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MA1201 Calculus and Basic Linear Algebra II 

Solution of Problem Set 1  Basic Concept in Integration 

Problem 1  

(a) 
∫cos(3𝑥 + 1) 𝑑𝑥 =

1

3
sin(3𝑥 + 1) + 𝐶 

 
(b) 

∫(
1

𝑥3
− √𝑥)𝑑𝑥 = ∫(𝑥−3 − 𝑥

1
2) 𝑑𝑥 =

𝑥−3+1

−3 + 1
−
𝑥
1
2
+1

1
2 + 1

+ 𝐶 = −
1

2𝑥2
−
2

3
𝑥
3
2 + 𝐶. 

 
(c) 

∫𝑒1−𝑥𝑑𝑥 =
1

(−1)
𝑒1−𝑥 + 𝐶 = −𝑒1−𝑥 + 𝐶. 

 
(d) 

∫
1

1 + 16𝑥2
𝑑𝑥 = ∫

1

1 + (4𝑥)2
𝑑𝑥 =

1

4
tan−1 4𝑥 + 𝐶 

 
(e) 

∫
1

2𝑥 + 1
𝑑𝑥 =

1

2
ln|2𝑥 + 1| + 𝐶 

 
(f) 

∫
1

(2𝑥 + 1)2
𝑑𝑥 = ∫(2𝑥 + 1)−2𝑑𝑥 =

1

2

(2𝑥 + 1)−2+1

−2 + 1
+ 𝐶 = −

1

2(2𝑥 + 1)
+ 𝐶. 

 
Problem 2 

(a) 
∫
𝑥2 − 𝑥 + 1

𝑥2
𝑑𝑥 = ∫1𝑑𝑥 − ∫

1

𝑥
𝑑𝑥 + ∫𝑥−2𝑑𝑥 = 𝑥 − ln|𝑥| +

𝑥−2+1

−2 + 1
+ 𝐶 = 𝑥 − ln|𝑥| −

1

𝑥
+ 𝐶 

 
(b) 

∫
2𝑥2

𝑥2 + 1
𝑑𝑥 = ∫

2𝑥2 + 2

𝑥2 + 1
𝑑𝑥 − ∫

2

𝑥2 + 1
𝑑𝑥 = ∫2𝑑𝑥 − 2∫

1

𝑥2 + 1
𝑑𝑥 = 2𝑥 − 2 tan−1 𝑥 + 𝐶 

 
(c) 

∫
𝑒2𝑥 + 𝑒𝑥−3 + 1

𝑒𝑥+1
𝑑𝑥 = ∫𝑒𝑥−1𝑑𝑥 + ∫𝑒−4𝑑𝑥 + ∫𝑒−1−𝑥𝑑𝑥 = 𝑒𝑥−1 + 𝑒−4𝑥 − 𝑒−1−𝑥 + 𝐶. 

 
(d) 

∫sin 3𝑥 sin 2𝑥 𝑑𝑥 = ∫−
1

2
[cos(3𝑥 + 2𝑥) − cos(3𝑥 − 2𝑥)]𝑑𝑥 = −

1

2
∫cos 5𝑥 𝑑𝑥 +

1

2
∫cos 𝑥 𝑑𝑥

= −
1

10
sin 5𝑥 +

1

2
sin 𝑥 + 𝐶 

 
(e) 

∫cos3 2𝑥 𝑑𝑥 = ∫(cos 2𝑥)(cos 2𝑥)(cos 2𝑥)𝑑𝑥 = ∫
1

2
(cos 4𝑥 + 1)(cos 2𝑥)𝑑𝑥

=
1

2
∫cos 4𝑥 cos 2𝑥 𝑑𝑥 +

1

2
∫ cos 2𝑥 𝑑𝑥

=
1

2
∫
1

2
(cos 6𝑥 + cos 2𝑥)𝑑𝑥 +

1

2
∫ cos 2𝑥 𝑑𝑥 =

1

24
sin 6𝑥 +

1

8
sin 2𝑥 +

1

4
sin 2𝑥 + 𝐶

=
1

24
sin 6𝑥 +

3

8
sin 2𝑥 + 𝐶 

 
(f) We use method of partial fraction and decompose the integrand as 

1

(𝑥 − 1)(2𝑥 − 3)
=

𝐴

𝑥 − 1
+

𝐵

2𝑥 − 3
 

⇒ 1 = 𝐴(2𝑥 − 3) + 𝐵(𝑥 − 1) 
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 Put  𝑥 =
3

2
, we get  

𝐵

2
= 1 ⇒ 𝐵 = 2. 

 Put  𝑥 = 1, we get  1 = −𝐴 ⇒ 𝐴 = −1. 

∫
1

(𝑥 − 1)(2𝑥 − 3)
𝑑𝑥 = −∫

1

𝑥 − 1
𝑑𝑥 + 2∫

1

2𝑥 − 3
𝑑𝑥 = − ln|𝑥 − 1| + ln|2𝑥 − 3| + 𝐶. 

 
(g) 

∫
3

𝑥2 − 2𝑥 + 5
𝑑𝑥 = 3∫

1

(𝑥 − 1)2 + 4
𝑑𝑥 =

3

4
∫

1

(
𝑥 − 1
2 )

2

+ 1

𝑑𝑥 =
3

4
(
1

1
2

tan−1
𝑥 − 1

2
) + 𝐶

=
3

2
tan−1

𝑥 − 1

2
+ 𝐶. 

 
(h) 

∫
1

2𝑥2 − 4𝑥 + 9
𝑑𝑥 = ∫

1

2(𝑥 − 1)2 + 7
𝑑𝑥 =

1

7
∫

1

(√
2
7
(𝑥 − 1))

2

+ 1

𝑑𝑥

=
1

7

(

 
1

√2
7

tan−1(√
2

7
𝑥 − √

2

7
)

)

 + 𝐶 =
1

√14
tan−1(√

2

7
𝑥 − √

2

7
) + 𝐶. 

  
(i) 

∫
𝑥 + 6

(2𝑥 − 1)3
𝑑𝑥 = ∫

𝑥 −
1
2

(2𝑥 − 1)3
𝑑𝑥 + ∫

13
2

(2𝑥 − 1)3
𝑑𝑥 =

1

2
∫

1

(2𝑥 − 1)2
𝑑𝑥 +

13

2
∫

1

(2𝑥 − 1)3
𝑑𝑥

=
1

2
∫(2𝑥 − 1)−2𝑑𝑥 +

13

2
∫(2𝑥 − 1)−3𝑑𝑥

=
1

2
 (
1

2

(2𝑥 − 1)−2+1

−2 + 1
) +

13

2
(
1

2

(2𝑥 − 1)−3+1

−3 + 1
) + 𝐶

= −
1

4(2𝑥 − 1)
−

13

8(2𝑥 − 1)2
+ 𝐶 

 
(j) 

∫tan2 𝑥 𝑑𝑥 = ∫(sec2 𝑥 − 1)𝑑𝑥 = tan 𝑥 − 𝑥 + 𝐶 

 

Problem 3 

(a) 
∫
𝑥 − 1

3𝑥2
𝑑𝑥

2

1

=
1

3
∫
1

𝑥
𝑑𝑥

2

1

−
1

3
∫

1

𝑥2
𝑑𝑥

2

1

=
1

3
ln 𝑥 |1

2 +
1

3𝑥
|1
2 =

1

3
ln 2 −

1

6
. 

 
(b) 

∫ cos(3𝑥 + 1)𝑑𝑥
1

−1

=
1

3
sin(3𝑥 + 1) |−1

1 =
1

3
(sin 4 + sin 2). 

 
(c) 

∫ (𝑒2𝑥+1 − 𝑒2𝑥−1)𝑑𝑥
1

0

=
1

2
𝑒2𝑥+1|0

1 −
1

2
𝑒2𝑥−1|0

1 =
𝑒3 − 2𝑒 + 𝑒−1

2
. 

 
(d) 

∫ sin2 𝑥 𝑑𝑥

𝜋
2

0

= ∫ −
1

2
[cos(𝑥 + 𝑥) − cos(𝑥 − 𝑥)]𝑑𝑥

𝜋
2

0

=
1

2
∫ 1𝑑𝑥

𝜋
2

0

−
1

2
∫ cos 2𝑥 𝑑𝑥

𝜋
2

0

=
1

2
𝑥|0

𝜋
2 −

1

4
sin 2𝑥 |0

𝜋
2 =

𝜋

4
. 

 
(e) Note that 
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|2𝑥 − 1| = {
2𝑥 − 1        if  2𝑥 − 1 ≥ 0
−(2𝑥 − 1)  if  2𝑥 − 1 < 0

= {
2𝑥 − 1   if  𝑥 ≥

1

2

1 − 2𝑥   if  𝑥 <
1

2

. 

Then the integral is found to be 

∫ |2𝑥 − 1|𝑑𝑥
1

0

= ∫ |2𝑥 − 1|𝑑𝑥

1
2

0

+∫ |2𝑥 − 1|𝑑𝑥
1

1
2

= ∫ (1 − 2𝑥)𝑑𝑥

1
2

0

+∫ (2𝑥 − 1)𝑑𝑥
1

1
2

= (𝑥 − 𝑥2)|0

1
2 + (𝑥2 − 𝑥)|1

2

1 =
1

2
. 

 
(f) Note that for −𝜋 ≤ 𝑥 ≤ 𝑥 

|sin 𝑥| = {
sin 𝑥         if sin 𝑥 ≥ 0
− sin 𝑥    if sin 𝑥 < 0

= {
sin 𝑥       if     0 ≤ 𝑥 ≤ 𝜋
−sin 𝑥      if  − 𝜋 ≤ 𝑥 ≤ 0

. 

Then the integral is found to be 

∫ |sin 𝑥|𝑑𝑥
𝜋

−𝜋

= ∫ |sin 𝑥|𝑑𝑥
𝜋

0

+∫ |sin 𝑥|𝑑𝑥
0

−𝜋

= ∫ sin 𝑥 𝑑𝑥
𝜋

0

−∫ sin 𝑥 𝑑𝑥
0

−𝜋

= −cos 𝑥 |0
𝜋 − (−cos 𝑥)|−𝜋

0 = 4. 
 

(g) Note that 

|𝑥 − 1| = {
𝑥 − 1         if  𝑥 − 1 ≥ 0
−(𝑥 − 1)  if  𝑥 − 1 < 0

= {
𝑥 − 1   if  𝑥 ≥ 1
1 − 𝑥   if  𝑥 < 1

. 

Then the integral is found to be 

∫ 𝑒1+|𝑥−1|𝑑𝑥
2

0

= ∫ 𝑒1+|𝑥−1|𝑑𝑥
1

0

+∫ 𝑒1+|𝑥−1|𝑑𝑥
2

1

= ∫ 𝑒1+1−𝑥𝑑𝑥
1

0

+∫ 𝑒1+𝑥−1𝑑𝑥
2

1

= ∫ 𝑒2−𝑥𝑑𝑥
1

0

+∫ 𝑒𝑥𝑑𝑥
2

1

= −𝑒2−𝑥|0
1 + 𝑒𝑥|1

2 = 2𝑒2 − 2𝑒1. 

 
(h) Let  𝑓(𝑥) = 𝑥4 sin9 𝑥,  one can verify that 

𝑓(−𝑥) = (−𝑥)4 sin9(−𝑥) =⏞
sin(−𝑥)=−sin𝑥

𝑥4(− sin 𝑥)9 = −𝑥4 sin9 𝑥 = −𝑓(𝑥). 
Then  𝑓(𝑥)  is an odd function and 

∫ 𝑥4 sin9 𝑥 𝑑𝑥
1

−1

= 0. 

 
(i) Let  𝑓(𝑥) =

𝑥2 sin3 𝑥

1+cos5 𝑥
,  then we can verify that 

𝑓(−𝑥) =
(−𝑥)2 sin3(−𝑥)

1 + cos5(−𝑥)
=
𝑥2(− sin 𝑥)3

1 + (cos 𝑥)5
=
−𝑥2 sin3 𝑥

1 + cos5 𝑥
= −𝑓(𝑥). 

Then 𝑓(𝑥) is an odd function and 

∫
𝑥2 sin3 𝑥

1 + cos5 𝑥
𝑑𝑥

𝜋

−𝜋

= 0. 

 
(j) Take  𝑔(𝑥) =

sin3 𝑥

𝑥2+1
,  one can show that 

𝑔(−𝑥) =
sin3(−𝑥)

(−𝑥)2 + 1
=
(− sin 𝑥)3

𝑥2 + 1
= −

sin3 𝑥

𝑥2 + 1
= −𝑔(𝑥). 

This shows  𝑔(𝑥)  is an odd function, we can compute the integral as 

∫
𝑥2 cos 𝑥 + cos 𝑥 + sin3 𝑥

𝑥2 + 1
𝑑𝑥

𝜋
4

−
𝜋
4

= ∫
cos 𝑥 (1 + 𝑥2)

𝑥2 + 1
𝑑𝑥

𝜋
4

−
𝜋
4

+∫
sin3 𝑥

𝑥2 + 1
𝑑𝑥

𝜋
4

−
𝜋
4

= ∫ cos 𝑥 𝑑𝑥

𝜋
4

−
𝜋
4

+ 0

= sin 𝑥 |−𝜋/4
𝜋/4

=
2

√2
= √2. 
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Problem 4 

(a) We let  𝐹(𝑦) = ∫𝑒2𝑦
2+1𝑑𝑦,  one can use fundamental theorem of calculus and obtain 

∫ 𝑒2𝑦
2+1𝑑𝑦

𝑥

3

= 𝐹(𝑥) − 𝐹(3). 

Then the derivative can be computed as 

𝑑

𝑑𝑥
∫ 𝑒2𝑦

2+1𝑑𝑦
𝑥

3

=
𝑑

𝑑𝑥
𝐹(𝑥) −

𝑑

𝑑𝑥
𝐹(3)⏟
number

=⏞

𝑑
𝑑𝑦
𝐹(𝑦)=

𝑑
𝑑𝑦 ∫

𝑒2𝑦
2+1𝑑𝑦=𝑒2𝑦

2+1

𝑒2𝑥
2+1 − 0 = 𝑒2𝑥

2+1. 

 

(b) We let  𝐺(𝑦) = ∫ cos(𝑦2) 𝑑𝑦,  one can use fundamental theorem of calculus and obtain 

∫ cos(𝑦2) 𝑑𝑦
𝑥2

2𝑥

= 𝐺(𝑥2) − 𝐺(2𝑥). 

Using the fact that  
𝑑

𝑑𝑦
𝐺(𝑦) =

𝑑

𝑑𝑦
∫ cos(𝑦2) 𝑑𝑦 = cos(𝑦2),  the derivative can be computed as 

𝑑

𝑑𝑥
∫ cos(𝑦2) 𝑑𝑦
𝑥2

2𝑥

=
𝑑

𝑑𝑥
𝐺(𝑥2) −

𝑑

𝑑𝑥
𝐺(2𝑥) =

𝑑𝐺(𝑥2)

𝑑(𝑥2)

𝑑(𝑥2)

𝑑𝑥
−
𝑑𝐺(2𝑥)

𝑑(2𝑥)

𝑑(2𝑥)

𝑑𝑥
 

=⏞
take  𝑦=𝑥2,   𝑦=2𝑥

2𝑥 cos(𝑥4) − 2 cos(4𝑥2). 

 

Problem 5 

(a) Let  𝐹(𝑥) = ∫𝑓(𝑥)𝑑𝑥,  then we have 

∫ 𝑓(𝑥)𝑑𝑥
𝑎

0

= 𝐹(𝑎) − 𝐹(0)…… (1). 

On the other hand, 

∫ 𝑓(𝑎 − 𝑥)𝑑𝑥
𝑎

0

= −𝐹(𝑎 − 𝑥)|0
𝑎 = −𝐹(0) + 𝐹(𝑎) = ∫ 𝑓(𝑥)𝑑𝑥

𝑎

0

. 

 

(b) Let  𝐺(𝑥) = ∫𝑔(𝑥)𝑑𝑥. 

(i) 
∫ 𝑔(𝑥)𝑑𝑥
4

0

= ∫ 𝑔(𝑥)𝑑𝑥
4

3

+∫ 𝑔(𝑥)𝑑𝑥
3

2

+∫ 𝑔(𝑥)𝑑𝑥
2

1

+∫ 𝑔(𝑥)𝑑𝑥
1

0

 

= ∫ 𝑔(𝑥 − 3)𝑑𝑥
4

3

+∫ 𝑔(𝑥 − 2)𝑑𝑥
3

2

+∫ 𝑔(𝑥 − 1)𝑑𝑥
2

1

+∫ 𝑔(𝑥)𝑑𝑥
1

0

 

= 𝐺(𝑥 − 3)|3
4 + 𝐺(𝑥 − 2)|2

3 + 𝐺(𝑥 − 1)|1
2 + 𝐺(𝑥)|0

1 
= 𝐺(1) − 𝐺(0) + 𝐺(1) − 𝐺(0) + 𝐺(1) − 𝐺(0) + 𝐺(1) − 𝐺(0) 

= 4(𝐺(1) − 𝐺(0)) =⏞

∫ 𝑔(𝑥)𝑑𝑥
1
0 =𝐺(1)−𝐺(0)

4∫ 𝑔(𝑥)𝑑𝑥
1

0

. 

 
(ii) 

∫ 𝑔(3𝑥)𝑑𝑥
1

0

=
1

3
𝐺(3𝑥)|0

1 =
1

3
[𝐺(3) − 𝐺(0)] =

1

3
∫ 𝑔(𝑥)𝑑𝑥
3

0

. 

 


