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Exponential Function 

An exponential function !"#$ is a function of the following form: 

!"#$ % &' 

where & is a real constant which & ( 0 and & * 1. 

Remark: 

• Here, the domain of !"#$ is ,. (i.e. you can input any real number #  into 
the function !"#$ % &'.) 

• Here, we do not allow & - 0 since the function is then undefined for some 

values of #. For example, one cannot define the values of 0./ % 0

12
% 0

1
 and 

"32$
5
2 % √32. 

• When & % 1, the function simply becomes !"#$ % 1' % 1 which is a 
constant function. 
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Graph of Exponential Function 

From the graphs, we observe that 

• The range of the function !"#$ is always "0,∞$ (i.e. 0 9 !"#$ 9 ∞). 
• For 0 9 & 9 1, the function !"#$ % &' is strictly decreasing. 

For & ( 1, the function !"#$ % &' is strictly increasing.  

 

 

 

 

 

 

 

!"#$ % &' tends to 
0 when # → 3∞ 

!"#$ % &' tends 
to ∞ when # → ∞ 

!"#$ % &' tends to 
0 when # → ∞ 

!"#$ % &' tends to 
3∞ when # → ∞ 

!"#$ % &' 
& ( 1 

!"#$ % &' 
0 9 & 9 1 
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Basic Operation of Exponential Functions 

"1$		&' ∙ &= % &'>=, "2$		
&'

&=
% &' ∙ &.= % &'.=. 

"3$		"&'$= % &'= 

"4$		&' ∙ B' % "&B$' 

Example 1 

Compute C
2DE5F2DG5

0F2D
 and 011

2DE5

/F2D
 .   

☺Solution: 

3/'>05/'.0

15/'
%
3/'>0 ∙ 5/'.0

3/' ∙ 5/'
% 3/'>0./' ∙ 5/'.0./' % 3 ∙ 5.0 %

3
5
, 

100/'>0

25/'
%
100 ∙ 100/'

25/'
%
100 ∙ "25/' ∙ 4/'$

25/'
% 100 ∙ 4/'. 
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Special exponential function IJ 

The number K 

Consider the expression L1 M 0

N
O
N

 where P is real number, this expression has a 

special property that L1 M 0

N
O
N

 tends to a finite number (Q 2.71828) when P 

gets larger (P → ∞): 

P 100 1,000 10,000 100,000 1,000,000 10,000,000 

T1 M
1
P
U
N

 
2.70481 2.71692 2.71815 2.71827 2.71828 2.71828 

This finite number is denoted by K L% limN→[ L1 M
0

N
O
N
O

\]]]]]]^]]]]]]_
`abcd	ef	L0>5

g
O
g
	hidN	Nj[

, is called natural 

base. The corresponding exponential function !"#$ % K' is called natural 
exponential function (or simply exponential function). 

 

"Euler 's nun !er "

↑
e
! ein (1+7)

"

K -79
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Importance of the exponential function IJ  

• Practically, exponential function in many modeling such as population 
growth in biology and continuously compound interest in finance.  

• In calculus, the exponential function K' has a special property that 

k
k#
K' % K' ,				l K'k# % K' M m. 

This property makes the exponential function useful in theoretical aspect 
(say in the study of differential equation).  
 

• In algebra, the exponential function K' is an important element in the 
Euler’s formula: 

Kno % cos s M t sin s 
where t % √31. (You will learn more in MA1201) 
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Logarithmic Functions 

Given a real number & (with & ( 0 and & * 1), the logarithmic function with 
base &, denoted by v % !"#$ % loga #, is the number such that 

&= % #. 

From the definition, one can see that the function loga # is the inverse function 
of &'. So we expect that 

loga"&'$ % #			&Pk			&xyz{ ' % #. 

Two commonly used logarithmic functions 

• When & % 10, the function log01 # (or simply log #) is called common 
logarithm which is commonly used in actual computation (say solving 
equation involving exponential function). 

• When & % K, the function logd # is called natural logarithm which is 
commonly used in calculus (e.g. differentiation and integration). We 
usually denote this function by ln #. 

glatt=×
Klett = ×
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Example 2 

Compute logF 25, logC √9
|  , log/ 0.5  and ln 1 using definition. 

☺Solution: 

v % logF 25 ⇒ 5= % 25 ⇒ 5= % 5/ ⇒ v % logF 25 % 2. 

v % logC √9
| ⇒ 3= % √9| ⇒ 3= % 9

0
C ⇒ 3= % 3

/
C ⇒ v % logC √9

| %
2
3
. 

v % log/ 0.5 ⇒ 2= % 0.5 ⇒ 2= %
1
2
⇒ 2= % 2.0 ⇒ v % log/ 0.5 % 31. 

v % ln 1 ⇒ K= % 1 ⇒ K= % K1 ⇒ v % ln 1 % 0. 

Example 3 

Can we find the value of log"32$? 

☺Solution: 

v % log"32$ ⇒ 10=~
�e�n�n`d

% 32�
Nd�a�n`d

.  So v % log"32$ does not exist. 
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Graph of logarithmic functions and its properties 

 

 

 

 

 

 

 

• The domain of !"#$ % loga # is "0,∞$ (i.e. 0 9 # 9 ∞). 
• The range of !"#$ % loga # is ,. 
• For 0 9 & 9 1, the function !"#$ % loga # is decreasing. 

For & ( 1, the function !"#$ % loga # is increasing. 

 

v % log� # 
& ( 1 

" # log' ( 
0 * + * 1 
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Operation of Logarithmic functions 

(The proof can be found in Appendix A) 

1.		 loga &' % #			&Pk		&xyz{ ' % #  (Properties of inverse functions) 

2.		 loga �N % P loga �  

3.		 loga �� % loga � M loga � 

4.		 loga
�
�
% loga � 3 loga � 

5.		 loga � %
log�
log &

. 

Example 4 

2 log 8 0 3 log 5 3 3 log 2 # log 84 0 log 55 3 log 25 

# log
84 6 55

25 #7
894:

log
2; 6 55

25 # log 105 # 3 log 10 #7
<=> ?@9?

3. 

(any NER)*
"

Charge of Basis
" (to base 10)



General Change of basis : (From a to b.)
5.) eog.IN = 4%2%1-1
Proof:

logan = loga (b
"
% ") = flog, b) . lag, .tt?El9Mlogba

H) : logalbt-eog.ee , €>Gatti love) =) hofds
,
since

aeogalbleogi.cat
= (aloga/H)

""!"
= 1908"" = a1 •
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Example 5 

(a) Solve the equation 3 ∙ 54BC? 0 2 # 23 
(b) Solve the equation 24BD4 3 17 ∙ 2B 0 4 # 0. 

(Hint: Note that 24BD4 # 24 ∙ 24B # 4 ∙ 24B) 

☺Solution: 

(a) 3 ∙ 54BC? 0 2 # 23 ⇒ 54BC? # 7 ⇒ H2( 3 1I log 5 # log 7 

⇒ ( #
1
2

J
log 7
log 5

0 1K L 1.1045. 

(b) Let " # 2B, then 
24BD4 3 17 ∙ 2B 0 4 # 0 ⇒ 4 ∙ H2BI4 3 17 ∙ 2B 0 4 # 0 
⇒ 4"4 3 17" 0 4 # 0 ⇒ H4" 3 1IH" 3 4I # 0 

⇒ " #
1
4
			��		v % 4 

⇒ 2' %
1
4
% 2./		��		2' % 4 % 2/ 

⇒ # % 32			��		# % 2. 

<
Take lag;G)

2×-1 = eoq.tt/--%9agY-g,
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Example 6 

(a) Solve 9BD? # 12BC?. 
(b) logH( 0 1I 0 logH2( 3 1I # log 14 

☺Solution 

(a) By taking logarithm on both sides, we have 
9BD? # 12BC? ⇒ log 9BD? # log 12BC? 
⇒ H( 0 1I log 9 # H( 3 1I log 12 ⇒ Hlog 12 3 log 9I( # log 9 0 log 12 

⇒ ( #
log 9 0 log 12
log 12 3 log 9

. 

(b) Note that 
logH( 0 1I 0 logH2( 3 1I # log 14 ⇒ logNH( 0 1IH2( 3 1IO # log 14 
⇒ H( 0 1IH2( 3 1I # 14 ⇒ 2(4 0 ( 3 15 # 0 
⇒ H( 0 3IH2( 3 5I # 0 

⇒ ( # 33	"�K�K��Kk$			��		# %
5
2
. 

* ✗=-3 would eead
to negative argument

(*)
in log (✗+ 1) .
Not defiued !
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Appendix A – Proof of the “Operation of Logarithmic Function” 

Property 1  

It follows from the fact that logP ( is the inverse function of +B. 

Property 2 

We let Q # logP R ⇔ R # +T. 

Let " # logP RU, then by the definition of logarithmic function, we have 

+V # RU ⇒ +V # +TU ⇒ " # WQ ⇒ logP RU # W logP R. 

Property 3 & 4 

We let Q # logP R ⇔ R # +T and X # logP Y ⇔ Y # +Z. 

Let " # logP RY, then by the definition of logarithmic function, we have 

+V # RY ⇒ +V # +T+Z ⇒ +V # +TDZ ⇒ " # Q 0 X 

⇒ logP RY # logP R 0 logP Y. 

eoga (d) = ×

eoga (M
") = n . loga (Ml

eoga (MN) = loga (Mt loyalN) & eogaffrf-log.CM/-loga(NI
"



 #I MA1200 Calculus and Basic Linear Algebra I 
Lecture Note 5: Exponential Function and Logarithmic Function 

 

Let [ # logP
\
]

, then we have 

+^ #
R
Y

⇒ +^ #
+T

+Z ⇒ +^ # +TCZ ⇒ [ # Q 3 X 

⇒ logP
R
Y

# logP R 3 logP Y. 

Property 5 

We let Q # log R and X # log + and we let " # logP R, then we have 

+V # R ⇒ +V # 10T ⇒ log +V # log 10T 

⇒7

_`ab	
��e�d��=	/

v log & % � ⇒ v %
�

log &
⇒ loga � %

�
�
. 

4)

eogalmt-G.GG/-
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Hyperbolic Sine and Hyperbolic Cosine Functions 

The hyperbolic sine and hyperbolic cosine function are defined as the algebraic 
combination of some exponential functions: 

cosh ( #
1
2

HfB 0 fCBI, sinh ( #
1
2

HfB 3 fCBI. 

The graphs of these functions are shown below:  

 

 

 

 

 

 

" # sinh ( 
" # cosh ( 
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Example 7 

Solve the equation 

sinh ( # 2. 
☺Solution: 

Using the definition of sinh (, we have 

sinh ( # 2 ⇒
1
2

HfB 3 fCBI # 2 ⇒ fB 3 fCB # 4 

⇒ f4B 3 1 # 4fB ⇒ f4B 3 4fB 3 1 # 0. 
We let " # fB, then the equation becomes 

"4 3 4" 3 1 # 0 ⇒ " #
4 j √20

2
# 1 j √5 

⇒ fB # 1 0 √5		��	1 3 √5	"�K�. $ 

⇒ # % ln"1 M √5$. 
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Example 8 

(a) Using the definition of sinh ( and cosh (, show that 
(i) cosh4 ( 3 sinh4 l # 1 
(ii) cosh4 ( 0 sinh4 l # cosh 2( 

(b) Hence, or otherwise, solve the equation 3 sinh ( 0 cosh 2( # 0. 

☺Solution of (a) 

cosh4 ( 3 sinh4 ( # m
1
2

HfB 0 fCBIn
4

3 m
1
2

HfB 3 fCBIn
4

#
1
4

of4B 0 2 fBfCBpqr
9?

0 fC4B 3 sf4B 3 2 fBfCBpqr
9?

0 fC4Btu #
1
4

H4I # 1 

cosh4 ( 0 sinh4 l # m
1
2

HfB 0 fCBIn
4

3 m
1
2

HfB 3 fCBIn
4

 

#
1
4

of4B 0 2 fBfCBpqr
9?

0 fC4B 0 sf4B 3 2 fBfCBpqr
9?

0 fC4Btu #
1
2

Hf4B 0 fC4BI

# cosh 2( 

B
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☺Solution of (b) 

Note that 

3 sinh ( 0 cosh 2( # 0 ⇒ 3 sinh ( 0 Hcosh4 ( 0 sinh4 lI # 0 

⇒ 3 sinh ( 0 H1 0 sinh4 (I 0 sinh4 ( # 0 

⇒ 2 sinh4 ( 0 3 sinh ( 0 1 # 0. 

Let " # sinh (, then the equation becomes 

2"4 0 3" 0 1 # 0 ⇒ H2" 0 1IH" 0 1I # 0 ⇒ " # 3
1
2
			��		v % 31. 

⇒ sinh # % 30

/
  or sinh # % 31. 

⇒
1
2
"K' 3 K.'$ % 3

1
2
				&Pk		

1
2
"K' 3 K.'$ % 31. 

Using similar techniques as in Example 7, we get 

# % ln
31 M √5

2
			��		# % ln�31 M √2�. 

= coseüxt sineix
, by Iii )

F-
= 1 + sinkt

, by (i )

f. et



Summary of
Ck
. 3,485



Chapter 4 : Polynom ,
-als & Rational Functions

1.) Quadrat:c polyuomials :

• Standard form

• Solution to +2+1>✗ tc = o is

Xyz = - tz ! VERT ( "Root formula
" )

↳ This given factorizafiouitbxtc-H-x.lk-xz )

(Solution ("root" ) night not ex ist , or ×, = ✗2.)¥>



2.) Factor izing Polynom ialg :

•E×ample:_ Guen first root .

Long devision .

Root formular

• Long division :



3. Rational Function> ••
↳ = ggü,#

Polyamide

•• Example : N

i
Becomeposition
into "partial faacfious

"

• Method of partial fravfions :(only for pro-pain rational functions
4) Facfonize denomination g .

(2) Make connect ansatz !

E.gl
}) Sohne for uulsuows -1,13, . _ !



• Ansatz for step G) :



Chapter 4 Trigonometrie Functions

• Definitions

✗= ✗ - ✗=
• Periode-city :



• general solutions :

• Pythagoras
'

Theorem : Sink) + Cos) = 1

• CompoundAngle Thin :

(⇒ Sum - to - Product

& Product -to - Sum

Formula s )



Chapter 5:

1) Exponentiell Functions : flx ) = Ä GER)

i
d > o

,
0=11¥

•[Natural " exponentiell e" = Egg [1+75]
• Formulierung



2) Logarithmus :

(Definition aa inverse of a)

} Kind & °#°
"" " "

"""
""

for exponentiell
(preuiausalide)

Übungen of base ")


