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Tutorial

Solve the following second-order linear ODEs:

() d2 d
y y L]
—2 82 +4+41y=0 0) = 0) =—2.

(b) (Use variation of parameters method)

d?y _dy
— +6— + 8y =3t 0) =0, v(0)=0.
dt2+ dt—l_ Y ’ y() ) y()

(c) (Use undetermined coefficients method)

2y d
d—tg + 4d—‘z +4y =8¢ *sin2t,  y(0)=0, 7(0)=0.
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Tutorial

(a) 2 ]
(7 Y :
— 2 _ 8~ 441y =0 0) =6 0) = —2

Solution:
Step 1: Try the solution e

Step 2: Characteristic polynomial 72 — 87 +41 =0

8 £ /82 —4-41
r1,2 = \/2 24:&52:)\4—&}2

A A

y (t) = cre’ coswt + coe sinwt = cre* cos 5t + coett sin 5t
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Tutorial

d*y _dy
— — 8= +41y =20 0)=06 1(0) = =2

y (1) = c1e* cos 5t + coe*’ sin 5t

Step 3: Solve for ¢; and cs by initial conditions

d
d_i — C1 (4e4t cos ot — cle4t5 sin 5t) + co (4e4t sin 5t + e*'5 cos 5t)
[ y(0) =c¢; =6,
q d
&y = 4cq + Seyg = —2
L dt -

Fill in the remaining steps.
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(b) (Use variation of parameters method)

£+6d—+8 — 31 (0)=0, ¢(0)=0

Solution:

Step 1: Find two fundamental solutions

d?y dy
C Y 468 4y =0
az Tt T

Characteristic polynomial
P 46r+8=0=(r+2)(r+4)=0=r = -2,79 = —4

Fundamental solutions y; (t) = e, y5 (t) = e~
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Overdamped system with fundamental solutions

yi(t) =€, ya (1) = e *
Step 2: Find the kernel function

K (¢ €_>\1(t_7_) — 6_)‘2(75_7_) 6—2(15—7') o 6_4(75_7-)
S A2 — A1 B 4—9

Step 3: Calculate the convolution integral

1 [t
/ K{t—71)g(r)dr = 2/ (6_2(t_7> — 6_4(75_7)) 3rdr
0
3 t
— —e_Qt/ Trdr — —e_4t/ e rdr
2 0 2 0

Hint: Use integration by parts.
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(c) (Use undetermined coefficients method)

d? d
d_tg + 4d—§ +4y =8¢ Hsin2t,  y(0)=0, y(0)=0.
Solution:

Step 1: Trial solution y (t) = (C'sin 2t + D cos 2t) e~ %!

d
d_?; = e (2C cos 2t — 2D sin 2t) — 4e~* (C'sin 2t + D cos 2t)

= 2¢ *[— (2C + D)sin2t + (C — 2D) cos 2t]
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% _ 26—415 [_ (20 + D) sin 2t + (C — 2D) COS Qt]
d?y —4t :
= —8e [ (2C + D)sin 2t + (C — 2D) cos 2t] +

2e" 4 [—=2(2C 4 D) cos 2t — 2 (C — 2D) sin 2t]
= 4e"*[(3C 4 4D) sin 2t — (4C — 3D) cos 2t]

Step 2: Substitute into the LHS of ODE

d*y  ,dy Y .
@+4E+4y:46 [[(BC'+4D) —2(2C + D) + C]sin 2t—

— (4C —3D) 4+ 2(C — 2D) + D] cos 2t]
= 8¢ * (Dsin2t — C cos 2t)
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d? d
d_tg + 4d_i + 4y = ge (D sin 2t — C'cos 2t)

Compare to the RHS of ODE

8e * (Dsin2t — C'cos2t) = 8¢ *sin2t = { IC) 1

The steady-state solution is y, (t) = e *' cos 2t

Step 3: Find the fundamental solution g (¢) such that the solution
y (t) = yo (t) + ys (t) satisfies initial conditions ¢ (0) = 0, ¢ (0) = 0.

Characteristic polynomial 72 +4r +4 =0 = r; 5 = —2

Yo (1) = (c1 +cot) e ™, y(t) = (c1 +cat) e *  + e * cos2t

Fill in the remaining steps.

Page 8



END




