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MA1201 Calculus and Basic Linear Algebra ll
Solution of Problem Set 1 Basic Concept in Integration

Problem 1

1
(@) fcos(Bx +1)dx = Zsin(3x + 1) +C

f(x—f ") x—f(x ‘X) S T B P
2

(c) f 1-x 1-x 1-x
e *dx = e +C =—e + C.
-1

(d) f;dx— f;dx—ltan_14x+C
1+16x2 "  J1+@x)2 " 4

(e) 1 1
dx = Eln|2x +1/+C

2x+1
(f) 1 1(2x + 1)72*1 1
——dx = 2 N %dx=————"——+C=————+C.
f(2x+1)2 x f(’”’ yrdx=o—— 7+ 22+ 1)
Problem 2
(a) x2—x+1 1 S -2+l 1
f—dxzfldx—f—dx+fx dx = x —In|x| + +C=x—In|x|——+C
x2 x —-2+1 x

(b) 2x? 2x% + 2 2 1 .
Jx2+1dx=j 211 dx—sz_l_ldx:J2dx—2Jx2+1dx=2x—2tan x+C

(c) fezx +e* 341

ex+1

dx = fex‘ldx + f e *dx + f e 1 ¥dx =e¥ 1 +ex —e 17 4 C.

1 1 1
(d) Jsin 3xsin2x dx = j -3 [cos(3x + 2x) — cos(3x — 2x)]dx = _Ef cos5x dx + Ef cosx dx
1

= —Esin5x+§sinx+C

() J cos3 2x dx = j(cos 2x)(cos 2x)(cos 2x)dx = J%(cos 4x + 1)(cos 2x)dx

1 1
=Efcos4xc052xdx+5fc052xdx

111 1 1 1 1
=§jE(cos6x+cost)dx+Efc052xdx=ﬁsin6x+§sin2x+zsin2x+6

1 3
= ﬁsin6x +§sin2x +C

(f)  We use method of partial fraction and decompose the integrand as
1 A N B
(x-1D02x—-3) x—-1 2x-3
>1=A4AR2x—-3)+B(x—-1)
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Putx=§,weget§=1=>B=2.

Put x=1,weget 1=—A=>A4=-1.

J(x—1)22x—3)dx=_f

(g)

1
dx+2f dx = —In|x — 1| + In|2x — 3| + C.
x—1 2x — 3

f 3 f n 3f 1 o3[ ax=1)
x2—2x+5 (x—1)2+4 4] /x —1\? XT3 1an 2
(F) +1 2
—3t ‘1x_1+C
—Zan ) .
" = [ = ;|
T dx=|—— gx==
%2 —4x+97 " ) 2e—12 4777

1
> dx
(\/g(x—l)) +1
_ _ 1 1 2 2 c
— —tan —X— —ﬁtan 796— 7 + C.

x+6 x——
- 1? "_f(z —1)3d“f(2x—1)3 f(z 1 f(z»c—m
I r—1)2ax+ 2 [@x - 1%
—Zf(Zx 1) x+2f(x ) 2dx

1 /1(2x—1)"2*1\ 13/1(2x —1)73+!
== z————|+—=—(z—————)+C
2\2 -2+41 2\2 —-3+1

_ 1 13 i

T 4(x—-1) 8(2x —1)2

() ]tanzxdx=j(sec2x—1)dx=tanx—x+C

Problem 3

(a) ]Zx—1d _11, 1J21d_11 LI 1
e T3] T3] wax=ginxlia gl

(i)

b 1 1 1
( ] cos(3x + 1)dx = §sin(3x +1DL, = §(sin4 + sin 2).
-1

1 3 _ -1
j (er+1 _ er—l)dx — %82x+1|(1) _ 2x—1|1 ﬂ
0

2° - 2
(d) [z 7 1 1(z 1(z
f sinzxdxzf ——[cos(x+x)—cos(x—x)]dx:—f 1dx——f cos2x dx
0 01 nz - 2 Jo 2 Jo
d ) id T
=§x|(2) —Zsm2x|§ =—

(e) Note that
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1
2x—1 if2x—120 |2x¥-11ifx=7

|2x_1|:{—(2x—1) if2x—1<0_

1
1—-2x if x < >
Then the integral is found to be

1 l 1 l 1
f |2x—1|azx=f2|2x—1|alx+f1 |2x—1|alx=J2(1—2x)dx+J1 (2x — 1)dx
0 0 5 0 =

1
= =+ (2 -l
2

N

(f) Notethatfor—m<x <x

sin x ifsianO_{sinx if 0<x<m
—sinx ifsinx<0 \—=sinx if —x<x<0
Then the integral is found to be

s s 0 s 0
f Isinxldxzf |sinx|dx+f Isinxldxzf sinxdx—f sin x dx
-1 0 -1

-7 0
= —cosx|f — (—cosx)|%; = 4.

|sinx| = {

(g) Note that
|x—1|—{x_1 ifx—lZO_{x—lifoI
Tl-x-1Difx—-1<0 U—x ifx<1

Then the integral is found to be
2 1 2

2 1
f el+|x—1|dx =f el+|x‘1|dx+f el+|x—1|dx=j el+1‘xdx+J el+x—1dx
0 0 1 0

1

1 2
= f e? *dx +f eXdx = —e?™X|{ + e*|3 = 2e? — 2e.
0 1

(h) Let f(x) = x*sin®x, one can verify that
sin(—x)=-sinx

f(=x) = (—x)*sin®(—x) = x*(—sinx)? = —x*sin® x = —f (x).
Then f(x) is an odd function and

1
J x*sin’ xdx = 0.
1

(i) _ x2sin3 x .
Let f(x) oo then we can verify that
o) (=x)%sin3(—x) x?(—sinx)® —x?sind3x 00
—X) = = = = — X).
1+ cos’(—x) 1+ (cosx)> 1+cos’x
Then f(x) is an odd function and
J” x? sin3 x 0
———dx =0.
_z 1+ cosdx
. i3
() Take glx) = %, one can show that
() sin3(—x)  (—sinx)3 sin3 x )
—X) = = = — = — X).
g (—x)2+1 x?+1 x?+1 g
This shows g(x) is an odd function, we can compute the integral as
s V3 s s
2 x% cosx + cosx + sin® x 7 cosx (1 + x?) 7 sindx 7
f dxzf ———dx f xzf cosxdx + 0
_m x?+1 _x x?+1 _%xz +1 x

2
= sinx |7ZT4/4 = ﬁ = 2.
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Problem 4

(a) Welet F(y) = [ e2’°*1dy, one can use fundamental theorem of calculus and obtain

fxezyzﬂdy = F(x) — F(3).
3

Then the derivative can be cornputed as
d d 2 2
_dyp(y)=_dyf62y +1dy=ezy +1

X
d
2?41y = — F _ F ) 2x%+1 _ () = g2x°+1
e dy P (x) P (3) e 0=e

dx
3 number

(b) We let G(y) = [ cos(y?) dy, one can use fundamental theorem of calculus and obtain
2

fx cos(y?) dy = G(x?) — G(2x).
2x

Using the fact that ;—yG(y) = %f cos(y?) dy = cos(y?), the derivative can be computed as

2

d (* d d dG(x®)d(x?) dG(2x)d(2x)
—_ 2 - 2y - — —
ax ), cos(y*) dy de(x ) de(Zx) 16D dx A2 dx
take y=x2, y=2x
= 2x cos(x*) — 2 cos(4x?).

Problem 5
(a) Let F(x) = [ f(x)dx, then we have

On the other hand,

]af(a —x)dx = —F(a—x)|§ = —F(0) + F(a) = jaf(x)dx.
0 0

(b) Let G(x) = [ g(x)dx.
(I) 4 4 3 2 1
dx = d d d d
f09<x> x Lg(x) x+f2g(x> x+f1g<x) x+f0g(x) )

4 3 2 1
= f g(x —3)dx + f gx —2)dx + f gx —1)dx +f g(x)dx
3 2 1 0
=G(x=3)3+Gx =2+ Glx = DIF +C)o
=6G(1)-G60)+6(1)-G6MO)+6(1)—-G(0)+6(1) —G(0)
Jy g()dx=6(1D~6(0) 4

=4(6(1) - G(0)) = 4J g(x)dx.
0

(ii)

jl 3x)d —30<3>1—1[G<3)—001—3f ®)d
ngx—3 x|0—3 ()—30gx X.



