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Outline

* Transmission Lines — Bridging electromagnetics
with circuit theory

* The TL Model
e Basic TL Relationships
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What is a Transmission Line?

https://i.stack.imguresm/H5VVZ.jpg "
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What is a Transmission Line?
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SSPP TL

A transmission line (TL) is a structure that guides EM waves
in a desired direction. Usually the length of the TL is
appreciable compared to the wavelength, such that a change
in phase can be observed in the voltage or current wave.
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Example: the Optical Fiber

Acceptance cone

Fiber core

Cladding

(a) Optical fiber (b) Successive internal reflections

Figure 8-12: Waves can be guided along optical fibers as long as the reflection angles exceed the critical angle for total internal reflection.
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High-order mode Low-order mode Axial mode

Figure 8-13: Distortion of rectangular pulses caused by modal dispersion in optical fibers.
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Waveguides & Transmission Lines

* Waveguide: general EM structure that guide waves

* Has many different “modes”: orthogonal E-field and H-
field distributions along the cross-section, that don’t
change in the longitudinal direction

* Transmission Lines (TL): abstracted single mode

waveguides
* When a waveguide has one mode, one can simplify its
analysis defining currents, voltages and resistances on

the line, thereby simplifying the EM problem to a circuit
problem
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Transmission Lines vs. Waveguides

Transmission line theory

.
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Example: Coaxial Cable

- = = Magnetic field lines

—— Electric field lines

Vg@ Coaxial line
Generator L.oad E!

Cross section

Electric Field E is radial
Magnetic Field H is azimuthal
Propagation is into the page
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Inductance

Fora <r < b,

Iy
H-dl=I1,=H;2nr=1,>H=——2
fc ° ad 0 2nra¢
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Capacitance 0,

Fora <r < b,

f D-ds = Qenc = D,2mrl = pyl
S

PL Dp PL
Ap 2nr’ P & 2mre
PL b
V=—|E-dl=— | E,dr =—=In(-
j P = e (a)
B b

-1
C = QeV"C = 2mel lln (g)]
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Outline

* Transmission Lines — Bridging electromagnetics
with circuit theory

e Basic TL Relationships
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ransmission Line Model

(a) Parallel-wire representation

Az Az Az Az

L " W s "

(b) Differential sections each Az long

R'Az L'Az R'Az L'Az R'Az LAz R'Az L'Az
—o— WA —
G' Az }C'Az G' Az }C',Az G' Az }C'Az G' Az }C'Az
* O O O O
Az | Az | Az I Az I

(c) Each section is represented by an equivalent circuit

Y R": The Combined resfstance Of both Conduc‘[ors per unit [ ] G": The COHdquaHCQ Of the insu]a‘[ion medium between the
length, in ©/m two conductors per unit length, in S/m, and

e L’: The combined inductance of both conductors per unit ¢ ¢’: The capacitance of the two conductors per unit length, in
length, in H/m, F/m.
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—C'Az

ransmission-Line Equations

i(z,t) —G'Azv(z+ Az, t)

= 0. (2.

ro
N

. —i(z+ Az, 1)
ot

Upon dividing all terms by Az and taking the limit Az — 0,
Eq. (2.15) becomes a second-order differential equation:

Node \Jodc _
o= AN—TVIT— —=—o-
RAz LAz I‘
v(z, 1) G’AZ§ —_——C'Az vz + Az 1)
— O ] O —
B Az - |
v(z,t) — R'Azi(z,1)
di(z,t
_L'Az" ( ')—v(z+Az.r)=0.

iz

dz

du(z, t)
ar

=G v(z,t)+C’ (2.16)

Upon dividing all terms by Az and rearranging them, we obtain

(2.13)

In the limit as Az — 0, Eq. (2.13) becomes a differential
equation:

v(z+ Az, t) —v(z,t)
Az

iz, 1)
at

}:R%LH+L

dv(z,t)
dz

=R i(z,t)+ L (2.14)

3i(z.1)
ar

AC signals: use phasors!

_dW@

v(z, 1) =Re[V (2) /],
i(z,1) =Re[l(2) /],

= (R' + jol)I(2),

dz

Telegrapher’s
M@)

equations

— (G + joCHV(2).
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Recap: Transmission Line Model

Solving this electronic circuit gives:

NOdc;’(z f Node iz + Az 1)
N N+1 ’
+o— L111N =
R'Az LAz ]‘ dV (2) L
——— = R +jwl)l(z);
v(z, 1) 5! _C" v(z + Az, 1)
( C Az§ C'Az o(z+Az i dl(2) -
_ = (G' + jwC)V (2).
i ] . dz
| Az |

(Telegrapher’s Equations)

(Can we get uncoupled equations... one for I/'(z) and one for [(z)?)
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Wave Equations for TL

Telegrapher’s Equations

Take d/dz of (1) and sub
dV(Z) ’ . / in (2) S
Ty - R Hjell@; @) =V Take d/dz of (2) and sub
dl(z) L in (1).
— =(G'+jwCHV(2). (2)
dz
Wave Equations
d*v(z) . . )
7 Y V(z)=0; (3) where y = \/(R’ + jwl')(G' + jwC') = a+ jB
d?1(z) (y = propagation constant; a = attenuation
dz2 yI(z) = 0. (4) constant; f = phase constant)
Solutions to Wave Equations
1
V(z) =Vye "2+ Vset"?;,  (5) 1(z) = Z—(Vo+e‘yz — V4 e*7%), where
0

I(z) =I1fe™ V% — Ije*V?; (6)

R 6) to get: Zy = RIJFij’—Ch teristic Imped
earrange (6) to get: 05 5 e = OGS DTG
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Outline

* Transmission Lines — Bridging electromagnetics
with circuit theory

e The TL Model

EE3109, Jan - Apr 2025, LO8 - Transmission Lines

17



Comparison: EM vs. TL

E: H

b
V=jE-dl; I=7€ H-dl
a C

Maxwell’s Equations:

VXE=—wulH;V XH = jweE

Telegrapher’s Equations:

dVv dl
——=R +jwl)]; —— = (G'+ jwC")V

dz dz
Wave Equations: Wave Equations:
d’E 2E — 0 d“H 21 - 0 d*v 2 — 0. d*I 21 _ g
dzz VP T Y gez VT dzz VT gz VT

Solution to Wave Equations:
E(r) = (Efe /" + Ejet/kT) @
H(r) = (Hfe /X' — Hyet/kT) h

Solution to Wave Equations:
V(Z) - VO e_yz + V0_8+yz;
I[(z) =Ige V% — IyetY”

Intrinsic Impedance:

_Eg _ |m

"THT T e

Characteristic Impedance:

v v \/R’ + jwl!

Jo=— = —— =
0T If Iy |G+ jwC

Propagation Constant:
jk=v =joue. = a+jp

Propagation Constant:
¥ =R +jol)(G +jwC) =a+jB
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Computational Electromagnetics: ‘

Finite Difference Time Domain (FDTD) and

Finite Element Method (FEM)

a) TE b) TM

- -

{ ©eH:|Ex | ©E: |Hx
x E' x ﬁy
Ly Ly

Hy

https://commons.wikimedia.org/wiki/File:FDTD_Yee_grid_2d-3d.svg

4

AMH Wong and GV Eleftheriades, Phys. Rev. X., 2018.

AMH Wong et al., Trans. Antennas Propag., 2021.

* 3D space is treated as a 3D TL circuit in a time-domain
(FDTD) or frequency domain (FEM) simulation
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Computational Electromagnetics
Eg. Ansys HFSS (You will explore this in Lab 1!)

I ANSYS Electronics Desktop 2021 R1 - Drone_Geomnetry3 - quadd - 3D Modeler - [Drone_Geometry3 - quadd - Modeler] - o X
B File Edt View Project Draw Modeler HFSS Took Window Help - & x
l l t Select Objet - W @ F Fan Q e an [« I ) MO \NJV ® 00 t B ot i | @ '] Surtace = | Ju Relative €S = U@ Measure = HE Gria M@ Moce
(S Setect by Name % FRotate * 6 Q¢ oOnilVLVL|l« & i3 5 A a fer | = Sheet = f = Ruler X - m vacuum
Save oom . &
£ Paste = e [ Orient - e @ \ & & A AT = Edge~ | %L 105 % Units 30 -@ma B
Desktop View Draw Model Semulation Resuits Automation Ansys Minerva

Project Manager 2 x §5 P Model
= {1 Drone_Geometry3 ~ % oy blades2
- @ auads (DrivenTerminal) 4 o camens
+ o T Components = o PCB1
B Model «d PCB1Y
(5] Oraut Bements = o pekg
4 € Boundaries = @ peig!
4 €3 Excitators = &P Solids
& Hyond Regons + @ copper
B Mesh + @ solder
=5 S Analves = @ vacuum
S senpl & package
@ optmetics 4 O3 Sheets
@ [ Resuts @ L. Coordinate Systems
41 B9 Port Field Dsplay + 4B Planes
=1 T Fiekd Overlays 4 & Solids
= [ MeshPiots 4 &3 Sheets
Mesh_drone & e, Coordinate Systems
Mesh_pkg 1% 2p45
% I EFeld @ Giobal
& Radaton v e gnd 1
: 2, PackageCs
Properties ? x 1 PCBCS
+ @ Planes
@ @ Lsts

Mothing s selected 4 Hide 1 Measages || = Hide Progress

https://www.ansys.com/blog/two-best-features-in-ansys-hfss EE3109, Jan - Apr 2025, LO8 - Transmission Lines 20



Travelling Wave in a TL

Consider a positively travelling wave (in a lowloss TL):
V¥ (2) = Vie e 7BZ > v (z,t) = |V5H e~ cos(wt — Bz + 2V§D)

V0+ i |V0+| +
[T(2) = Z—e"“ze‘“gz = I(z,t) = e~ * cos(wt — Bz + 2Vy)
0 0
Voltage amplitudes:
Vo' |
Voep = 2IV5'|; Vs = N

Consider the phase of this travelling wave (¢ = wt — Bz + 2V{):

The wavelength (1) is the distance through which the wave changes in phase by 27 rad:

21T
A=|Az| s.t. Ap =21 > A = —
B
The phase velocity (v,,) of the wave is the rate at which the constant phase point travels:
. w dz w
Rearrange the phase expression to get z = Et — Constant = v, = P
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Power ina TL

Consider a positively travelling wave (in a lowloss TL):
V¥(z) = Ve e 7Bz = V(z,t) = |V5H e % cos(wt — Bz + V)
V0+ —_ —7 |V0+| — +
17 (2) =Z—e Ze=JBZ = [(z,t) = e~ % cos(wt — Bz + £Vy)
0 0

The instantaneous power carried is:
+12
Vo' |

P(z,t) =V(z,t)I(z,t) = ~
0

e 2% cos?(wt — Pz + 2Vy)

The time-average power carried is:

T T
— 1 — |V0+|2 -2az 1 2 +
P, (z) —?jP(z,t) dt—Z—e T jcos (wt — Bz + 2V ) dt
0 0 0
\AE : 1+ cos(2(wt — Bz + 2Vy)) T = 2Zis the period
_ 1’0 e—Zaz] 0 dt P
ZoT ) 2 of V(z,t) and I(z,t)
|V0+|2 —2az 1 + =
-~ 2Z,T ¢ L %COS(Z((M; Bz + 2V ))L_O This term takes on the

same value fort = 0
Vo lI> L., 1 ) andt =T,

Faw(2) = —7—e€ =5 Re{V (2)I(2)’}
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More on Impedance

Characteristic Imped A U R
aracteristic mpe ence: 0= 16'_ = G’ +ij,

e Characteristic Impedance is a property of the
frequency and the transmission line

* In general, the characteristic impedance is a function of
frequency

 However, this will not be the case for lossless TLs.

* Impedance (looking toward the load) is given by:

V(z) _ Ve V" +Vye™"”

7(2) =
(2) 1(2) Ve vz —V5etrz
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Lossless TLs

e Condition: R’ = 0,G’ = 0 (reasonable approximation for
many TLs)

* Consequences:

EE3109, Jan - Apr 2025, LO8 - Transmission Lines
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Lowloss TLs

e Condition: R’ K wl',G’ K wC'

e Consequences: (you will derive this in a future assignment)
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Example 1: Wire or TL?

2.2 A transmission line of length / connects a load to a sinusoidal voltage source
with an oscillation frequency f. Assuming the velocity of wave propagation on the
line is ¢, for which of the following situations is it reasonable to ignore the presence
of the transmission line in the solution of the circuit:

(a) [ =30cm, f =20KkHz,

(b) [ =50 km, f =60 Hz,

(¢) [ =30cm, f =600 MHz,

(d) [ =2 mm, f = 100 GHz.

Solution: A transmission line is negligible when //A < 0.01.

[ 30 % 1072 m) x (20 x 10° Hz
(a) — —f — ( ) ( ) — 2% 107 (negligible).

A 3% 103 m/s
o) 1L 1f _ (50x10°m) x (60x 10" Hz) 0.01 (borderline)
A 3 x 108 m/s o '
- L _1f _(30x107m) x (600 x 10° Hz) 0.60 (nonnegligible)
A 3 x 10% m/s ST
@ 1 If _ (2x1077m) x (100 x 10” Hz) _ 0.66 (nonnealigible)
A 3 x 108 m/s o R

EE3109, Jan - Apr 2025, LO8 - Transmission Lines
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Example 2: Air Line

An air line 1s a transmission line in which air separates the
two conductors, which renders G’ = 0 because o = 0.
addition, assume that the conductors are made of a material
with high conductivity so that R” >~ (. For an air line with
a characteristic impedance of 50 © and a phase constant of
20 rad/m at 700 MHz, find the line inductance L’ and the line

capacitance C'.

Solution: The following quantities are given:

Zo =50, p = 20rad/m, f=700MHz.

1 w 7 L
V., = =—; = -
N A RN [

Zo _ Zop _ (50)(20)
v, W 2T X 7 X 108

s I (20)
CwZy wZ, (2mx7x108)(50)

= L =

EE3109, Jan - Apr 2025, LO8 - Transmission Lines
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= 90.9 [pF/m] .

27



Example 3: Distortionless Line

2.13 Inaddition to not dissipating power, a lossless line has two important features:
(1) 1t is dispertionless (i 1s independent of frequency) and (2) its characteristic
impedance Zg is purely real. Sometimes, it is not possible to design a transmission
line such that R' << L' and G’ << @C’, but it is possible to choose the dimensions of
the line and its material properties so as to satisfy the condition

RC'=L'¢ (distortionless line).

Such a line is called a distortionless line because despite the fact that it is not lossless,
it does nonetheless possess the previously mentioned features of the loss line. Show
that for a distortionless line,

C’ I/
o =R E:VR’G’, p=ovLC’, ZuzﬂF.

(Please try for yourselves!)
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Summary

* |n this class, we
* |Introduced the transmission line model

e Derived the Telegrapher’s Equations and the waves
equations

* Introduced some basic TL Relationships
* Introduced the lossless TL

EE3109, Jan - Apr 2025, LO8 - Transmission Lines
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