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Question 1

Solution. (1)Step 1: Seperate variable

dy
y2 + 3y + 2

= dt

Step 2: Integrate ∫ y(t)

y(0)

1
y2 + 3y + 2

dy =
∫ t

0
dt

⇒
∫ y(t)

0

1
y + 1

− 1
y + 2

dy = t

After integration
ln(y + 1)− ln(y + 2) + ln 2 = t

⇒ ln
y + 1
y + 2

· 2 = t

⇒ y + 1
y + 2

· 2 = et

Calculate y(t)

y(t) =
et − 1

1− 1
2 et

(2)From (1) we have

y(t) =
et − 1

1− 1
2 et

The solution is valid for 1− 1
2 et > 0, therefore,

t < ln 2

(3)Let dy
dt = y2 + 3y + 2 = f (y), and set a bound y ≤ b,

M = b2 + 3b + 2

∂ f (y)
∂y

= 2y + 3 ≤ 2b + 3

1
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Set a > b
M ,

tE = min(a,
b
M

) =
b

b2 + 3b + 2
dtE

db
= 0

⇒ b =
√

2

tE =

√
2

3
√

2 + 4

Question 2

Solution. y1(t): Set ε = 0,
dy
dt

+
2t

1 + t2 y = 0

y1(t) = y0 exp
(
−
∫ t

t0

p(τ)dτ

)
+
∫ t

t0

exp
(
−
∫ t

τ
p(τ)dτ

)
g(τ)dτ

∫ t

t0

p(τ)dτ =
∫ t

0

2τ

1 + τ2 dτ = ln(τ2 + 1)
∣∣∣t
0
= ln(t2 + 1)

Therefore,

y1(t) = exp
(
− ln(t2 + 1)

)
=

1
t2 + 1

y2(t):
dy2

dt
+

2t
1 + t2 y2 = −εy2

1 = − ε

t2 + 1

y2(t) = 1
t2+1 +

∫ t
0 exp

(
−
∫ t

τ
2τ

τ2+1dτ
)(
−ε · 1

τ2+1

)2
dτ = 1

t2+1 +
∫ t

0 exp
(

ln
(

τ2+1
t2+1

))(
−ε · 1

τ2+1

)2
dτ

= 1
t2+1 +

∫ t
0

τ2+1
t2+1 ·

(
−ε · 1

τ2+1

)2
dτ = 1

t2+1 −
ε

t2+1

∫ t
0 ·

1
τ2+1dτ = 1

t2+1 −
ε

t2+1 arctan t
(1)

Question 3

Solution. Equilibrium points:
dy
dt

= 0

y4 − 20y2 + 64 =
(

y2 − 4
) (

y2 − 16
)
= 0

Equilibrium points are
y1,2 = ±2, y3,4 = ±4

When y < −4
dy
dt

> 0

When −4 < y < −2
dy
dt

< 0
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When −2 < y < 2
dy
dt

> 0

When 2 < y < 4
dy
dt

< 0

When y > 4
dy
dt

> 0

Therefore, −4, 2 are stable points, −2, 4 are unstable points.

Question 4

Solution. (1)According to Kirchhoff Circuit Laws,

I0 = IR + IC + IL

IC = C
dVC

dt
, VL = L

dIL

dt

I0 = C
dVC

dt
+

VC

R
+
∫ t

0

VC

L
dt

C
d2VC

dt2 +
1
R

dVC

dt
+

VC

L
= 0, VC(0) = 0, V̇C(0) =

I0

C
(2) From (1),

1
10

d2VC

dt2 +
1
2

dVC

dt
+

3
5

VC = 0, VC(0) = 0, V̇C(0) = 10I0

Characteristic Polynomial:
1

10
r2 +

1
2

r +
3
5
= 0

⇒ r1 = −2, r2 = −3

therefore,
VC(t) = c1e−2t + c2e−3t

dVC(t)
dt

= −2c1e−2t − 3c2e−3t

From the initial conditions,

⇒
{

VC(0) = c1 + c2 = 0
dVC(0)

dt = −2c1 − 3c2 = 10I0

⇒
{

c1 = 10I0
c2 = −10I0
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VC(t) = 10I0e−2t − 10I0e−3t

(3) When I0 = e−t,

C
dVC

dt
+

VC

R
+
∫ t

0

VC

L
dt = e−t

Take derivative

1
10

d2VC

dt2 +
1
2

dVC

dt
+

3
5

VC = −e−t, VC(0) = 0, V̇C(0) = 10

Step 1: Trial solution:
VC(t) = ce−t

Step 2: Subsitute the trial solution into the differential equation:

dVC(t)
dt

= −ce−t,
d2VC(t)

dt2 = ce−t

Step 3: Evaluate the D.E.

1
10

ce−t − 1
2

ce−t +
3
5

ce−t = −e−t

⇒ 1
10

c− 1
2

c +
3
5

c = −1

⇒ c = −5

VC(t) = −5e−t

because VC(0) 6= 0
VC(t) = c1e−2t + c2e−3t − 5e−t

⇒
{

VC(0) = c1 + c2 − 5 = 0
V̇C(0) = −2c1 − 3c2 + 5 = 10

⇒
{

c1 = 20
c2 = −15

VC(t) = −15e−3t + 20e−2t − 5e−t


