whether a given limits exist lim,._,, f (x)?
- Compute lim,._, + f(x), lim,_,4- f(x)
If lim,_, .+ f(x) = lim,_,,- f(x), then the limits exists.

If lim,._, ,+ f(x) # lim,_,- f(x), then the limits does not exist

x—a
2. Computation of limits via various techniques
- Algebraic Trick (See Lecture Note 6) or §au/\4/,zﬂ, TCecnrew,
- L” Hopital Rule (See Lecture Note 10)
(Unless otherwise specified, you may use either one of these methods in
computing limits)
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3. How to check the continuity and differentiability of a function at x = c.
- Continuity
We need to check whether lim,._,. f(x) = f(c).

- Differentiability
We need to use method of first principle and compute
. flx+h)—f(x)
lim
h—0 h
(Note: As mentioned in lecture, the use of L'Hopital rule may lead to some

(REMEMBER THIS")

logic problems. If possible, avoid to use this unless you have no other
choices)

vi MA21200 Calculus and Basic Linear Algebra
Final Review



Example 11

Compute the limits

I Vx — 2
xl—rglxz — 4X.

©Solution:

Method 1: Use classical method

y Vx —2 y Vx —2 (Vx+2 ’ x — 4 y 1
im = lim = lIm — 11m
xo4x? —dx  xoax? —Ax\\x+2) xix(x—4)(x+2) rix(Vx+2)
B 1 1
4(Va+2) 16
Method 2: Use L’ Hopital Rule (Since the limits is % type)
z 1 -1 1,1
Vx — 2 Vxsx? R CONE |

I =Y - -
X X2 — 4 A\xTin—zL 2(4) —4 16

28 MA21200 Calculus and Basic L\@r Algebra
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Example 12

Compute the limits

V2cosx —1 ay M
1H71T - = —
X7 V2sinx —1 &
©Solution:
Method 1: Use classical method Sn 79 = &/:WA,%
1 T " X +% X — %
V2cosx —1 Cosx_\/i COSX — COS 7 —2sin > sin >
lim - = lim = lim 7 = lim T T
x—>Z\/§51nx—1 oZsiny ——= ¥°zSInx —sing  xog X—z X+7
V2 2 sin—5—cos—
T
X+ 7 T
. sin—; sing
=-lim———==—-———F==-1
T
X=z X + 4 COSZ
cos
2
Method 2: Use L'Hopital Rule
. T
V2cosx —1 - —V/2sinx sin 7
im - = lim =—-———F=-L
x-2\2sinx —1  x-F v2cosx cos g
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Example 13

Compute the limits S0 . A5 . ~70
NA—"~C_ 1
lim (tan x) (sin —2>
x-0 X
©Solution:

T o1 :
Note that as x — 0, the limits lim,,_,, sin— = sin o does not exist. Thus one has to use

) .. ) .1
sandwich theorem to eliminate this term sin =

(OTips: This techniques can be applied when you see the terms such as sin (%), cos (1)...etc.

X
which their limits do not exist as x — 0.)

Using the fact that —1 < sinf < 1, we get

1
—tanx < (tanx) (sin —2) < tanx ga,aj,u,zﬂ_ TR
= =0 = — lim tan x < lim(tan x) (sin —) <limtanx = 0 = lim(tan x) (sin —) =0
x—0 x—0 x2 x—0 x—0 xz
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Example 14

Compute the limits

y x3 —x?sinx
im
x>0 4x3+1
©Solution: O i%j_é =0 by Gonduich T
X—>00
_ x3 — x?sinx sin x 1
y x3 — x?sinx y 3 y 1—— 1-0 1
1m = lIm = |Im — — —
x>0 4x3 +1 x—o  4x3+1 x>0y 1 44+0 4
3 T3
X X
©Remark:

Here, you may not able to use L'Hopital Rule since the limits lim,._,,, sin x = sin oo
does not exist
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Example 15

Compute the limits
2x3-3x

Jim (1-5)
©Solution:
Method 1: Classical method

hn1(1+%)y=ea

y—>00
3

2x3—3x i 2X3=3%_ z‘x_Z_Z

3 2x3-3x —3 x3 x3 X5 %3 b 1
lim (1 — —3) = lim (1 + —3) = (8_3)2

X—00 X X—00 X
~—_——————
-6, — s a5 xtveo

/

Method 2: L’Hopital Rule
Note that the limits is of the type 1.
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2x3-3x ; 3
Lety=(1—x—3) = Iny = (2x f3x2£n(1—52
- >In1=0
Then
3
iy = tim 260~ 9 1n (1= 2) = 1 ) (© )
b iny - - 20m(1-3) - b 2T (0 o
2x3 — 3x
(%)

1 — 3 \x* 3 5 (2x3 — 3x)?
= lim X = lim —9(2x” — 3x) = —9 lim X©
x5 _ 6x2—3 = x> (x* — 3x)(6x% —3) x—oo (x* — 3x)(6x% — 3)

(2x3 — 3x)? 6
312
. (2-32) 4
= —9 lim = -9 = —6.
xaw(l_i)(6_i) 1XxX6
x3 x2

Thus lim, e y = lim,_,o, ™Y = e~°.
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Example 16 (Continuity Problem)

We consider the following functions

In x _
fo={z—1 7 *>1
x+1 if x<1

Determine whether the function f(x) is continuous at x = 1.
©Solution:

We need to consider whether lim,_,; f(x) = f(1) =14+ 1 = 2.

It remains to compute lim,_,; f(x). Note that

Ln1_ 0 1
. i In x & 01 x . 1 1 1
Jmj=lmo—y g =M e T 7

lim f(x) = lim (x+1) =2. # 7

x—1" x—1"
Since lim,._,;+ f (x) # lim,_ - f(x), thus the limits lim,_;+ f (x) does not exist.
Hence f (x) is not continuous at x = 1.
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Example 17 (Continuity Problem 2)

Let f(x) be a differentiable function with f(0) = 0 and f'(0) = 2. We consider
another function defined by

(f(x) —x
if x+0
F(x) = { 1f(2x)
2 if x=0

Determine whether the function F(x) is continuous at x = 0.

©Solution:

Again, we need to check whether lim,_,o F(x) = F(0) = i. Note that

_f(0)=0_0
| ";"1. f)y—x 79 "1_ ffeo-1 f(O-1 2-1 1
dmEC) =M™y d MSAZ T 2P0 2 &

Since lim,_,, F(x) = F(0) = i, thus F(x) is continuous at x = 0.
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Example 18 (Differentiability Problem)

Using the method of first principle, determine whether the function f(x) =
v2x + 1 is differentiable. What is the corresponding derivative?

©Solution

We consider the limits

Cfx+R)—f) . J2x+h)+1-2x+1
m = lim

li

h—0 h h-0 h
’ \/2x+2h+1—\/2x+1<\/2x+2h+1+\/2x+1)
= 11m
h—0 h V2x+2h+1+V2x+1
2Ah
2x+2h+1—2x+1) | 2 1

= lim = lim = —
h~>0h(\2x +2h+14+V2x+1) h>02x+2h+1+vV2x+1 V2x+1

1

V2x+1

Thus f(x) is differentiable and f'(x) =
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Example 19 (Differentiability Problem 2)
Using the method of first principle, find the derivative of f(x) = In x.

(Hint: You can consider the following series for In(1 + y):

2 y3 % 45
yoL oy Yy |y
ln(1+y)=y—2+3—4+5—---

©Solution:

Using the method of first principle, we consider

x+h h
f’(x)—limln(x+h)_lnx—limln( X )—limln(l-l_z)
~ h>0 h ~ h>0 h "~ h>0
h h? K3 Rt _ =2 y
L + — + .. 2
X 2x% 0 3x3  4x* o 1_ h h ... _1
= Jim h =l x T e T3 T x

3

2
©Exercise: You can try this for f(x) = e*. (Hint:e* =1+ x + % + % + --).
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Example 20 (Differentiability Problem 3)

Let f(x) be a (twice) differentiable function, we define the following new function:

xf(x)
F(x) =1 sinx iy x#0
f(0) if x=0

Determine whether F(x) is differentiable at x = 0.

©Solution: Again, we use method of first principle and consider

hf(h) AM#@&%%%
' F(0+ h) — F(0) h,,_iol_ smp, —f(0) ' hf(h) — £(0) sinh (9 t
o h ~ h ~ hsinh 0o pe)
_ f(h) +hf'(h) — f(0)cosh (9 . ) diffevort e
~ sinh 4+ hcosh o P¢
— lim f'(h)+ f'(h)+hf"(h) + f(0)sinh  2f'(0) £1(0)
 h50 cosh +cosh —hsinh 2 '

Hence, F(x) is differentiable at x = 0 and F'(0) = f'(0).
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Study Tips:

® Try to practice how to evaluate the limits using either algebraic trick or
L’Hopital Rule. We will provide you some instructions if we ask you to
compute the limits in certain way.

e ALWAYS WRITE DOWN THE DEFINITION when doing continuity or
differentiability problem. Try to memorize them CAREFULLY. You may write
down the formal definition in the question paper after the start of exam
(before you attempt the problem).

® You may need to memorize some identities (say trigonometric identities,

sin 8

: : a\Y a :
limg_, =1, hmy_,oo (1 + ;) = e%. etc.) if you need them.

(P.S. Perhaps, most of you may prefer to memorize the L’'Hopital Rule which is
“INEVITABLE”).
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Chapter 8, 9: Differentiation

Things you need to know:

¢ How to compute the derivative of a given function using various rules

- Product Rule: %f(x)g(x) = f'(x)g(x) + f(x)g'(x)

d f(x) g(x)f )-f(x)g’ (x)
dx g(x) [g(x)]?

- Chain Rule: df () =Y du
dx du dx

(Remark: The derivatives of some functions are provided in final)
¢ How to compute the derivative (or higher-order derivative) using various tricks

- Quotient Rule:

= Implicit Differentiation: Find d—y forx? —y3 4+ 2xy =0

= —= Inverse Differentiation: —f 1( )

T , d
=\ Logarithmic Differentiation: Ex

: L : . dy d?
- Differentiation of parametric equations: dz dszl forx =t and y = cost.

- Leibniz's Rule: = f(x) g (x) = oo CFF P (1) g™ ().
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Example 21

Compute the following derivatives

d
2
(a) 7 <08 2xIn(x* 4+ 1)

d L1
(b) Etan (el x)
(¢) icos_

dx 1 ((Zx -1I— 3)2)

(WARNING: cos™ty # (cosy)~ 1!

d cosh(x?
(d) —x (=),

©Solution:

d d d
(a) 5 €S 2xIn(x?+ 1) = In(x? + l)acos 2x + cos2x —In(x? + 1)

dx
d(cos 2x) d(2x) d(In(x? + 1)) d(x* + 1)
= In(x? + 1) 20 dx + cos 2x TCEEEY T
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7 (2%)

= In(x? + 1) (—sin 2x)(2) + cos 2x

COS 2Xx.

= —2sin2xIn(x* + 1) +
sin 2x In(x ) 211

1+1) 1 1
dtan( deltx d(1+§)

d (e“%) d (1 + %) dx

d 1
(b) —tan (e”?) =
dx

1,1
2 sec ( 1+1) 1+_( —x7?%) = —x 2e1+% sec (e”%).
d 1 ~d(cos™[(2x +3)7*D d[(2x + 3)7*] d(2x + 3)
() dx 0% ((Zx + 3)2) B d((2x + 3)72) d(2x + 3) dx
1 —4(2x +3)73
= —2(2x +3)7%](2) =
J1—[(2x+3)—2]2[ (2x+3)7]@) J1—(Qx+3)4
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(d) Lety = x€0sh(x?) then Iny = cosh(x?) In x.
Differentiating both sides of the equation with respect to x, we have

d

“a 2
o —Ilny = o cosh(x*) Inx
dinydy B 5 2
= i dx lnxacosh(x ) + cosh(x )alnx
1dy d cosh(x?) d(xz)
= S =Inx [ 1D + cosh(x?) ( )
d - h(x?)
——— cosh(x
= d_ic} — ycosh(x?) [lnx (sinh x?)(2x) + ]
Note
d —1 ! d d h inh
ny =— and —coshy = sin
dy y = y dy y y
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Example 22 (’Im,/ffc{( V.'{{ww/{m(m)

The equation of a graph is x* + 2x cosy + 3y = 3.

(a) Find the equation of tangent to the graph at (x,y) = (1,0).
(b) Find the equation of normal to the graph at (x,y) = (1,0).

©Solution
We differentiate the equation with respect to x and obtain
dy dy dy —2x—2cosy
2x + 2 —2xsiny—+3—=0=> =
* oSy T XSy dx dx dx —2xsiny+3

Then the slope of tangent is given by |(x ¥)=(1,0) = _?4 and the equation of

tangent is given byx—_cl) = —g >y = —%x + %‘
On the other hand, (slope of tangent)X(slope of normal) = —1 =slope of normal
= Z. The equation of the normal is given by

y-0_3_ 3 3

x—1 4 47 4
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Example 23

Compute the following derivatives

d3 1
dx3 (2x — 3)3
©Solution:
. 1 -3
We write o (2x — 3)7>. Then we have
d d(2x —3)73d(2x — 3)
—(2x—-3)3% = = —-302x —3)"%(2) = -6(2x — 3)7%
ax 23 d2x —3)  dx (2x =3)7(2) = ~6(2x = 3)

d? d d(2x —3)"*d(2x — 3)
“ _ -3 _ % e
dx? (2x =3) 0 dx (2x =3) 0 d(2x — 3) dx

= 48(2x — 3) 5.

d3 d d(2x —3)™>d(2x — 3)
O V3 — 42 L (9 _ )5 —
T3 @x =37 =48 (2x =3 =48

= —480(2x — 3)°.
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Example 24

Let x(t) = 3t? +% and y(t) =t — tiz, compute the derivative
dy d?y
Ix and IxZ

©Solution:

d d 1 2
dy@j%_;ﬁ@—;ﬂ__1+mﬁﬂ_1+g t3 42
1

dx  dx _i(?)tz +1) T Tett-t ZZ?L)
dt dt t t2
iGN dz d<t3+2)
d’y d (dy)_ d t3+2 dzHgr dt\et*—¢
dx?2 dx\dx/ dxé6t*—t dx dx _i(3t2+1)
dt dt t
4 d (3 3 d co4
(6t —t)%(t +2)—(t° + 2)%(615 —t)
B (6t —t)2 _(6t* —)(3t?) — (t° +2)(24t° - 1)
6t — tlz (6t — tlz) (6t* — t)? |
MA1200 Calculus and Basic Linear Algebra 2 . @ AC " IZ
46 Final Review éjf (+) ¢ ﬁ? =~ JE I - %
; %%; dt- € - o7
:‘6\%(& E dx = /Gljkg’;# ’{6



Example 25
Using Leibniz’s Rule to compute

d4
Tt x cos(1 + 4x)

©Solution:

Using the Leibniz’s Rule with f(x) = vx and g(x) = cos(1 + 4x), we have
4

4-
VR Cos(L+4x) = T f(09() = ) CH D094 (x)

r=0
_1 1 3

2 64sm(1+4x) 6 _Zx 2 —16cos(1+4x)

4

d4—

1 1
_xz 256 cos(1+4x) 4 —Ex

f(o)(x) g(4)(x) +C4f(1)(x) g(3)(x) _|_C4f(2)(x) g(Z)(x)

5 15 7

4 §x 2 —4sm(1+4x) 1 _Ex 2 cos(1+4x)

+C 1O gO@ +GFO® gO@

1
~
4
O

1 1 3 5
= 256x2 cos(1 + 4x) + 128x 2sin(1 + 4x) + 24x 2cos(1 + 4x) — 6x 2sin(1 + 4x)
15 _7
— Ex_i cos(1 + 4x).
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Example 26

For any positive integer n, compute the derivative

dm
W(XS — 2x + 2)84x.

©Solution:

Using Leibniz’s Rule with f(x) = x3 — 2x + 2 and g(x) = e**, we have

n
dn L
(= 20+ et = g = ) RO )
r=0
x3—2x+2 4Te® 3x2-2 4" leH 6x 4n-2g4x
=CrfO) g™(x) + CrfFD(x) g=D(x) + C} f@(x) g=2)(x)
4n—384x 0

6
+CF fO0) g7 (x) +65F L6041 0+
9
g
n
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The binomial coefficient can be computed as (Recall that €' = n

)

ri(n—-r)!
nn-—1 nn—1)(n—2
Cl=1, C{'=n, C} = ( ), C} = ( ) ).
2 6
Combining the result, we finally get
n
e (x3 —2x + 2)e**

= 4" (x3 — 2x + 2)e*™ + n4" " 1(3x% — 2)e*™ + 3n(n — 1)4" ?xe**
+n(n—1)(n—2)4"3e**,

p‘(ﬁ)@wow# WL[W/(WW (7 = /Vvt)
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Example 27

r
Let a be a real number and definey = (i—j) forx > 1.
(a) Show that (x? — 1) Z—z + 2ry = 0.
(b) Using Leibniz’s Rule and the result of (a), show that

(x? = Dy™D 4 2(nx + r)y™ + (n? —n)y™-V =0,

> — 20
\/—/ j}(’ &\_7)0“ y/ /
(e 1)(xer 1)
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(CK q dv) Z Cyr é( (r CMM ’ @7 Leifuita Puﬁ@)

— (%Zr~7> g("v*”/ + 2} 9(”‘) 1 VL(WJ) 2&-1)

@ J
—7 0= 10 (x%q] % Jrzy\;t)
= &%)y S 2 (wx 1) %tc“) + () @é"““ﬁ
/
<§ e = ;!4;“[2”&% = 2~ (U/L(K) /
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Chapter 10: Application of Derivatives
Things you need to know:

e Taylor series and Maclaurin Series of a function

A0 , 90 if(")(O)
x° + = ! x™.
n=0

F() = FO) + F (0 + =% + -

Maclaurin Series)

@ )
F0) = @+ F @G -0+ P — a2+ LDy
=, £
= Z f n'(a) (x —a)™ (Taylor Series)
n=0 '

e Application of Taylor series in computing limits (though we will provide you
hints if we ask you to use this approach).
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¢ Finding the maximum value and minimum value of a function
v Find all local extema: Local maximum and Local Minimum
(First derivative test or second derivative test)
v Compute the value of f(x) at the boundary points.
9 ZwVP/ﬂZF;LW%E 75&‘) af- /?vez’omze X, , wlere ‘/'wfx‘o/ Aoes %_ﬁ&f &&/51{
¢ Find the tangent and normal to the graph at certain point X = (a, b)
v’ Tangent: Straight line which touches the graph at that point X.

dy
Slope of tangent = x |(xey)=(a,p)
v'Normal: Straight line which passes through X and perpendicular to the
tangent.

e |'Hopital Rule and its application.
(*Note: You have seen some related examples in the “limits” sections).
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Example 28
Find the Maclaurin series of the function f(x) = In(1 + e*) up to the terms x5.
©Solution:

Note that the Maclaurin series of f(x) is given by

)0 3)(0
f(x) = f£(0) +f’(0)x+f 2!( )xz +f 3!( )x3 o (%)
Since f(0) =In(1+e°%) =1n2,
, x 1 e e?x 1
f'(0) = 1_|_ex|x=0 ZE; f"(0) = 1+€x_(1+€x)2|x=0 :Z-
eX er 282x 283x
fOO) = - A+re? Are2 (Areryplo=0

Hence, the Maclaurin series is then given by

1 1
f(x) =1In2 +§x+§x2 + 0x> + -
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Example 29
Find the Taylor expansion of the function g(x) = cosvx atx = 1 up to (x — 1)3.
©Solution:

The Taylor Series of g(x) at x = 1 is given by

(2) 1 (3) 1
g(x)zg(1)+g'(1)(x—1)+g ( )(x—1)2+g ( )(x—1)3+---
20 3!
z
Since g(1) = cosv1 = cos 1 and X =2x-+ 7
1 1 1
g'(1) = —EX ZSIH\/EI,C:l = —Esm 1,
1 _3 1 1 1
g? ) = Zx_fsinﬁ—zx‘lcosx/ﬂx:l = sinl——cos1
3 _5 1 1 1 3
g¥ ) = —g”* ZSIH\/J7+§x‘2 cos\/J?+Zx‘2 cos\/§+§x 2 sinVx | y=1
1
= —Zsin1+§cosl.
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Hence, the Taylor series is then given by

(x) = 11('1)+(1'11 1)2+(1'1+1 1)3
g\x) = COS > sin 1)X 8SlIl 8COS X 24SII1 16COS X,

Example 30

(a) Find the Maclaurin’s expansion of the function f(x) = In(1 + sinx) up to
the term in x*.
(b) Hence, compute the limits
~ In(1 + sin(2x?))
lim >
x—0 X

£(9= ¢

06 (x)

[
£0x) = At sialx] , =2 £l0)= 7

_ﬁu)(/:ﬁ 7 _ v
M=~Dm o fla=-1
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o )

b) . @[Z{Jﬁ» &ftD (a) . 22 @x” c
L , = bl - Z e —
Xosp X o 0 x* <
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Example 31

2X—X

Find the maximum and minimum of the function f(x) = e * over the interval

[-2,2]

©Solution:

Step 1: Find all local extrema (or turning point)
We need to solve f'(x) = 0

2
er X >0
f-hl\

>(2-2x)e?** =0 8 2-2x=0>x=1
Step 2: Check whether the given local extrema is local maxima or local minima

{
Note that f(x) = (2 — 2x)e2*¥~*’

—2<x<1 x=1 1<x<2
f'(x) > ( 0 <0
Graph increasing local max. decreasing
By direct substitution, we get f(1) = e*"1 =e.
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Step 3: Compute the function values at the boundary points

By direct substitution again, we get

f(2) =e2@-2° =0 =1 f(=2)=2(D(-2* = o8

Step 4: Find the maximum value and minimum value of the function
By comparing the f(2), f(1) and f(—2), we get

® The maximum value of f(x) ise (atx = 1).
® The minimum value of f(x) is e 8 (atx = —2).
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Example 32

Find the maximum and minimum value of the function

1

fGo) = xx
over the interval [1, ). d%%t: &L[Xﬂ/x) = ;f_ﬂ« (=)
©Solution:

Step 1: Find all local extrema (or turning point)

We need to solve f'(x) =0

1

xx>0
1/1—Inx xZ:O
:xx(T)zo > 1—-lnx=0>x=ce¢.

Step 2: Check whether the given local extrema is local maxima or local minima

1 —
Note that f‘(x) = xx (1 lnx),

x2
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1<x<e xX=e e<x <o
f'(x) > ( 0 <0
Graph increasing local max. decreasing

1 1
By direct substitution, we get f(e) = ee = ee.

Step 3: Compute the function values at the boundary points

1
By direct substitution, we get f(1) = 11 = 1,. On the other hand, we need to

1

consider lim,._,, xx (since we need to compute the value at x = ).

1 0 1 In x
Let y = xx (c0"-type), thenlny = ;lnx =— and

lim Iny = I lrlx(oo type) = lim X = 1 1
Jim tny = Jim == (= type) = Jim 3 = tim -

=R

1
= lim xx = lim y = lim ™Y =% = 1.

X— 00 X— 00 X — 00

=0
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Step 4: Find the maximum value and minimum value of the function

By comparing the f(1), f(e) and f(o0) = lim,_, f(x), we get

1
e The maximum value of f(x) is ee (at x = e).

® The minimum value of f(x) is 1 (at x = 1, o0).
Example 33

x%+ax+b . . 3
12 has a turning pointat Q = (—3, Z)'

Find the values of a and b. Show that Q is the local minimum point of the curve.

The graph of the curve y = f(x) =

©Solution

Note that Q = (x,y) = (—3,2) is the turning point, it must be that

2x+a 2(x*+ax+Db)

f(=3)=0=00n GrDF == 0=2amb=s,
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On the other hand, the graph of y = f(x) passes through the point Q, we have

Cqy_3,073akb 3
[(=3)=7 4 3t

Solve these two equations, we geta = 3 and b = 3.

To verify Q is the local minimum, one can consider the second derivative test, note
that

2x+3  2(x*+3x+3) -x-3 ~
(x+1)2_ (x+1)3  (x+1)3 = -+ + D

> f ') =—-(+D+3x+3Dx+ D7

f'(x) =

Since f""(—3) = % + 3(0) (1—16) = % > 0, Q is local minimum by second derivative

test.
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Example 34
It is given that the equation of a conic section is given by 4x? — 3xy + 4y? = 5.

(a) Identify this conic section and sketch the graph.
(b) What are the equations of tangent and normal to the graph of conic section

at (x,y) = (1,1).
©Solution:

(a) One can identify the conic section using “rotation of axes” (since there is xy-
term in the equation). We consider the x'y’-system by rotating the original
xy-system through the angle 6.

Step 1: Find 6
Since A = C = 4, we should choose 6 such that
cos20 =0 = 20 =90° = 6 = 45°.
(i.e. we need to rotate the axes by 45° through anti-clockwise direction.)
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Step 2: identify the conic section
Using the rotation of axes formula,

1
x = x'cos45° — y'sin45° = —x' — —vy/,
Y V2 \/2y
=y’ 45° 4+ x' si 45°=—1 ’+—1 '
coS x' sin X .
Y= V2 \/Zy

Substitute this into the equation, we get

(1 1 )2 3(1 1 )(1 - 1 )
—x —— —3|l—=x ——=y'||—=x +—=y
NN V2o V2T W2 W2

1 1 \*
+4(—x’+—y’) =5

V2o W2
5 11 , x'? '
= ZX +7y =5 > + 5 = 1.
(V2) ([10
11

The conic section is an ellipse with centre (0,0).
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(b) One can obtain Z—z by differentiating the equation with respect to x:

dy dy dy —8x+ 3y
8x —3y —3x——+8y—=0=—= -
* Y xdx+ ydx dx 8y —3x
Note that the slope of tangent at (x,y) = (1,1) is given by

dy —8+3

I | G»=01) = g3 =

The equation of tangent at (x, y) = (1,1) is given by
y—1
x—1

On the other hand, the slope of normal can be found as follows:
(Slope of tangent) X (Slope of Normal) = —1 = Slope of Normal

=—1l>y=—-x+2

= 1.
The equation of normal at (x,y) = (1,1) is given by
y—1
=1=vy=x.
x—1 y==x

66 MA21200 Calculus and Basic Linear Algebra
Final Review



Harder Example

It is given that x = tant and y = (sect + tant)* where —% <t< %and k is

positive integer. In this problem, we would like to compute the derivative
d™y

Un = dxn’

n is positive integer

(a) Find the equation of tangent to the graph att = 0 (i.e. (x,y) = (0,1)) j&‘/ = Z
(b) Show that @/7)
d’y dy
1+x2)—= 4+ x— — k?y = 0.
( +x)dx2+xdx k“y =0

(c) Using Leibniz’s Rule, show that

(1 +x2)y™+2 + 2n + Dxy™*V + (n? — k2)y™ =0
) — Y
where y -
(d) Hence, conclude that
2

d-U dU
(1+x2) dxzn + (2n + l)xd—xn + (M*-k*HU, =0
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©Solution:

(a) Note that the slope of tangent is given by

dy k—1 2
dy | at | k(sect + tant)* *[secttant + sec” t]
dxto—dxto— sec2t t=0
dt
k(sect + tant)®
— lt=0 = k.
sect
Hence the equation of tangent is given by
Y=l 4 kx + 1
= = = KX
x—0 Y
k 2
(b) Note that dy _ k(sect+tant) , it remains to compute d—z. Note that
dx sect dx

k(sect + tan t)") d (k(sec t + tan t)")
dt

d’y d (dy) B d( sect B sect
dx? dx\dx/ dx - dx
dt
 k?sect(sect +tant)® — ktant (sect + tant)”

sec3t

MA21200 Calculus and Basic Linear Algebra
Final Review

68




d? d
(1 +x2)—y+x—y—k2y

dx? dx
—sec t
k?sect (sect +tant)® — ktant (sect + tant)*
—(1+tan2t)( ( ) 2 ( )
sec3t
k(sect + tant)*
+tant( ( ) )—kz(sect+tant)k=0
sect
(c) We differentiate the equation in (b) with respect to x for n-times, we have
=y
i 2\A,(2) d" (D) 2 a"
[(1+x)y ]+ —xy =k —— T =0..(%)

Using Lelbmz s Rule, we have
fx) g0

[ n
d" | —— ——
A +x)yD| =Y RO @)
r=0

dxn
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(d)

n(n-1)

1 (1+x2)y(n+2) n 2x y(n+1) : 2 y(n) =0
=C1 FO g 4 CRFW g-D 4 CF F@ gn-2) 4 g £@) glr=3)
=0

ok G gt
= (1 + x2)y™*2) + 2nxy™*D 4 n(n - 1)y™,
Similarly, we get
dTl
dxm
Substitute the result in (), we get

(1 +x2)y™2 + 2n + Dxy ™V + (n? — k2)y™ = 0.

= y(n+2) and = y(™+D) sybstitute them into (c), we get

d?U
(1+ x2) ¥ =

dU
+ (2n + l)xd—xn + (n? - kAU, =

Hence, one can obtain U,, by solving this differential equation.
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