EE6617: 07 Statistical Decision Theory I

Magjor references:

- Fundamentals of Statistical Processing, Volume II: Deection Theory, 1/E, by Steven M. Kay, Pren-
tice Hall, 1993

- Statistical Signal Processing, 1/E, by Louis L. Scharf, Prentice Hall, 1991

We now move to discuss about the basic detection theory. The method follows directly from the
theory of hypothesis testing.

1 Detection Problem Setup

Consider a simple example. We observe realization of a random variable z[0] ~ N (u, 02).
- We don’t know p.
- We want to determine p € {0, 11 }.

We have two hypothesis

Ho: =0 (null hypothesis)
Hi: p=py (alternative hypothesis)

There are two kinds of errors

Decide H; when H, is true (Type I error or false alarm)
Ho when #H,; is true (Type II error or mis-detection)

Outcome probability
p(H;;H;) - probability that H; decided when #, is true

Denote

p(Hi;Ho) :  probability of false alarm Pry
p(Hi;Hy) : probability of detection Pp (1)
p(Ho;H1) :  probability of mis-detection Py,

Q: What is a reasonable way to decide which hypothesis is true?



Type I error, P(Hy; Hy) Type Lerror, P(Hy; Hy)

From the figure we may pick a threshold v such that

Decide H, false if z[0] >
Ho true if z[0] < 7 .

Then,
Prya = p(Hl;Ho)Z/ p(t; Ho)dt
v

Pp = p(Hi;Hi) = /Oop(t§7'[1)dt
Py = 1-Pp. '

Some questions arise

Q1: What is the “optimal” ~ ?

Q2: Is using a threshold the “best” way to perform detection?

Ad hoc analysis doesn’t always work.

Consider a general set-up. Given N observations x = [z[0], ..., z[N — 1]]7, decide whether Hy should
be accepted or rejected. Ho & H, are fixed but arbitrary.

What is a detector?

detector
—

Observation space R” Hypothesis {Ho, H1} (2)

Detector partitions RY into regions

Ro = {x: accept Ho}
Ry = {x: accept H;}



Note Rg U R, = RY. Then,
Prpy = / p(x; Ho)dx
R1

Pp = /p(x;?—[l)dx.
R1

Designing the detector is equivalent to come up with Ry and R;.

2 Neyman-Pearson Detector

To construct detector, set the target false alarm rate (or called significant level of the test)
P FA = O
and pick R; to maximize Pp such that Pr, = a.

Theorem 1 To maximize Pp such that Pra = «, decide H, if

o p(x; Hi)

Lx)=—F—"—F—<>
< p(x; Ho) !
where v 1s found s.t.
Pra = / p(x; Ho)dx = o (3)
{x:L(x)>}

This detector is called Neyman-Pearson (NP) detector.

Remark 1 The Pp and Pra monotonically increase as v decreases, i.e., Pp / and Prsx /* as
v Ny Thus, comparing different detectors, the NP detector is the one with the highest operating
characteristic as shown below.
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Example 1: Signal Detection in Noise
Want to decide if DC signal is present

Ho: z[n] =wn]
Hi: x[n] = A+ win]

forn=0,...,N —1with A >0, w ~ N(0,0%I), which is equivalent to

Ho: x[n] ~ N(0,0?)
Hi: x[n] ~N(A4,0?)

The likelihoods are

p(x;Ho) = m exp <—%‘2 2 Q;Z[n])

p(xsHi) = @le)N/?eXp <—2%‘2 : (z[n] — A)2> :
o P(X; 7'[1)

L = p(x; Ho)
~ exp (% < 2] - 3 (aln] - A)2>>
= exp (# <—NA2 +2A - x[n])) >y

Taking logs and moving terms
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1
Efx)] = « 2 Elw[n]] =0
1 = 1 = o2
BI00) = 3 Bl = 3 3ot =
2
Ho : T(x) ~ N(O? )
and
L V2 L NV
Hi: T(x) =+ ) )= ) (A+wn]), z[n] ~N(4,0%)
N n=0 N n=0
L N2
Erx)] = 2 Elz[n]] = A
BTG~ AF] = 33 B(A+wfn] — A7) = &
* IR v N
o2
Hl : T(X) ~ N(A, F)
We now determine 7' to give Pry = «.
PFA = Pl"(T(X) Z"}//;,Ho)
= /OO L ex (—;ﬂ) dt
B ~ A/ 2mo? /N P 202 /N
change variable u = t du = di
& - J@2/N  \Jo%/N
_ /°° _exp (_5)
0'2/N
_ v L
¢ (W) )
where Q(z) = [~ rexp( u?/2)du. Then, we decide 7' such that \/ﬁ

Vo2 /NQ 1 (a).

Q '(a) and v =



We can characterize the detection performance

Pp = Pr(T(x)>7;H1)

/:o \/ﬁ exp (—ﬁ(t — A)2) dt

t—A dt

change variable u =

B v -A\ Sy — A
o) oo

Q: Is Pp the maximum detection probability given Pr4 = ao? ]

3 Minimum Error Probability Detector

This is different approach from NP. Now, we assume the hypotheses are random variables. We
allocate probabilities to Hy and Hi, i.e., priors p(Ho) and p(H;). This comes from the Bayesian
approach to detection. Notice that the NP detector had no notion of p(#,) and p(H,).

In some systems, the probabilities are known or can be well approximated.

By Bayesian framework, we can define a probability of error P, as
Pe = p(Hi|Ho)p(Ho) + p(Ho[H1)p(H1)
p(Ho|H1) = / p(x|Hy)dx =1— / p(x|H1)dx
Ro

R1

p(Hi|Ho) = /Rp(x|7-[o)dx.

The P, can be rewritten in terms of R, by

Po= o) [ e ) (- | plxts )i

— p(H) + /R (p(Ho)p(xIHo) — p(HL)p(xIHy)) dx (6)

To minimize P., we want the second term of (6) to be as negative as possible. This occurs
when the integrand is negative for all x € R4, i.e.,

p(Ho)p(x|Ho) — p(H1)p(x|H1) < 0= p(Ho)p(x|Ho) < p(H1)p(x|H1), Vx € Ry
Thus, the minimum error probability detection criterion is

p(x[H1) 1 p(Ho)
p(x[Ho) = p(H1)’




4 Bayes Risk Detection

More general cost function than probability of error is Bayes Risk which is defined as

1 1
R= =D > Cip(HilH;)p(H;)

averagecost =0 j=0

Notice that R = P, if Cy; = C19 =1 and C; = Cyo = 0 for {Ho, H1}.

Consider

R = Coop(Ho)p(Ho|Ho) + Corp(H1)p(Ho|H1) + Crop(Ho)p(Hi|Ho) + Crip(Ha)p(Ha|Hy)  (7)

== COOP(HO)/R p(X|H0)dX+O()1p(H1)\/R p(x|7—[1)dx
+010p(,H0)/R p(X|’H0)dX—|—C'11p(H1)/R p(X|H1)dX

The R can be rewritten in terms of R by
R = Coop(Ho) + Corp(Hq) +/ ((Cro — Coo)p(Ho)p(x|Ho) + (C11 — Cor)p(Ha)p(x|H1)) dx
R1

Make the second term as negative as possible. This occurs when the integrand is negative
for all x € R;.

(Cro = Coo)p(Ho)p(x[Ho) + (C11 — Cor)p(H1)p(x[H1) <0
= (C10 — Coo)p(Ho)p(x[Ho) < (Cor — Cr1)p(H1)p(x[H1)

If C()l > (11 and ClO > C(]o,

p(x[H1) _ ;1 (Cro — Coo)p(Ho)
p(x|’H0) =0 (001 - 011)10(7'[1).

C10 Coo _ -1

This is the minimum P, detector when S

Example 2: BPSK Detection in Noise

Consider a Bayes Risk detector with C'g = 0.7, Cyg = 0.3, Cy; = 0.8,C1; = 0.2. We want to detect if
a noisy DC signal is +A or —A using N samples.

Ho: z[n] = —A+wn|
Hi: x[n] = A+ win|

forn=0,...,N —1 and w[n] ~ N(0,0?). Assume p(+A) = p(H;) = 0.4 and p(—A) = p(H,) = 0.6.



We have

p(x|Ho)

p(x|H1)

where

Taking logs and moving terms

and T'(x) ~ N(—A,

g
N

— (27r012)N/2 exp <—% - (z[n] + A)2>
p(x|Hy)
p(x[Ho)
exp (% (aln] + A7~ 3 (aln] - A>2>)
exp (20—/1 - w[n]) > .

*) under Ho and T'(x) ~ N (A,
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Co1 — Cll)p(Hl)

| —~|—

0.7—-10.3)0.6 ]
0.8—02)0.4
24 =
2.t 2 0
n=0
| Nl
~ 2l =2 0
N n=0
%2) under #;.



We compute the conditional error probabilities

o 1 1
Hi|Ho) = / _— < t+A )dt
i) = e P e Y
change variable u = t+A R
& Vo2 /N’ \o?/N
B o0 1 u? J
= /A \/_exp Yy U
0'2/N
N A2
N A?
p(HolH1) = Q( 02)

From (7),
R = Coup(Hi)p(HolH1) + Crop(Ho)p(Hi|Ho) + Coop(Ho) (1 — p(H1|Ho)) + Crup(H1) (1 — p(Ho|H1))

= [0.7(0.6) +0.8(0.4)]Q ( NO_?Q> +[0.3(0.6) + 0.2(0.4)] <1 _Q ( A;f))

2
= 0.48Q< N’;l ) +0.26.
g

What is the average P.?
N A2 N A2 N A2
P, =1(0.6)Q (\/ 3 ) +1(0.4)Q ( — > =Q < = ) ,

5 Multiple Hypothesis Testing

So far we looked at binary hypothesis Hqy & H;.

Many practical problem have {Hy, ..., Hy -1}, M > 2 hypotheses (e.g., communication system M-ary
constellation, character recognition).

For Bayes risk,

M—-1 M-
R= Cip(Ha|H;)p(H;)

=0 j5=0

Note that R = P, when Cj; =0if ¢ = j and Cj; = 1 if ¢ # j.

._\



To get the detector

M—1M-1
R o= N Cop(Hilt,)p(H;)dx
=0 j=0
M-1 . M-1
= / Z Ciip(x|H;)p(H;)dx
i=0 Y Ri 7=0
M-1 . M-1
= X [ ¥ ot ontix
i=0 YRi j=0

The risk contribution by assigning x to some hypothesis H; is
Z Cijp(H;|x)p(x)dx = C;(x)p(x)dx
=0
Then the optimal assignment that minimizes the Bayes risk for a given x is to assign x to

‘H; such that

i = argmin Cy(x)
0<e<M—1

5.1 Optimal Bayes Risk Detector

Given x declare H; is true when

M-1

i = argmin Z Ceip(H;|x).

0<e<M—-1

5.2 Optimal M-ary P, Detector: Maximum Aposteiori Probability (MAP) detector

FOI'R:Pe,Cij:{ 1 Z#j

0 1=
M-1
i = argmin Zp(?{]\x)
0<t<M—1 %
Vi
M—1
= argmin Zp(?—[ﬂx) —p(He|x)
osesm-1 | ST
—_——

= argmax p(H,|x)
0<e<M—1
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Given x declare H; is true when

i = argmax p(H|x)
0<e<M—1

This is a maximum aposteriori probability (MAP) detector.

5.3 Optimal M-ary P. Detector: Maximum Likelihood (ML) detector

In many problems, especially for communication sources, it is reasonable to assume

1
p(HO) :p<H1> = e e e — M
By Bayes Rule, we can write
p(x|Hi)p(Hi) 1
p(H;|x) = ——————— = p(x|H; .
PR =T 000 P a
N——
constant
Thus,
i = argmax p(H|x)
0<I<M—1
= argmax p(x|H;).
0<I<M—1

This is a maximum likelihood (ML) detector.

The MAP detector is equivalent to the ML detector if the priors are equally likely, i.e., p(Ho) =
p(H) ==

6 Known Signals in Noise: Matched Filter

We are trying to detect if a predetermined signal s[0], ..., s[/N — 1] is present in a noisy received signal
z[0],...,z[N —1].

forn=0,...,N —1 and w[n| ~ N(0, 0?).

Q: When the detector knows s[0], ..., s[N — 1], what is the optimal detector?
A: We already know the Neyman-Pearson detector is optimal.

11



6.1 Optimal Neyman-Pearson Detector

The Neyman-Pearson detector uses

_ px;Ha)
L) = p(x;Ho)
— exp (—% ( (eln] - snl)? = 3 x2[nJ>)
= exp (—% (—2 - z[n|s[n] + - 82[71])) 207
Using the log-likelihood
- (2z[n]s[n] — s*[n]) 2 20° In(y)
= 3 alnlsln] 2o In(y) + 1 3 2]
The test statistic is
T(x) = . z[n]s[n] = x"s
= ix[k‘]s[N— 1—(N—-1-k)]
= Z_: z[k]h[N — 1 — k]
= - x[k|h[n — k] e
k=0
= x[n] * h[n] -

where h[n] = s[N — 1 — n|. This is the well-known matched filter.

12



FIR
filter

xn] T(x) v T

BLCH—. h[n]

_|s[N-1-n] n=0,1,.,N-1
hln] = { 0 otherwise

The matched filter is the optimal Neyman-Pearson detector to determine the presence of a
known signal in a noisy observation (with i.i.d. N (0, %) noise).

Q: Are there other detectors better than the matched filter?
We may try some other design criterion.

6.2 Maximum SNR Detector
One other way of determining detector is to use the signal-to-noise ration (SNR).
Q: What is the optimal h[n], n =0,..., N — 1 that maximize SNR?

Try to maximize the SNR under #;.

SNR — signal power under H;

noise power under H;

The signal power under H; is

Nih[zv— 1 k]s[k]] - (

-1

E? h[N — 1 — k:]s[k:])

k=0

13



Let y(N — 1) = z[n]| * hin H _x_y1- The noise power under H, is

var (y[N —1]) = E[y*(N-1)] = E[y(N - D)}*
_ lzlh N—1-1¢ [N—l—k]E[x[ﬁ]x[k}]—( _lh[N—l—k]s[k]>
- E Nlh N-1-k [k])
_ 1h2 N-1-k
Thus, the SNR is
( ;V;Olh[N—1—k]s[k])2
SNR(h) =

N B[N — 1 — K]o?

The goal is to design h to maximize SN R(h).

Let h = [A[N — 1], [N — 2],..., h[0]]” and the signal power ||s||* = ¢, then

~ (w%s)* (hT )2
max SNR(h) < i
h - o2

This is achieved if h = ¢s and without loss of any generality we set h = [A[N —1], A[N —2],... h[0]]T =
[S[O]v 8[1]’ s 7S[N - ]'HT’

hln] = s[N — 1 — n] = matched filter.

The matched filter is also optimal in terms of maximizing received SNR over all FIR
filters and the matched filter SNR is SNR = %

The NP detector and max SNR detector are only the same when noise is i.i.d. A(0, o?).

6.3 Detector Performance
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Under H,

ETx)] = 0
var(T(x)) = E[s"ww's] =0¢" Is||” = o%¢

T(x) ~ N(0,6%).
Under H;,

T(x) ~ N( ,02).

For the target false alarm rate Pr4 = «, the threshold 7/ can be determined such that

Pra = p(T(x)>~Hy)

/oo L e ( L t2> dt
— ——— X —
v £/ 2m€o? P 20

I

O
Y
T
SN—

s!

§o?
and 7' = /£02Q ().
We can characterize the detection performance

Pp = Pr(T(x)>~"H)

— [YOO \/%Wexp (—F{ﬂ(t — 5)2) dt
Q (%) ~Q (Q‘l(a) - ;2> -

This Pp is the maximum detection probability given Pr4 = a by the Neyman-Pearson theorem.

Q: What if we want to choose s to maximize the detector performance subject to a fixed
Is||* = €7

Answer is any vector on the N-dimensional sphere of radius /€ is optimal.
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