MA 1201 Semester B 2019/20
Midterm Exam (E/F/G/H, 100 mins)

Instructions:

* Please show your work. Unsupported answers will receive NO credits.

* Make sure you write down the correct lecture session (E/F/G/H) you have registered for, together with
your full name and student ID on the front page of your answer script.

* Exams submitted to wrong lecture sessions will NOT be graded and will receive 0 POINTS.

1. (25 points) Let A(1,2,0), B(—1,3,0), C(—1,2,—1), and D(0,1,1) be four points in R?. Using vector
method:

(a) (8 points) Find the area of the triangle AABC.
Solution. The area of the triangle AABC is given by

Areazélzﬁxﬁ\, Z

where
AB=B—A=(—1-1,3-2,0-0)=(-2,1,0), )
AC=C-A=(-1-1,2-2,—1-0) = (—2,0,—1). f
Note that
TT R o L2 o] o2 1
F=ABxAC=|-2 1 0|=i _7 47
0 —1| /|—2 —1|T*=2 o
20 -1
= ——2j+2k=(—1,-2,2). ‘ §>
So

1 3
AreazE\/1+4+4:2. \

(b) (9 points) Find the equation of the plane that contains A, B, and C.

Solution. The equation of the plane is given by
m(x—x0) maly—yo) +msz—) =0, (S

where 7 = (nj,n;,n3) is a normal vector of the plane and P(xy,yo,z0) is a point on the plane. Since
= (—1,—2,2) and P(xo,yo,z()@A(l ,2,0) is a point on the plane, the equation takes the form

@ —(x—1)=2(y—2)+2(z—0) =0, or —x—2y+2z+5=0.@



(c) (8 points) Find the volume of the parallelepiped with AB, AC, and AD as its adjacent sides.

Solution. Note that
AD=D—-A=(0-1,1-2,1-0)= (—1,—1,1). \ [ Z

Then the volume of the parallelepiped with AB, AB, and AD as its adjacent sides is given by

Véﬁgfxﬁéyzﬁp:u+a+a):§i§;>

2. (50 points) Evaluate the following integrals.

(a) (7 points) / 2 dx.

Solution. Let
u=3x+2, < 1>
1
du= (3x+2) dx = 3dx, or dx:§du. ‘ '| >

1
/e3x+2dx:/e”-

1 1 1
fdu> :g/e”du:fe”—i—C:fek“—i—C.
b) (8 poi ’ ! d.
t —
() 8 points) [

3 3
Motivation. Since, by definition,

Then

© O
x—2, ifx—22>0 x—2, ifx>2

x—2[= : = . 2
—(x=2), ifx—2<0 2—x, ifx<?2

it’s necessary to partition the interval of integration [1,3] at x = 2 into two parts, [1,2] and [2,3].\ Z ’

Solution.
3 1 2 1 3 1
- @/ o D
/1 1+ |x— 2| 1 1+|x 2| 1—|—|x 2\ 1 1+(2—x) 2 1+ (x=2)
:—mu 312 +1Injx—1]]3 =2In2. {Z)
(c) (10 points) / e "sin(5x) dx.
Solution. By the integratiowart @

/e’x sin(5x) dx:/ in( ==e¢ “sin(5x) —/(—e’x)d(sin(Sx)) =—e " sin(5x)—|—5/e’xcos(5x)dx
)

- 3 x

=
sin(5xyd(—e™)
= —e 'sin(5x)+5 /cos(Sx@ex) = —e *sin(5x) —5e¢ *cos(5x) 45 *d(cos(5x))
2

= —e *sin(5x) — 5¢ " cos(5x) — 25/e_x sin(5x) d@

/e*x sin(5x)dx = —716(87)6 sin(5x) 4+ 5e " cos(5x)) +C. @

2

Thus



@ (IOPOImS)/smxcosx @ ‘ '2 )

. dx cosxdx d(sinx) .
Solution. Note that / —— = = / . Let u = sinx. Then
sinxcosx sinxcos sinx(1 —sin’x)’

@)
/sm)fzosx_ u(1—u?) du _/U—Lsﬂ—i-mdu@
_/d+2/1—u” 2 1Jlrd” @

:1n|u|—§1n|u—1|—§ln|u+1|+C, (

1 sin®x
=~In|— .
2 (sinx—1)(sinx+1)

|+C =In|tanx| +C.

Q)

2
(e) (15 points) / 3x t62);+2) X

Solution. Because the rational function is improper, by the long division,

X =3 +6x—2 - 2x
(x—1)(x2—2x+2)  (x—1D(2—2x+2)

©)

Note that (x — 1) and (x> — 2x+2) are the only factors of the denominator, and the partial fraction
decomposition of the rational function is given by

2 _ A, BxiC
(x—1)(x2—2x+2) x—1 x2—2x+2

)

To find the constants A, B, and C, multiply both sides of the equation by the denominator (x — 1) (x* —
2x+2) and rearrange. This yields

2x=A(*—2x+2)+ (Bx+C)(x—1).

So

It follows that
X —3x>+6x—2 2 —2x+4
2 =1+ T2 ’
(x—1)(x*—2x+2) x—1 x2—2x+2

e e
Q

and thus

dx=

/ X=3x24+6x—2
(

—2x+4 —2x+4
d 21 1 ———=dx.
x—1)(x>—2x+2) / x=x+2lnpx— H_/ =\ 2

—2x+2 —2x+2

To evaluate the last integral on the right side, observe that the substitution

u:x2—2x—i—2, (
du= (x> = 2x+2) dx = (2x —2)dx = 2(x — 1) dx,



indicates that an extra factor of (x — 1) (= a constant multiple of «) is needed to simplify the integral.
This suggests the decomposition of the numerator:

—2x+4=-2(x—-1)+2, )

—2x+4 —2(x—1) 2
B S N (
/x2—2x+2 . / 2x—|—2+ 2x+2
1
x2 2 +2 2x+2

The first integral on the right side can be directly solved using the substitution

and hence

u:x2—2x+2,
du=72(x—1)dx,

—2(x—1)
/T—I—Zd_ /du —Infu| +C = —In|x* —2x+2| +C. @

As for the second integral, the fact that the quadratic polynomial (x> — 2x +2) is irreducible implies
that

which gives

1 1
_— = B —— = —1
/x2—2x+2dx /(x—l)z—i—ldx tan™ (x

In conclusion,

/ X =32 +6x-2

(x_1)(x2_2x+2)dx—x+21n|x—1|—ln|x —2x+2|%2tan (x—1)+C. { ’

3. (25 points)

(a) (15 points) Find the volume of the solid generated by revolving the region in the first quadrant bounded
from above by y = a(1 — cosx) for 0 < x < 27, from below by the x-axis, about the y-axis.

Solution. By the shell method, the volume of the @is then given by @
21 21 21 2r
V= 27xy(x) dx = 2a7r/ x(1—cosx)dx = 2a7t/ xdx — 2a7r/ xcosxdx
0 0 0 0
2 2
= anx*|3" = Zan/ xd(sinx) = 4an® — 2amxsinx|3" + Zaﬂ/ sinxdx = 4am’. @
0 0
@ 2
(b) (10 points) Find the length of the curve y = - — ]“—" 1<x<e.

Solution. Since the curve is described by a functlon of x, the curve length should be expressed as an

integral of x: .
L:/ds:/1 \/1+[y’(x)}2dx, @

4



where

This shows that
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