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Brief table of derivatives of some elementary functions with respect to x

MA1200 Calculsy and Basic Lineoawr Algebro I

Chapter 7

Derivative of y with respectto x

Function
— dy d dy
= X dy d dy _
d f( ) dx o dx (f(X)) or dx - f (J\',')
- d
= ¢, where c isa constan = =
- d _
y = x% where a isa constant ﬁ — qx9-1
dy
— X dy _ x
y=a - =a Ina
dy x
= p* e
y dx
dy 1
= i % ay _ 1
i dx ¥
d 1
y =log,x, where a>0 a@a _ 2 log, e
dx X
y = sinx Y — cosx
dx
d )
Y = COSX —iz—smx
etc.
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Semester A, 2020-21 MA1200 Calcudusy and Basic Lineoaw Algebra I Chapter 7
Rules of Differentiation

Let u = u(x) and v = v(x) be differentiable functions of x.
du aw
) dx)

% s W-T-T. d?
and v, respectively, with respect to ). < e

Then (also denoted as u'(%x) and (also denoted as v’ (%)) are the derivatives of u

Rule #1: The derivative of any constant ¢ is 0.

d -
E(C)_O'

Rule #2:  For any constant c, the derivative of a scalar multiple of u(x) is given by

d du
E;(C'U) —C'd—x.

It is also denoted as

%[c-u(x)] = ¢ u'(x).
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Semester A, 2020-21 MA1200 Calcuwlusy and Basic Lineowr Algebra I Chapter 7
Rule #3:  The derivative of a sum or a difference of two functions of x is given by

d( L) du_l_dv
—(utv)=—=+—I|
dx = dx — dx
It follows that i(c utc,"v)=c S 2 h d
e 1 UL =€ —FT ¢ —| where ¢; and ¢, are

constants.

It is also denoted as % [ci-u(x) ¢ v(x)] = ¢y u' (%) £ ¢, - V' (X).

Example 1

Note:
2 + 8, then =

If y=2e*+3cosx—5x3+4x —x+

3
X

e
\

2y 9% (a® a2 _ed .3 deN_df > d (-, d | T=X
dx_zdx(e )-I—3dx(COSX) de(x )+4dx(x) dx(xz)—l_zdx(x 3)+dx(8) 3K
) -

_ X : 2 1 -2 Ll k| & =5
= 2e* + 3(—sinx) — 5-3x +4-1—5x 2+2(—§)x 3 40 X

—2e* —3sinx —15x2 + 4 — —— 2y
2vx 3

W [
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Semester A, 2020-21 MA1200 Calcuduwsy and Basic Linear Algebrov I Chapter 7

Rule #4: (Product rule) The derivative of a product of two functions of x is given by
Note:

d d d du
R —(u-v)zu-—v+v-——1£. %(uv);éa;
dx dx dx

It is also denoted as

d
— [u(x) - (O] = uC) v’ () + v() ' ().

Example 2

5

If y = x> cosx, then

37— B2 2 (x5 i
— = X7 — (cosx) + cosx - (x>) by using Product rule

= x>+ (—sinx) + cosx - 5x*

= —x°sinx + 5x% cos x.

dv
ax
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Chapter 7

Rule #5:  (Quotient rule) The derivative of a quotient of two functions of x is given by

du

e

dv

d ,u
¥ 6=

U'al

UZ

It is also denoted as

dx lv (x)

Example 3

d, . . d
dy (x2+1)-a(smx)—smx-a(x2+1)

dx (x2+1)?

~ (x%+1)-cosx — sinx - (2x)
(x4+1)®

(x?+1)cosx — 2xsinx
(x%+1)2

Dr. Emily Chaw

u(x)] _ vix) - u'(x) — u(lx) - v’(x).

[v()]?

by using Quotient rule

Note :

() #

&)
[c3)
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MA1200 Calcudusy and Basic Linear Algebra I Chapter 7

Semester A, 2020-21
Let f be a function of u, and u be a function of x. Then the

Rule #6: (Chain rule)

derivative of the composite function (f o u)(x) = f(u(x)) is given by
& Yianer Runction

d dlf(uw)] du outer function
—_—
Di®. outer DifF. taner

It is also denoted as Lincion Wek,  Pancbion wiek:x
inner {unction

d ! !
)] = £/ (u®) - ¥'@).

%0“’@" function : (- )% Dif. outer DPF. inner
aner fuaction @ 3> +5x-) function €, function u
Example 4 | keep inner e %
N 5 gmcm w o
If y = (3x?+ 5x — 1)z, then o
3
d|(3x%+5x—-1 5] a 5
dy _ ( ) - d(3x2+5x—1) d_di(xz) — %xl
dx d(3x%2+5x—1) dx 5 P
P L0 - 2w
==-Bx“+5x—1)z"" - [3(2x) + 5]
K S——— d 2 o= 2 ()
o AR

=2(3x? + 5x — 1)z - (6x + 5)
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Alternative method for £x.3

y= S0X = (sinx) e+

X2+

Then ugin\Cj Product rule & chain rule

dg
dx

Il

S - —(?)—L[(x% D“j % D%y y %{S‘mx}

Il

SIN X - (=) O+ 1) T ?%E(x‘ﬂ) + 3+ cosx

[l

SN - DA+ 20+ (K3C+ )™ - cos x

OC+1) cosxX. — 2X SN

(e + 0y

1




Semester A, 2020-21 MA1200 Calcudus and Basic Lineow Algebra I Chapter 7
Example 5

Find the derivatives of the following functions:

(a) tanx (b) cotx
Solution

d d /sinx
(a) —(tanx) = ( )

dx dx \cos x

d ;. . d
CoS X * a(smx) — sinx - a(cosx)

- (o5 )2 : by the Quotient rule

cosx * cosx — sinx * (—sinx)

cos? x
cos? x + sin? x
B COS? x
1
~ cos?x
= sec? x
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Semester A, 2020-21 MA1200 Calcudusy and Basic Lineowr Algebra L Chapter 7

(b) i(cotx) = i[(tan %) ] Ty {outer s L5
dx dx

innec : tanx

_ d[(tanx)™"] ~d(tanx)

, by the Chain rule
d(tan x) dx y
= (—1)(tanx)"?-sec?x , by (a)
Note -
-1 1
— . oty = \
tanx cos?x tonx
—1 1 = (tanx)™
~ sin?x  cos?x .
cos? x 7 e
_ —1
 sin?x
= —csc?x
Note:
d
Similarly, we can show that %(sec x) =secxtanx and E(cscx) = — cSCx cotx.
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Semester A, 2020-21 MA1200 Calcuwlusy and Basic Linear Algebraw I
Example 6 Note -
Find the derivatives of the following hyperbolic functions:
(a) sinhx (b) coshx (c) tanhx
Solution
L PSRN N £
(a) dx (sinhx) = dx lz (e € )] outer : e’
_ ol
=1L (e%) - < (e—x)] n0er ;=X
2 Lldx dx
_1[ad , xy _dle™) d(=x) .
== (e¥) A ] by Chain rule
=[e¥ — e (-1)] = (e* + e7*) = coshx

0 o = e o] 3 0 + e

_ 1 & d(e™) d(-x)
—21° T d(-x) dx ]

by Chain rule

=Z[e* + 7 - (-1)] = (e* — e™*) = sinhx

N | =

Dr. Emily Chaw

Chapter 7

sinh . # sin(hx)
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Semester A, 2020-21 MA1200 Calcuwlusy and Basic Linear Algebraw I
d d (sinhx
(c) a(tanh X)) = ( )

dx \coshx

d, . ; d
cosh x - a(smh x)—sinh x - E(Cosh X)

= by the Quotient rule

(cosh x)2

— coshxcoshx-sinhx (sinh®) 1y (3) and (b)

cosh? x

cosh? x—sinh? x

cosh? x

p— (since cosh? x — sinh? x = 1, from Chapter 5)

cosh? x
= sech® x
Homework:
. 1 1

Given that cothx = , sechx = and cschx = — ,

tanh x coshx sinh x

d d
Show that = (cothx) = —csch? x, o (sechx) = —sech x tanh x
d

and = (cschx) = — csch x coth x.

Chapter 7

Dr. Emily Chawv
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Table of derivatives of y = f(u) with respect to x, where u is a function of x

Function y = f(u)

Derivative of y with respectto x

: d
y =c¢ , where c isaconstant ﬁ —0
i d du
y =cu , where c isaconstant oF — g 2
dx dx
i d _4 du
y=uP , where p isa constant Y = =1 &%
dx dx
dy du dv
=u+v wy . B4 4b
Y dx dx dx
dy av du praduck
y dx dx + dx rule
y == Qy v-ull  quotiest
v dx - - rule
: . df(u) du .
y = f(u), where u is a function of x e the chain rule
dy 1
=log,u, a>0 — ==log, e —
y ga 7 . ” ga "
dy
- u u
=a a>0 — =qa“log,a —
y 7 dx ge x
dy du
u J— u
o dx dx
dy _1 du
— 4,V . - v
= 4 —=7vUu — 4+ uY log, u —
y dx d ge x
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MA1200 Calcuduwsy and Basic Linear Algebroa I Chapter 7

Function y = f(u)

Derivative of y with respectto x

= SInU Y = cosu du
y= dx dx
= Ccosu LY = sin u -
Y= dx d
= tan ii — =8ec"uU —
Y @ dx d
= cotu Y = _coseczuy
Yy = dx B dx
= seCUu GF secutanu du
Y= dx B dx
= cosecu LA cosecucotu =
}’ B ax B dx
| dy _ i du
g = 3 e dx  V1—u? dx
— =1 dy -1 du
y=tcas U dx  V1—uZ dx
J= Ll dx  1+u? dx
dy 1 du
_1 —
=g b SRR s
5 ot “u dx 1+u? dx
V= get " dy 1 au
dx  |u|Vu?-1 dx
y = cosec”tu dy _ 1 du

dx  |uNu?-1 dx

Dr. Emily Chowv
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Chapter 7

Function y = f(u)

Derivative of y with respect to x

. dy du
y = sinhu Z—x:coshug—x
y ; u
y = coshu §=smhu;—x
o y 1 u
y=51nh tu dxzmdx
y = cosh™ u oS o
asid dy 1 du
y = tanh ‘u dx _ 1-u? dx
y = coth™tu v _L

dx 1-u? dx

Dr. Emily Chaw

Page 14




Semester A, 2020-21 MA1200 Calcudusy and Basic Lineow Algebra I Chapter 7
Example 7

Find the derivatives of the following functions using the Table of Derivatives on p.12 — 14:

(a) sin®x (b) sin(x?) (c) cos3(x?)
x%-1 sinh(x* cos 3x
(d) In(tan2x) (e) sec (x3+3x) (d) esinh( )
Solution
A ein3 ) = 2 [(cin )31 = 2(cin )2 - & (ci vy o [P = o= ¥
(a) — (sin® x) = dx[;m) | = 3(sinx) — (sinx) « using = U] =pu -
L (Y = 3(sinx)? - . B ing % [sin ul = il
{'ou’cer. é-) = 3(sinx)“ - cosx ~, < using — [sin u] = cos u e
Wnner @ Sin :1

= 3sin? x cos x

A e 3\ — 3y, 4 .3 . d . B du
(b) — [sin(x?)] = cos(x?) e (x>) <—using = [sin u] = cosu

/ dx

= 3).3x2. & L e L
outers Sl = cos(x®) - 3x & < using —[uP] =puP~! —
nner : )Qg' =1

3x2 cos(x3)
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Seamester A, 2020-21 MA1200 Codewluy and Basic Linear Algebra T Chapter 7
d d Yer: COS()
(c) —I[cos®(x*)] = —[(cos(x*))°] e g4
/ _ 2 2 d 2 = d D =1 du
= 3(cos(x*)) -a[cos(x )] < using E[u | =puP =
e = 3(cos(x?))? - [— sin(x?) -i(xz)] « using < [cos u] = —sinu =
woner = cosO?) N dx & dx o n dx
. . d -
= —3 cos?(x?) - sin(x?) - 2x <« using a[up] = puf™t %
= —6x cos?(x?) sin(x?)
goute)ri ton()
inner: 22X
d 1 d ; d 1 du
(d) —&—;[ln(;im 2x)] = = d—x(tan 2X) <« using a[loga ul| = = log, e =
D] = 4 _1 du_ 1 du
outer : dn(:) todx [lnu] T dx [loge u] T u log\_,if dx u dx
=lne=1
nner @ tan2x i ’ a y i
_ a2 .4 — = ke
= ———"sec (2x) = (2x) <« using e [tan u| = sec”u e
et ek , . d _ . du
= ———"sec (2x) -2 < using — [cu]l =c¢ >
__ o Cos 2X ] 1
o sin2x cos?2x
_ 2
"~ sin2x cos2x
Dr. Emily Chowv Page 16



Semester A, 2020-21 MA1200 Calcuduwsy and Bosic Linear Algebra I Chapter 7

ES ﬂ\{om: -

i - . 3__‘
(e) —|sec e+ XL

x3+4+3x

x2—1 x2-1 d [ x%-1 . d du
= SEC tan . < using —[secu] = secutanu —

x3+43x x34+3x x3+43x dx
3 dr 2 2 dr 3
= SecC ( x 1 ) (xz_l ) . (x +3X)'d_x(x _1)—(x _1).5(36 +3x) «— usin QUOtient rule
o x3+43x x3+3x (x3+3x)2 &
du dv
d (u) o U'a"u'a
dx \v/) v2
x2-1 (xz—l) (x3+3x)(2x)—(x%-1)(3x2+3) ) d _1 du
= secC n . using — |uP|=puP™* —
(x3+3x) - x3+43x (x3+3x)2 = & dx[ ] p dx

I ( x2-1 ) tan ( x2-1 ) (=x*+6x%+3)

x3+3x (x3+3x)2
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£ [e sinh(x* cos Sx)] outer: " { outer: sinh (")
dx iner: ginh(X*cos3x) 7 Lioner: XPeosax
d du

— sinh(x‘*cos?;x),i . 4 ol . & rot] — ot &4
e dx[smh(x cos3x)] <« using dx[e] i

- d e
= esinh(x* cos3x) . cosh(x* cos 3x) - — (x* cos 3x) <« using ——[sinh u] = coshu 3—2

— psinh(x*cos3x) , cosh(x* cos 3x) - [x4 : dix (cos3x) + cos3x - ;_x (x4)]

dv du

outer: Cos () : a =
{ <« using Product rule = (uv) = u = =

nner: 3

= esinh(x* cos3x) . cosh(x% cos 3x) - |x*+ (- sin 3x) - % (3x) + cos 3x - (4x3)

=3
1 du

d du d
: i . | e = Pl — P =
< using = [COS u] = —SInu and [u ] =pu =

esinh(x* cos3%) . cooh (x4 cos 3x) - [—3x* sin 3x + 4x3 cos 3x]

|
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Example

Find %)3(: for the function Y= N2+ [+



Solution :

4= Lo fom = [e oot

-2
3

| L L
%': 3 fo+(x4+l)ﬂ | dﬁ?c[x”’(""'*')*]
o L4-3 L =g
Lot T Lo et ]

= L evon ' TH [ae s docte st ]

l

N ESRACat: Pl [21 T QKS(X‘*H)“EJ
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Differentiation of functions in the form of uP, a%, e* and u’

(where u and v are functions of x,and a (> 0) and p are constants.)

- — 4,0 gy p—1 28 (constonk.
(i) If [y =uP|then | ==pu —| Hmtono?x.)mm)
Example 8
1
d ix" 3
dx['_—ﬂ. ] d—x x+x2 ]
i
1 s —g % 1
() )
3
ix™ 5 1
=-—--1-(x+x5) 2-(1+1x5“1)
2 2
1 _3 i
=—1(x+x5) 2-(1+1x_5)
2 2
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Semester A, 2020-21 MA1200 Calcuduwy and Basic Lineoawr Algebra I Chapter 7

(ii) If |y = a%| then L qu log, a e ,  Where log,a =1Ina.

Exampie ) outer: ' (+)
d T2sin~1(5x)] — 2sin~1(5x) L9 reso—1 P noec: S
5[3 ] = 3 log, 3 — [sin™*(5x)]
/ _ 2sin™1(5x) 1 .4
outer: 3¢ =3 ) e e )
{ir\ner: sin” (5 =5

. An alerngtive Mmethod

V1=(5x)? called \ogac'\'&xm}c
dierentiokion W\l e
discussed later.

— 3sin™*(5x) (In3) -

Remark:
sin"!x # (sinx)~L.
(sin™!x is the inverse function of sinx, and (sinx)™! is the reciprocal of sin x.)

. 1 d /.~ d
;—x (sin"1x) = = but — [(sinx)~1] = - (cosec x) = —cosecx cotx
—iXe

dx dx Clu  (constant)

Bunckin & %)
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(iii)  If |y = eY|, then %:eu Z—:.
outer : ()*
Example 10 L {i(\r\ex‘: Xah
L e — tan (3x
dx[ /\ ] ad—[ on’( )] outer : tan(:)
B tan? v  Linner : 30
{Outer: e = e Z[tan(sx)]“ : (tomx)
nner : tan'(3x) "
= e‘t(lﬂ (3X) . 2 taq(3x) . %QI(SX) . B

= ¢ et i) - seeiz)

Dr. Emily Chaw

Chapter 7
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Semester A, 2020-21 MA1200 Calcuduwy and Bosic Lineoar Algebra I Chapter 7

(iv) If [y =uY| then % = pu?! z—z + u? log, u % ,  Wwhere log, u = Inu.
(functi
Example 11 W (Rusction of x,)ﬁm G
;_x[(loge(Zx))xs] = 22 [0l Elheo] + [Weol™ falieo) - &u®
Pl
3 5 3 .
(dnl2x))™ = X3 [Ueo]” - oz (20 + L0001  dolin(20) - 3x
A \_,_;,{_z
u form 2 3 l
=X Un(zx) | s T 3 hln20)
where. U= dn(2:0) ] [ In(2x) ]
V= x3

An olfernative method called logarithmic di®erentiotion W\l be discussed

later.
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Semester A, 2020-21 MA1200 Calcudusy and Basic Lineawr Algebro I Chapter 7
Implicit Differentiation

A function written in the form |y = f(x)| is called an explicit function, where x is the

independent variable, y is the dependent variable, and f(x) is a function of x.

The first derivative of y with respectto x is Z—z = F(x)

When the function is written as the form [F(x,y) = 0] instead of y = f(x), where F(x,7y)

is a function of both x and y, then we say that F(x,y) = 0 is an implicit function.

)‘
Y depends on X

_ .. d L e .
Question: How to find &—ii when the function is expressed in implicit form?

Answer: By using implicit differentiation:

Step 1: Differentiate (using chain rule) both sides of F(x,y) =0 w.rt.(x)

Step 2: Rearrange the expression to get

ay _

= = (where the R.H.S. may contain both x and y.)

Dr. Emily Chowv Page 23



Assume thak y = a function ofF .

Then At _ 5y

e i chain rule
Q‘ 21 T 2y dy
doc dj ad>C A
d(=ony) d
_ag— ) C’DS\‘j | a—% rule
/d\wa
d[cos(uﬁ)] _ dlcos( 2)] S{LJ_
de d\tj dx
T _—chain rue
= —S\ﬁ(\j"-)- d(y?) _i_g_
& j 20

— — -~ d
P -
produck rule

deyd dx)
Tae T X EW g

PN

= % -331-§i+ 53_2)(_




chain rule

d[&n(xeﬂ—i-l)] _ d[.?n()teg-\-\)] _ ﬁXeﬂ-l-\)

dx dixe?+1) dx

?'(Dd“ Qk f\k\e.

_ o
X et '[x'(“"(dgiz’* ej'%%g +O:l
k‘\—"ﬁ_;

|

= l Yy dy |
X o3+ | (X{?_j-‘_;+ eg-l)
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Example 12

Given y? = x% + x siny. Find Z—z. (Y depends on )

Solution
Note that y% = x2 + x siny is an implicit function.

Differentiate both sides of the equation with respect to (w.r.t.) (), we get

B0 = 5D + 5 (xsiny)

chaw rule: = Zy Z_z = 2x + [x %(Sil’l y) W chain rule:
2 (y*)- -dH- __,_-j by prodfuct rule - %(s‘m 3)
a:‘j— J dx

= 2y z—i’=2x+lx-cosy Z—i}+siny-1]

= (2y —xcosy) Z—iz 2x + siny

dy  2x+siny

— —
dx 2y — % CO8Y

Note that when differentiating an implicit function, the answer may contain both x and y.
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Semester A, 2020-21

Example 13

MA1200 Calcuwlusy and Basic Lineawr Algebra I

Find Z—y of the function In(secx) +tan™!y = e*Y,

X

Solution

Differentiate both sides w.r.t. x:

Dr. Emily Chaw

a a 1.5 _ 4
— [In(secx)] + — (tan~ty) = — (e*)

1 d(secx) 1 W a%(tm-‘ﬂ) ég_
= + . = @ ¥
secx dx 1+y2 dx dx

1 d d
-secxtanx + —yzexy(xgz-l-y)
X

secx 1+y?2 dx
dy iy L product rule
tan x — =%y (x— )
T 1+y? dx dx ¥
1 d
( = — xy)—y—yexy tan x
1+y dx

Chapter 7
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Semester A, 2020-21 MA1200 Calcuwlusy aond Basic Linear Algebro I Chapter 7
Example 14

: 2 = R . EX
Given xy“ +4(x +y)° = ~. Find —
Solution

Differentiate both sides w.r.t. x:

2 d (y Chain
i o= D+ 4 [+ )] = (2) , e
rule V"““"" . d dix
I 20 4 4 {30 +yy2 2 T i P
T 7Y dx x2 “= oo

rule

> w4 8) - 2

= 2xyZ—Z+y2 +12(:x:-l—y)2+12(x+y)2d—y:191—l

dx xdx  x2

= [ny+12(x+y)2——]dy———y—— 2 —12(x + y)?

dx x?2

dy —z— Y% —12(x+y)?
dx 2xy + 12(x+y)?2 —%

=

2 2
Homework: Giventhat x3 + 2xy? —y3 +x —1 = 0, find a s, ; = B et
dx dx 3y2—4xy

Dr. Emily Chawv = 76



Semester A, 2020-21 MA1200 Calcudus and Basic Linear Algebra I Chapter 7
Differentiation of inverse functions

Let f:] - R be a differentiable and strictly monotonic (i.e. strictly increasing or strictly
decreasing) function of x. Thus, f is a one-to-one function.
The inverse of f, denoted by f1, is defined as
f'(¥) =x, where y = f(x).
If f'(x)# 0 forall x in I and f~1 isdifferentiable at y, where y = f(x), then

2= £ty) (FY0) =55 y=foo > x=fy
D both sides Diff. both sides wrt. x :
or written as “““t g i -
dg = (‘P )'(y) dx 1 ~ = )/(ﬂ) 'éi
_ 1 = . = =
- -F”(x) i g;% dy %X - 4: (x)
This is known as the inverse function theorem. Hence,
dy 1
® ldx dx |
dy
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Semester A, 2020-21 MA1200 Calculusy and Basic Linear Algebrar I Chapter 7

Example 15
Consider f: [—%,%] — R, where f(x) =sinx. Then f(x) is one-to-one and its inverse
functionis f~1(x) =sin"t'x. If y=sin"1x, whatis %?
Solution
Method 1: Use thelinverse function theorem
y=sin"lx = x=siny
Differentiate both sides with respect to @:
dx
— = COS
dy Y
By the inverse function theorem, Do not write
|
dy B 1 _ 1 B 1 _ 1 / cos(sn™ x)
dx  dx cosy \Jl—sinzy V1i—x2
dy
which is only defined when —1 < x < 1. Cos’y + sy = |
= Cosy = im SN
Houeyer, cosy >0 when 3(‘:(”%, x) T @

. Toke posbive 1 .
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