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Exponential Function

An exponential function f(x) is a function of the following form:
f(x) = a*
where a is a real constant whicha > 0 and a # 1.

Remark:

® Here, the domain of f(x) is R. (i.e. you can input any real number x into
the function f(x) = a*.)

e Here, we do not allow a < 0 since the function is then undefined for some

: _ 1 1
values of x. For example, one cannot define the values of 072 = 2= and

1
(—=2)z =+-—2.
e When a = 1, the function simply becomes f(x) = 1* = 1 whichis a
constant function.
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Graph of Exponential Function

From the graphs, we observe that

e The range of the function f(x) is always (0, ) (i.e. 0 < f(x) < o).
® For 0 < a < 1, the function f(x) = a* is strictly decreasing.
For a > 1, the function f(x) = a* is strictly increasing.

ew

f(x) = a* tends tc

f(x) = a* tends to
—oo when x — o0

f(x) = a* tends.to

i~

0 whenx > o0 -

:

/0 whenx —» —o0 | i ]
/ / f(x) = a* tends \
to o when x — o0 | \ . 0\\

f(x) =a* f(x) =a*
a>1 0<ax<l1
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Basic Operation of Exponential Functions

ax

(1) a*-a¥ =a*™, (2) 5= a*-a¥ =a*"7,
(3) (a*)” =a™
(4) a* - b* = (ab)*
Example 1

32x+152x—1 1002x+1
Compute ————and ——=
©Solution:

32x+152x—1 32x+1 . 52x—1

— 32x+1—2x ) 52x—1—2x = 3- 5—1 — i

152% o 32x . 52X 5
100%**1  100-100%* 100 - (252" - 42") 5
252x 252x 252x
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Special exponential function e*

- z
The number e I(t%@g,r ' i é&/\ |

: : 1\" : : :
Consider the expression (1 + ;) where n is real number, this expression has a

n
special property that (1 + %) tends to a finite number (= 2.71828) whenn

gets larger (n — o0):

n 100 1,000

10,000

100,000

1,000,000

10,000,000

1\"| 2.70481 | 2.71692
(1+3)

2.71815

2.71827

2.71828

2.71828

n
value of (1+%) when n=oo

~—

N

n
This finite number is denoted by e (= lim,, (1 + %) ) , is called natural

base. The corresponding exponential function f(x) = e* is called natural

exponential function (or simply exponential function). /\\ NE

&= Liun («L&)”
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Importance of the exponential function e*

® Practically, exponential function in many modeling such as population
growth in biology and continuously compound interest in finance.
¢ |n calculus, the exponential function e* has a special property that

d
Eex = e*, fexdx =e* + C.

This property makes the exponential function useful in theoretical aspect
(say in the study of differential equation).

® |n algebra, the exponential function e* is an important element in the
Euler’s formula:
e® = cos@ +isinb
where i = +v/—1. (You will learn more in MA1201)
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Logarithmic Functions

Given a real number a (with a > 0 and a # 1), the logarithmic function with
base a, denoted by y = f(x) = log, x, is the number such that

a’l = x.

From the definition, one can see that the function log, x is the inverse function

of a*. So we expect that

log,(a*) = x |and

al®8aX = .

Two commonly used logarithmic functions

e When a = 10, the function log; x (or simply log x) is called common

logarithm which is commonly used in actual computation (say solving

eqguation involving exponential function).

e When a = ¢, the function log, x is called natural logarithm which is
commonly used in calculus (e.g. differentiation and integration). We

usually denote this function by In x.
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Example 2
Compute log: 25, logs /9, log, 0.5 and In 1 using definition.

©Solution:
y=log525:53’=25:53’=52:y=10g525=2_

2
y = log3\/_:33’—3{/_:3y—93=>3y 33$y 10g3%=§

1
y =log, 0.5 = 2V = 05:23’—5:23’ 271 = y=1log, 0.5 = —1.
y=lnl=>eY=12e¥=e">y=In1=0.

Example 3

Can we find the value of log(—2)?
©Solution:

= log(—2) = LO.Jy = ;2 . Soy = log(—2) does not exist.

positive negative
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Graph of logarithmic functions and its properties

y =log, x
a>1

y = logax
0<ax<l1

e The domain of f(x) = log, x is (0, ) (i.e. 0 < x < ).

e The range of f(x) = log, x is R.

e For 0 < a < 1, the function f(x) = log, x is decreasing.
For a > 1, the function f(x) = log, x is increasing.
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Operation of Logarithmic functions

(The proof can be found in Appendix A)

1.
2.

log, a* = x and al°8a* = x (Properties of inverse functions)

logaQ\/I")= nlog, M (d“}f & K}

3. loga(MN)= log, M + log, N
M
4, loga(ﬁ)= log, M —log, N
_logM ( .
5. loga M = loga’ [ﬁa’u/%@/ of pasi's [‘@ h{éé “/0]
Example 4

2log8 + 3log5 — 3log2 = log 8% + log 53 — log 23

—_n3 —
g2 x 53 8=2 26 3 ©3 log10=1

23

= log = log >3 =log103 =3logl10 = 3.

MA1200 Calculus and Basic Linear Algebra |
Lecture Note 5: Exponential Function and Logarithmic Function




beveral (bange oF bosis: (From d B b,>

) Log (M) = oy (M)
5')  Eog, (M) 25, (3

Proof :

Cog- M = %q(ly %) %é) Cog MM bop, !

5%7 a
W )= 5y b =1) Lk sice

aﬂgg (Y] Eagb(a]; (dfbga[b])fa%["): bﬁggb/al__ a



Example 5

(a) Solve the equation 3-5%*~1 + 2 = 23
(b) Solve the equation 2%%t2 — 17 : 2* + 4 = 0.
(Hint: Note that 22%%2 = 22 . 22X = 4 . 22%)

©Solution: /TWZ-C @75,; ['“')
(@) 351 +2=23=52 =7 201> by [7) = Cyl)
1 /log7 ’ Z0)
=> X = E(logS + 1) ~ 1.1045.

(b) Lety = 2%, then
22042 _17.2% 4 4=0=4-(2%)2 - 172" +4 =0
>4y2 —17y+4=0> Uy -1y —-4)=0

1
:y=Z or y=4

1
:2"=Z=2‘2 or 2% =4 = 2%

>Xx=—2 or x = 2.
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Example 6

(a) Solve 9¥t1 = 12*-1,
(b) log(x + 1) +1log(2x — 1) =log14

©Solution

(a)

(b)

By taking logarithm on both sides, we have

9%+l = 12*71 = Jog9**1 = log12*~1
=>x+1log9d9=(x—1)log12 = (log12 —log9)x =log9 + log 12
_ log9 +1log12

“log12 —log9

Note that

log(x + 1) +log(2x — 1) =log14 = log[(x + 1)(2x — 1)] = log 14
5> x+1)2x—-1)=14=>2x?>+x—-15=0

=X

=>(x+3)2x—-5)=0 | x2-3 woud Ceed
5 ¢ Y wt
= x = —3 (rejected) or x = —. - Mgﬂlwe Wl
(k) 2 (v g (x-n) ,
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Appendix A — Proof of the “Operation of Logarithmic Function”

Property 1 &?a [5{*} = W

It follows from the fact that log, x is the inverse function of a*.

Property 2 600%1 (Mw) = W @a (/1/]-}
WeletA =log,M & M = a’.

Let y = log, M™, then by the definition of logarithmic function, we have

a’ =M"=>a¥ =a’" =y =n4 > log, M™ = nlog, M.

Property 384 Cog, (N Cog, (M) EgalW) K. g, (4], () ~ o (4]

WeletA=log,M © M =a?and B =log, N © N = ab.
Let y = log, MN, then by the definition of logarithmic function, we have
a¥ =MN=a”=a%aP=>a”=a?*P=>y=A4+B

= log, MN =log, M + log, N.
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M

Let z = logaﬁ, then we have

azzﬂza =f:>a =a?'B8=>2z=A-B
N ab

M
= logaﬁ = log, M —log, N

Property 5 fagq (/I/l? = f&’vg(/ﬂ%

WeletA =logM and B = loga and we let y = log, M, then we have

a’¥ =M = a¥ =104 = loga” = log 104

From
Property 2
rl\-‘

= yloga=A>y=

A
= log, M = —=
log a O8a B
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Hyperbolic Sine and Hyperbolic Cosine Functions

The hyperbolic sine and hyperbolic cosine function are defined as the algebraic

combination of some exponential functions:

1
coshx = E(ex + e™¥), sinhx = 5 (e* —e™).

The graphs of these functions are shown below:

/

/ y = sinh x
'y =coshx
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Example 7
Solve the equation

sinhx = 2.
©Solution:

Using the definition of sinh x, we have
Sinhx=2=>§(ex—e_x) =2 ¥ —p X =4

= e2X — 1 = 4e* = e?X —4eX¥ — 1 = (.

We let y = e”*, then the equation becomes

4 ++/20
y2—4y—1=0:>y=_T=1i\/§

=>e* =145 or1—+5(rej.)
= x = In(1 + V5).
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Example 8

(a) Using the definition of sinh x and cosh x, show that
(i)  cosh?x —sinh?h =1
(i)  cosh?x + sinh? h = cosh 2x
(b) Hence, or otherwise, solve the equation 3 sinh x + cosh 2x = 0.

©Solution of (a)
| 1 ‘' n
cosh? x — sinh? x = [E (e* + e‘x)] — [E (e* — e‘x)]

1 1
=2 e?* 4 Qe¥e* + e % — | e?* — pe¥er* + e ¥ || = 1(4) =
=1

1 S|
cosh? x 4+ sinh? h = [E (e* + e_x)] + [E (e* — e_x)]

4_ ~—— NE—
=1 =1

= cosh 2x

1 1
= — [ezx +2e¥e™ + e % + <ezx —2e¥e™ + e‘zx)] = E(ezx + e~%¥)
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©Solution of (b) :(rosﬁlx—.‘ S&J@Zx& / ﬁ), (,’;)
Note that >

—
3 sinh x + cosh 2x = 0 = 3 sinhx + (cosh? x + sinh? h) = 0
M 4 .
= 3sinhx + (1 + sinh? x) + sinh?x = 0 = T+ 50nd™% k7 (i)
= 2sinh?x + 3sinhx +1 = 0.

Let y = sinh x, then the equation becomes
1
2yz+3y+1=0=>(2y+1)(y+1)=0=>y=—E or y=-—1.

. 1 .
= sinhx = —3 or sinhx = —1.

1 1 1
— X — e ™) = —— — X _p™X) = —
:Z(e e %) > and 2(e e™™) 1. o BX

Using similar technigues as in Example 7, we get

x=1n_1_2I—\/g or x=ln(—1+\/§).
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(%4/1[(7‘ Lf‘: %mm:&gﬁ 4— ?dﬂmdg ?ccaJ?é@%9
1 {) &’udé/ﬂ‘q/ ‘c féllpyu,@wu'ce g?f

> Star dard Foron f(x) = alx — ;1)2 + k\

The value of x which the maximum (if a < 0) or
Shape of the graph ) o o )
function attains its minimum (if a > 0) of the
a > 0 = U-shape curve
. maximum/minimum. function
a < 0 = inverted U-shape ) .
[x-coordinate of vertex] [y-coordinate of vertex]

v Sobidio. to wiilx+c=0 o

3(‘,,{7_ = ——_iq + (%)Z—C <“R90{ ﬁ%u«u/a I)

Tt g i sberc = ool

(safw{frﬁ% [”V‘oﬁ'ld’) wu'g&{ (A,o‘l[ BX“;SLC/ oo 5<—7 < X\l ‘>

>




2,) :Fdz{ﬁffszg 7(776@(/0%— faﬂi;

’M f(x) = 2x3 — sz —4x 4+ 3 oness ﬁf”"él{ U‘dnﬂé.
= (X — 3)(2x2 + x — 1) Louj devisioe .
=(x—-3)2x—1)(x + 1). Yoot Enumulea

o [ong Aiviciow :
) = RGP -y & 3

2x? +x-1

= zxz(x_ej S A x=3)2x" =537 —4x+3
_ 2 7 2x° —6x°
= 2% (X~3) X =l ¢ 7 o
- Z x2—3x

2% (x-3) + >C(>C~ﬂ+'§sc -~tx + 3 3
= 2¢%@9) 4 x (0] — x4 s

N
= _’Gcf'ﬂ

= (Zx% x ~ () (-7



P Rd"/lf(l)‘bﬂg Faﬂal[(“ﬂ”‘/?: #[:C) L fﬂ?MMc’OZ?
I‘(X) = g&) /
.@’@[ﬁf ) = x+1 o x+1 111

hard to use easy to use

4—x3+x2—x_x(x—l)(xz+1)]\ x—1 x x2+1

Dgwm /70?1’(/044_

(FW'L[O ! W’“’/ 2l Lrac Lioa g !

L J[&l[‘f@/ 070 Vaf/‘(zfﬂe (?MMZ,‘WS: owf)f IE(W M{/‘ u-a{/‘owé ‘ﬁ-M'\/i[fﬂuﬁ
(1\ Iﬁ’&#&/‘;ze/ éwﬁ\_@by\ ? .
: 1 A B
(2) Matte corvecf anwfel Egt GRaigTi2 iz
(Y) Sbve v wbeows A, . |




¢ Anoats Lor ez[cF &)

Scenario Proposed decomposition
If g(x) can be factorized into a () = Ay A,
product of distinct linear factor: a;x + by a;x+b;
r(x) = f&) A—n
(ayx + b (ayx + by) ... (ayx + by) a,x + b,
If there is some repeated linear factors | ..,y _ i . B
in the factorization of g(x): gt (axftrb(?;b)n (ax + b)"
DN (€ ]
(ax + b)*(cx + d) cx+d
for (cx+d)
If there is quadratic factor (cannot be degreed
factorized, e.g. x? + 4) in the _ Ax+B C
factorization of g(x): () = ax?+ bx + c + dx +e
(o) = f(x) " degreez
(ax? + bx + c)(dx + e)
If there is degree n polynomial in the degreen—1
factorization of g(x): r(x) = . i W

f ()

r(x) = (apx™+ -+ a;x + ay)(bx + ¢)

a,x"+ -+ a;x +ag bx + ¢

degreen




4 %apf Lr Tc}l;qmw wetric  Luwclions
’ \4

® Pgnﬂ{ b\,(-{@é, <

¢ /FBV“[OC/('C s par

cosf = x
r
r : y
y sin @ = -
tan 6 = 4 >~ Sin £
a x cos B
X
X=90°—-46 %=90°+6 «=180°—60 %x=180°+ 6
sin(%) cos 6 cos 6 sin 6 —sinf
cos (%) sin 6 —sin @ cos 6 —cosf
tan () 1 1 —tan 6 tan 6
tan 0 tan 0
¥ =270°—86 x=270°+6 ®=360°—6 »=360°+ 6
(or — 0)
sin(%) —cos 6 —cos 6 —sin@ sin 6
cos (%) —sinf sin 0 cos @ cos 6
tan (%) 1 1 —tanf tan 6
tan 0 tan 8




O genera E Y4 Zw#ﬂh -5

(i) The general solution of sinx = k (where —1 < k < 1) is given by
x =180°n + (—=1)"sin 1 k, nis integer.
(i) The general solution of cosx = k (where —1 < k < 1) is given by
x = 360°n + cos™ 1k, nis integer.
(iii) The general solution of tanx = k (where k € R) is given by
x = 180°n + tan"1k, nis integer

. /Pyliﬁa(jeord 9( [Yeore w Siw Z[X’) + CC%i()( ) B 7

® (cyw./ﬂﬂwac/ /%.Cp}f (4 Tﬁm ®

cos(A + B) = cosAcosB —sinAsin B

(,—_> St ~ Lo Fwoc/g&f sin(A + B) = sinA cos B + cos Asin B
7 A, -
Yg// poduct ~lo - T~ tanA + tan B
toromu b S tan(4 + B) =

1—tanAtanB



(&ﬁpéﬂr q:
4) Ex
/pG'we%?[
/mf qu&l[/bMQ'
. &) = a”

>

E/ L
" 8)$m9uau?[r(df BY = &
= Ga, (03]

TForwew tp 2 ¢

1 —
(1) a*-a” =
_ax+y
. @ -
= x
—~=a a7y =
=a*77.

(3) (a*)Y =a™
(4) a*-b* = (ab)*



2-) Louga//*f{ﬁm$ :

1. log,a* = x and al°8e* = x (Veﬂ'm{f@w a¢ twerse of ay>

2. logg M™" =nlog, M
wla
F{ fﬂ gmw Z[Zﬂ]

3. loga MN = logs M +log, N i & df’[’;:; (Zﬂvf"“’ )
M fo- dee
4. log, N log, M —log, N
log M {
5. logaM — Fg? (‘éﬁawy@/ OIQ ﬁaﬂ‘iv



