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Outline

* Multiple Reflections in TLs
* Power Flow in TLs
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Review and Preview

* Last class we introduced the concept of the
transmission line (TL), and examined basic wave
propagation in the TL.

* This class, we will continue look at what happens at
terminated TLs
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Terminated Lossless TL

V(2),1(2)
’ ] V(z) = Vie 1Bz 4 V5 etibz
Zo, B Zy
[ o— I(Z) =V—O+e_jBZ_£e+jBZ
“ | Zy Zo
—Z z=10

e V(z) and I(z) are solutions to 2"%-order linear ODEs, and
feature two unknowns: V" and V; .

* We can reduce one unknown if we know the load impedance.

V(z) _ _ _
@l = Z(z=0)=17;

e Method: i.e. use
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Reflection Coefficient

Ve 1P? + V5 etiP? Vo + Vg
2,=2z=0) =20 —m—y—oip|  —loyF -
0 N P o~ Vo V(2),1(2)
e o—
Define:
- Zoy, P Z
[, = — = reflection coefficient
VO @ - T_
—Z Z =| 0
Substitute and rearrange to get: +1 [=0
1+7T Z,— 7 T
L L~ 4o
Z; =17 oI =
L2201, L7+ 7,
V(z) and I(z) become: At the load (z = 0):
V(z) = V§fe 7F7(1 + T et/2h?) V(z=0) = Vg (1|+T;)
ot
|/ . Vo |
I(z) = ie—fﬁz(l — [, e*i2p7) I(z=0) ==(1/—T})
Zo Zy
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Reflection Coefficient along the TL

Look at these equations again: V(2),1(2)
@ o
V(z) = Vite /PZ(1 + T, eti2hz
( ) VE)I_ | ( L | ) ZO)ﬁ ZL
I(z) = —~e 1B7(1 — [ e*/2F7) . .
ZO < I
—Z z=0
Define: +1 [=0
['(2) =T et/?h% st D1,
27D
V(z) = Vi e 7F7(1+I'(2)) I'(z)
A
[(z) = —e7B7(1-T'(2))
Zy

I'(z) is the reflection coefficient at TL location z looking toward the load.
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Impedance along the TL

Similarly, impedance can be defined as a function of TL

location: r»
@

1+ TI(z 1+ [ et/2hz
Z(z) =Zy———= (2) =Zy L . Zo, B A
1-— F( ) 1— [‘Le"'JZBZ
® o—
< |
b I
For a transmission line of length [, the input impedance is: —Z z=0
+1 [=0
14T, e‘jzﬁl
Z; +jZytan Sl
Zin =2y ,
Zy+jZ,tan fl
- jBl_p=JBl Bl ,—jBI
(You can derive this using: I} = ZL=%o ;sin Bl = e .cosBl = $)
Z1+Zy 2j 2
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The derivation for Z;,

Z, — 7o\ _;
2o gy = g, LT 1Y + (757
in — = 01_FLe—jZBl_ 01_<ZL Zo)e—jZﬂl

Z; + 7,

(Zy+Zo) + (Z, — Zp)e 2Pt Z,(1+ e 12P) + Zo(1 — e7/2F1)

éZL +ZZ?{2 —(Z, —Zy)e J2BL T "0 7, (1 4 e~J2BL) 4+ Z,(1 — e~ J2BD)
L+ 24y

70 +Z, W’

IBL _ o=iPl
_1—e oA K 2j >(2])(e l)] |sin pD(2))(e™/FY)]
T 1+e 2Bl Kejﬁl + e—JBl ) 2)(e ]ﬂl)] [(cos BD(2)(e=/BD)]

where

jtan Sl

So, as required,
Z; +jZytan Bl

=7
n "0z, +jZ, tan Bl

Z;
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Impedance along the TL

Z; + jZytan Sl
07,4 jZ, tan Bl

Zin=Z

Special Cases:

1. Open Circuit (Z, = o): 5. %-Wave Transformer (I = A1/4):
: : ve I

Zin = —jZo cot Bl Zin =Z5/Z;

2. Short Circuit (Z; = 0): 6. 2-Wave Transformer (I = A1/2):
Zin = jZotan Sl Zin =1p

3.Cap.orlind. (Z; = jX;): Ee. . .
Zin = jXin Z(z)

Zin=? ZoBA/4 | %A | “B

4. Matched Circuit (Z; = Z,):

Zin = Zg * -
Zin = Zg(YA + Yp)
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Transmission line A

Q

Example 1

R S50
Z0= 100 Q L
CL].m oF

A
A 100-€2 transmission line 1s connected to a load consisting

of a 50-€2 resistor 1n series with a 10-pF capacitor. Find the
reflection coefficient at the load for a 100-MHz signal.

Solution: The following quantities are given (Fig. 2-13):

RL=50Q, CL=10pF= 10711 F,

Zo= 100 2, f =100 MHz = 10® Hz.
Z, =R, + =50 + . =50 — j159 [Q
L= Rt = S0 < Toe) (o1 20 /159 [

Z,—Zy —50—j159

I, = —
>z, 42z, 150 - /159

= 0.764£ — 60.7°

Or Il =0.76, 6 = —60.7°
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Transmission line A

Example 1b %

CL T 10 pF

(o]

For the situation of the previous question: °
Z; =50—j159 O;1; = 0.764£ — 60.7°, Z, = 100 ; f = 100 MHz

Find V(2),1(z) along the transmission line, if the transmission line is an air
line that is 10 m long.

Solution:

First we find the relevant constants in this TL question:
w = 27f = 2 x 10° Hz; v, = ¢ = 3 x 10° [m/s]; § = = =%[m-1]

v
Now we write the voltage and current:
V(z) = V+ ~IPZ(1 + I et/2P?)
I(z) = —e‘jﬁz(l [ et/2F2)

Substituting in Z,, f and I, we arrive at V(z) and I(z) as a function of
Vs and z.
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On V(z), I(z) and S

For I, = 0.5, we plot V(z) and I(2) along the transmission line w.r.t. time:

L
xl i W W W

“o 150
2 [mm]

1 1 ]
o 50 100 150
2 [mim]
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Remarks:

1. V(z)is maximized when I(z) is
minimized, and vice versa.

2. V,.ar (and[,,,,) occurs every

Af2
3. Standing Wave Ratio:
S:Vmax:]-'l'lr[,l .
Vmin 1- IFLI J
=T = S5—1
L~ s+1

- Terminated Transmission Lines
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VSWR in the Real World

PE51089
Mag Mount Antenna

@ PASTERNACK 5. 507257 890-960 &
ENTERPRISES® r~x: +1 (949) 261-7451 1710-1880 MHz
Email: sales@pasternack.com 3-0 dBi

PO Box 16758. Irvine, CA 92623-6759

Product Features

« 890-960/1710-1880 MHz
50W power handling
High Gain, 8dBi Omni Radiation Pattern
Mag Mount Antenna with Cable
SMA Male, SMA Female, N Female & TNC Male

Specifications "

Parameter Value i Description
Band1 Frequency 890-960
Band2 Frequency 1710-1880

Impedance

Gain i Max Gain

Polarization Linear Vertical

X L] Wi X
Maximum VSWR &9 | @ | DoNcon MnsOGNEcEEg
Ranges

Cable Length
Weight

Lightning Protection DC Ground
Temperature Range

Ordering Information

[ I
https://www.pasternack.com/images/ProductPDF/PE51089-1.pdf EE3109, Jan - Apr 2025, LO9 - Terminated Transmission Lines 13



http://www.pasternack.com/images/ProductPDF/PE51089-1.pdf

Some Questions for YOU....

1.

2.

3.

Find Z;,, for the previous loaded transmission line.

How do you find the nearest V,,, ., / Lnq from the
load?

What would S be, and how would the plot of V(2)
and I(z) look, if the load is:

(a) An open circuit?

(b) A short circuit?

(c) A reactive element?

(d) A matched termination?
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Finding distance to the nearest . —
Vinax and Vi from the load Zo, B 7,
Let T, = |T,|e/¥L). Then, ¢ ) .
V(z) = VO+e—j,BZ(1 + |FL|e+j(2,BZ+9L)) —z 7 =0
V+ +1 [=0
[(z) = Z—Oe—jﬁz(l _ |FL|e+j(ZBZ+6L))
0

Vimax 0ccurs when the phase of the second term is an even multiple of r, i.e. 26z +
8, = 2mm (Equation A) where m is an integer, b/c in this case the incident and
reflected voltage waves will constructively interfere.

Vmin 0ccurs when the phase of the second term is an odd multiple of i, i.e. 2z + 0; =
(2m + 1)m (Equation B) where m is an integer, b/c in this case the incident and
reflected voltage waves will destructively interfere.

If we know Z;, we can find 6, . Using 8; and equations (A) and (B) above, you can find
the smallest |z| that will satisfy the equations above. These will give you the distances
to the nearest voltage maximum and minimum.

Remember:

(i) z, as defined in class, is a negative number: eg. 3 mm from the load will be z =
— 3 [mm)].

(ii) If the voltage is at a maximum value, then the current is at a minimum value, and
vice versa.
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Outline

e Terminated TLs
* Multiple Reflections in TLs
e Power Flow in TLs
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Terminated Lossless TL with a

Generator Impedance

E’l V(z),1(z)

+ [
I’E? f\; Vin Zor 18 ZL
V(z) = V+e—fﬁ2(1 + [ et/2P2) ) . . .-
() = I;_Oe—]ﬁz(l FLe+jZBZ) ( —Z Z;b?;
| vr
Transient Perspective - Vi

1.

When the circuit is closed, and initial wave V" travels from the generator to the

load, without first observing the load = Vi" = ZyIf = V" = _Zo_ (e77Eh).
Ry+Zo

More wave components are created after reflections from the load and generator:

Vo =TV Vs =Tge 2Py = T Te 2Bty vy = (T,) 2T e /2Ryt ...

The positively travelling waves superimo(loose to form V"

. v
+ _ y+ + + _y+ —j2p\" _ 1
Vo =V +Vr +V5 + - =V Z(FLFGe JZBty =1 T, 02

n=0

>V =V 20 e
O T IR, + Zy\1 - T Tze J2R
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Terminated Lossless TL with a
Generator impedance

I‘E V(2),1(2)

+ I + ]
OO Ve Zo,B 7,
-1 . o
|
—Z z=0
V.Z e IBlg—ibz .
_ 970 +j2pz
Vi2) =%, +ZO(1 [ Tge- IZBI)(l-I_rLe )
v, e IPle=ibz |
[(z) = 1 —T,et/2bz
( ) R +ZD (1 —FLF{;é_jZBI)( L )

Now we can write the voltage and current along the
line given the source voltage (or current).
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Power Along a Terminated TL

PoweralongaTL: P(z,t) =V(zt)I(zt)

Time Averaged Power:

1
P(z) = 5 RetV (2)I(2)"}

Vo |2 » . . »
=7 Re{(e /P% + T e/P?)(e/P? — T e~ IF7)}
0

Wik

== Re{1 —Ie /2P7 4+ T /2P — |1 |2}

Incident Power |V0+|2 , |VO+|2
= I

27, T, 27,

P
Return Loss:  RL = —101log 7 )= —201log |I; |

l
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Rg Transmission line
_I_

Exa M p | - 2 Vg Vi, Zo=100 O

[« 359

Ry € 500

,4:'
A 100 (2 transmission line is connected to a load as shown. If 1, = 5V; R, = 75 ()

f = 100 MHz, and the line is 0.3 wavelengths long, find: (a) Z;,,; (b) The voltage and
current along the TL; (c) The power delivered to the load.

Solution
(a) Z, = R, + MLC =50 — j[(2m x 108)(10711)]~1 = 50 — j159.2 [Q]
L
2T
Ll = (T) (0.31) = 0.6mr = tan fl = tan 0.6mr = —3.078
Z, +jZotan Bl (50 — j159.2) + j(100)(—3.078)

_ Cp T 10 pF

Zo =7 = (100 = 29.79 +j108.0 [Q
m "0z, 4+ jZ, tan Bl ( )(100) +j(50 —j159.2)(—3.078) J 2]
(b)
. Z,—Zy 50—j159.2—-100 _ 03730 — 10,6655
L= 7 +7Z, 50-j1592 +100 JRH99;
Zg — 2y
[ =———=--=—0.1429
Zc+ Z,
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—

o

R Transmission line
g

/ R 50 Q2
Example 2 Cont'd %6 v 2w g0
B _ l'_]_-l-l[]'pl-
.4-"
(b) Cont’d
V e_}ﬁie_jﬁz .
I _ g 1 =T e+jZBZ
(2) = R, +ZD(1—FLF e fzﬁf)( t )
5 —_,‘GE)?T —-jbz
1 —(0.3730 — j0.6655)e*/2h2
~ 75+ 100 (1 — (—0.0533 + 0.0951)e~/L 2?‘*‘)( ( / e )
= (—0.01145 + j0.02561)e~/F7(1 — (0.3730 — j0.6655)e*/2FZ) [A]
V. Z, e~JBlg—iBz .
|74 =_9 . 1+ I et/2Pz
(2) Rg+zg(1—rLrGe—J2ﬁf (14 Te ™)
= (—1.145 +j2.561)e7/P%(1 + (0.3730 — j0.6655)e*/2F2) [V]
(c)
+ 2
p, = |V°| (1-r]?) =L “;‘Z’I’;{ff“' (1 —10.373 — j0.6655|2) = 16.43 [mW]

EE3109, Jan - Apr 2025, LO9 - Terminated Transmission Lines



Summary

* In this class we examined what happens when a TL
is terminated by a load. We introduced the
concepts of

* Impedance at the load and along the TL

Reflection coefficient at the load and along the TL

Voltage Standing Wave Ratio

Multiple Reflectionsina TL

Power along the TL

Return Loss
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