AC Overview

. Components Alexander & Sadiku,
o Capacitors (C) [Section 6.2, 6_3] “Fundamentals of Electric Circuits”
5th Edition Chapters 6, 9

* Inductors (L) [Section 6.4, 6.5]

e C &L vs.R-> Storage vs. Dissipation [Section 6.1]

[1. Concepts

e Sinusoids [Section 9.1, 9.2]

* Phasors (complex numbers) [Section 9.3, 9.4]

* Impedance & Admittance [Section 9.5]

[11. Combine and apply

* Apply Kirchhoff’s laws in Frequency Domain [Section 9.6]
* Impedance combinations [Section 9.7]
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Capacitor and Capacitance

Capacitor

= Simplest way to form a capacitor is to sandwich an insulator (technical term
Is dielectric) between a pair of parallel conducting plates

= Hence the symbol for a capacitor is two parallel lines separated by a gap

Dielectric with permittivity €

“Q=cv.

| o
. I
Capacitance 4B

= Commonly symbolized by the letter C with unit of Farads (F)
= Relates the amount of charge stored for a given voltage applied
= No energy dissipated unlike resistors

= Energy is stored (in keeping the plates apart)
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DC and AC response in Capacitor

+ i Differentiate dV(t)
. T ¢ = VD) with respect to time i) = ¢ dt

If voltage is constant with time: dV/dt=0->1=0
No voltage change = No current

Case study to consider:

Giventhat C=1nF

If V(t) = 1sin (10t) =2 Q(t) =

> i(t) =

If voltage changes with time: dV/dt#0 2> 1 #0
Voltage change = Charge changes = Current
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Summary: Capacitor response to DC & AC

1) If applied voltage is DC

e Insulating dielectric blocks the current from flowing
through

 Plates will charge up
e At DC, capacitor blocks current from flowing through
2) If applied voltage is AC (e.g. sinewave)

« Charge on the plates also likewise varies in time with the
AC

« Capacitor therefore does not act as an open circuit in the
presence of an AC

* In AC, capacitor allows current to pass through
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Inductors and Inductance

Inductor

= Simplest way to form an inductor is to winding a coil around a core that
concentrates magnetic field lines (flux)

= Hence symbol of an inductor is coil between two terminals

<—Length, { — iy K o
‘ peneth € ‘ Cross-sectional area, A _ "'l | ‘;W
() + L Y
| .
\\Curc material 1 { Ei P ! — %5
Number of turns, N | R
Li
Inductance ¢ = LI
= |nductance is commonly symbolized by letter L with unit of

Henrys (H)

= Passing a current through an inductor produces a magnetic
flux (o) that is related to the inductance (L)

= No energy dissipated unlike resistors (note that wires are
assumed to have no resistance by definition)
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-V relation 1n an Inductor

If the current through an inductor is time-varying, then the generated voltage
must also be time-varying:

) @]
’l Flux: ¢ = Li
dp(t
. Faraday’s Law: wv(t) = o®)
ge PR ot di(t)
Differentiating with respect to time (t):  v(t) =L7

\oltage depends on the rate of change of current

If current is constant with time = di/dt =0 - V =0 (No voltage)
No current change - No voltage difference

If current changes with time = di/dt # 0 = V # 0 (There is voltage)
Current change - Voltage difference
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Sinusoids

Sinusoids can be written as sine or cosine functions

x(t) = Asin(wt + @) b =
A = amplitude 2
w = radian frequency = 2rtf (rad/s)
f =natural frequency (cycles/s or Hz)
T = period = 1/f (second)
@ = phase (with reference to a cycle: 2m)

We compare the two waves by: i
1) The ratio of their amplitudes
2) Phase difference
We can immediately see that an AC signal has as lot more key features than a
DC signal. For a DC signal, the magnitude alone is a sufficient quantitative

description. But in the case of sinusoidal AC signals, concepts like frequency
and phase also need to be considered.

vy =V, sin(wf + @)
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|-V relationship in a resistor

3

scaling in the amplitude.

o

EE2005

o Ti;me{z e
This Is because R is simply given by the ratio of voltage to current
and there iIs therefore no phase shift between the two, but simply a

This plot shows the relationship
between the current and voltage in
a 4Q resistor when the signal is an
AC sinusoid.

It can be seen that there is no phase
difference between the voltage and
current.



I-V relationship in a capacitor

i C If the voltage across a capacitor is: V(t) = V,, cos(wt)
= H © Then the current through it will be:
= I(t) = C(dV/dt) = —wCV,, sin(wt) = wCV, cos(wt + 90°)

Shift forward by 90°

Therefore we say that | leads V by 90°

(or /2 in radians)
Vin _ 1

m
g LV — 4] = ——
I, C 2

" “Time
1) Current goes through a phase shift relative to the voltage (in a resistor, there
IS no phase shift between the current and voltage)

2) Ratio of voltage to current depends on the capacitance AND freguency of

the sinusoid (in a resistor, the ratio between voltage and current is simply R
and independent of frequency)
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I-V relationship Iin an inductor

If the current through an inductor is: i(t) = I,,,cos(wt)

Then the current through it will be:
gL v(t) = L(di/dt) = —wLl,, sin(wt) = wLl,,, cos(wt + 90°)

| = 4+ —-—
O

| ot Shift forward by 90°

| Therefore we say that | lags V by 90°
: (or /2 In radians)

Vin T
—=wL ZV -4 =+4+—=
L, 2

A
-4

 Time
1) Current goes through a phase shift relative to the voltage

2) Ratio of voltage to current depends on inductance AND frequency of the
sinusoid

Y 2005
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Graphical methods

Y

Calculate the phase angle between:
v; = —10 cos(wt + 50°) and v, = 12 sin(wt — 10°)

> + Ccos w!

‘/_900

L 4
+ sin wt

(a)

180°

Clockwise: Phase goes backward (-ve)

™
v

L

+ sin wt

EE2005

(b)

LV — LV, = —30°
r » OS5 @l
50°
> + COSs wf
N
;.Jl \ 10'
Anti-clockwise: Phase goes forward (+ve)
s
A\
sin wf
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Phasors

A phasor Is a complex number that represents the amplitude and phase of a
sinusoid

Phasors are more convenient to work with than sine and cosine functions
and are a powerful tool for analyzing circuits

Imaginary axis A complex number z can be expressed in rectangular form

A

as:
z=x+]jy

] Imaginary unit: j = v—1

| X : real part = Re(z) = x; y:imaginary part = Im(z) =y

2 > Realaxis Tha complex number z can be expressed in polar form or
- exponential form as:

B z2=120 = rel?

-1y . .
r=.x*+y? @ =tan 1; Euler’s identity

x =1 cos 0 y =rsin@ e™/? = cos@ +jsin@

EE2005 12



Complex number arithmetic

The following mathematical operations are important.

Addition Subtraction Multiplication
zZyt 2z = (X1 +x) +j1 +y2) 2z — 2= (g —x3) +j(y1 — ¥2) z1Z; = 11124(01 + @3)
Division Reciprocal Square Root
Zl T'l 1 1 \/E = \/FL(Q/Z)
—=—2(01 — 92) —=—-2(-0)
Zz rz Z r

Complex Conjugate

Zx=x—jy=1r4—0Q=reI?

Y 2005
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Phasors

A phasor represents a sinusoid as the real component of a vector in the
complex plane representation based on Euler’s identity:

et/? = cos@ +jsin®

cosP = Re(em) sin@ = Im(em) The length of the vector is the amplitude
of the sinusoid.
Given a sinusoid: v(t) = V,,, cos(wt + @) The angle ¢ of the vector with respect to

_ _ _ the positive real axis is the phase.
v(t) = Re(V,e/ @) = Re(V,e/“te)?)

v(t) = Re(V,e/%e/%t) = Re(Vel®t)  wuinuonas _Pr 4 0= ReveR)

,where V =1,,e/? = 1,20 / {b\ m /
v(t) = Vm COS((Ut + @) oV = VmLQ att=fy~_ | / ----------- - E;\I\_/

(Time-domain (Phasor-domain
representation) representation) (a) (b)

W  Ee2005 14



Sinusolid-phase transformation

TABLE 9.1

Sinusoid-phasor transformation.

Time domain representation Phasor domain representation Applymg a derivative
Vi SR V [ to a phasor yields:

V,, sin(wt + ¢) Vi, /& — 90° dv

I cos(wt + 6) Im‘f_ﬂ E :jwV

I, sin(wt + 6) I, /8 — 90°

Imaginary axis
A

v \u

Differences between v(t) and V to keep in mind:

" \memn 1) v(t) is the time domain form, while V is the
\ . frequency domain form
= ~reaas 2)  V(t) IS therefore time-dependent, while V is not
1 / e clieiesiln 3) v(t) is always real, while V is general complex
I

/

W  Ee2005 15




The meaning of “J

1) Draw z = 3 on the Im-Re graph

2) Multiply z by j, name this as z, Im
and draw it on the graph [

3) Multiply z by —j, name this as z,
and draw it on the graph

4) Multiply z by -1, name this as z,
and draw it on the graph

Re

What is the effect of multiplying a
number by j, -J, or -1?

W  Ee2005 16



Phasor Relationships for Resistors

Y

1)

2)

3)

4)

Each circuit element has a relationship

between its current and voltage.

These can be mapped into phasor
relationships very simply for resistors
capacitors and inductor.

For the resistor, the voltage and
current are related via Ohm’s law.

As such, the voltage and current are In
phase with each other.

EE2005
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Phasor Relationships for Inductors

shift between the voltage and current. i +

2) In this case, the voltage leads the current  * 3L v 3

1) Inductors on the other hand have a phase . —
L

by 90° :J EJ

I

3) Or one says the current lags the voltage, v=Lg e ek
which is the standard convention. (a) (b)
4) This is represented on the phasor Im A
diagram by a positive phase angle
between the voltage and current. - \

W  Ee2005 18



Phasor Relationships for Capacitors

1) Capacitors have the opposite phase

relationship as compared to inductors.

2) In their case, the current leads the
voltage.

3) Ina phasor diagram, this corresponds
to a negative phase angle between the
voltage and current.

Y 2005

O— O
+ +
7 = [ \Y ==
S -
e L I=jwCV

Im A
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Voltage current relationships

TABLE 9.2

Summary of voltage-current relationships.

Element Time domain Frequency domain

R v = Ri V =RI
L = Lﬂ V = jwll
v = dt = jw
. o o -
dt JwC

Impedance and Admittance

We can now expand Ohm’s law to capacitors and inductors. This would have been
otherwise tricky as the ratios of voltage and current always changing when working in
the time-domain form. In frequency domain it is straightforward.

The impedance of a circuit element is the ratio of the phasor voltage to the phasor
current, commonly represented by Z.

z="2
I

or V=71 Admittance is simply the inverse of impedance: Y = 1/Z

Y 2005
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Impedance and Admittance

* |n the frequency domain, the values obtained for impedance are
only valid at that frequency.

* Changing to a new frequency will require recalculating the
values.

* The impedance of capacitors and inductors are shown here:

TABLE 9.3

R’ Short circuit at de Impedances and admittances
of passive elements.

Open circuit at

T — Element Impedance Admittance
(a) |
e R Z =R Y = E
C Open circuit at de
_ ) 1
' i » 7. = joL Y =——
o—0 JjwL
Short circuit at |
high frequencies C 7 =—— Y = _}'(ﬂC
(b) JoC

W  Ee2005 21



Applying Kirchhoff’s in frequency domain

Phasors allow Kirchhoff’s laws to be applicable. Therefore a circuit transformed
to the frequency domain can be evaluated by the same methods developed for
KVL and KCL.

Once in the frequency domain, the impedance elements can be combined using
the rules for resistors.

! Z, Z> Zy
I+ i I+ - —Q— Series combinations will result in a sum of the
. L i Y W Impedance elements:
A ¢ Zog=Z1+Zy+Zs++Zy

Elements in series can act like a voltage divider:
v Ly oy 2y
Y2+ 7, 2 I+ 7,

W  Ee2005 22
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Parallel combination

Elements combined in parallel will combine in the same fashion as
resistors in parallel:

—

1 1 1 1 1 + I |y

t—t b — |
ZZQC] 2?1_ 2?2 2?3 ZZDJ 1(

W

I_,_

Zm4

Expressed as admittance, they are again a sum:

YZM] —_— 14[ + )12 + 1(3 + -+ }GV

EE2005

) v Z, Z, Zy
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Impedance: Example 1

Problem 4.61

Work out the impedance (Z) seen across the terminals

When (I)oa 4rad/s (Il)oa 8 rad/s

opyrght & The McGraw I:mpIMH wired for reproduction or display
O— TV —ty .
(i) At 4 rad/s:
Z— 1/8F :n§
Impedance of L.:

o

= JoL = )(4)(1/4) =)

Impedance of C:
Xc = UjoC = 1/1j(4)(1/8)] = -

M EE2005 24
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Impedance: Example 1 (i) 4 rad/s

When o =4 rad/s: X = joL =J; X; = 1/joC = -2

Impedance of C and parallel with R:
XcR (=2)2)  j200+))  j2(1+))

7 = - — —
RETR4+X._ 2—j2 1-)A+)) 2

Zrc 1S In series with impedance of L: Z =27, + X,
=1-j+]
=10

EE2005
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Impedance: Example 1 (i1) 8 rad/s

When o = 8 rad/s:
X, =JoL=j(8)(1/4) =)2;
Xc = UjoC = -J/[(8)(1/8)] = -]

Impedance of C and parallel withR: Z_. = RXCE = (_21)(_2)
+ Xe — ]
_ j2(2+ J) —E(l— 12)

(2-i)2+]) 5
Znc 1S in series with impedance of L: Z = Z,. + X,
=¢(1- j2)+ j2
=04+ J1.2

Impedance depends on the frequency

Y 2005
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Impedance: Example 2

Example 4.14 of Rizzoni

Find the equivalent impedance (Zco) and admittance (Yg) seen across the
terminals

o
Impedance of L.:
RiZ 1000 _ _ .
X, =joL =j(10%(10%) =j100
L 10 mH
50 Q ?RQ C == 10 uF Impedance of C:
l X¢ = UjoC = 1/[j(10%)(10)] = -j10
o)

Given: o = 10% rad/s
Y  Ec2005 27



Impedance: Example 2 Solution

|Zmpefan;:(ecoRf C parallel R,: ZEQ =Zoe +2Z4
© = REx. =123 +100(1+ J)
_ (:5 élO)'(f(?) =101.92 + j90.385
—J
500 =136.2/41.57°Q
10+ j50
__50 Yeo =1/Z, =(1/136.2)£ - 41.6°S
1+ )5

=7.342/—-41.6"mS
Impedance of L series R;:

Z. =X, +R
~100+ j100
~100(1+ j)
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Admittance

Y

Admittance is simply the inverse of the impedance: Y =1/Z

Admittance likewise comprises both real and imaginary parts
Y=G+]B

7N

Real part is called the AC

conductance

1 1 1 [R-jX
Z R+jX R+jX|R-jX
_ R-jX

R% + X*?

EE2005

J

Imaginary part is called the
susceptance

R
G =
R% + X?°
X
B=—
R+ X?

29



Example on Admittance

aQ
Z, =R, +joL =h
Y op —>
Y, =127, =1/(R; +joL) %L
R Jol
Yab = > 1 > — > > bO
R +(wL) RZ+(wl) ®
aQ l
2 e
Yab — 1/Zab - 1/R2 + j(X)C I

b O

(b)

W  Ee2005 20



Summary

1) Capacitors: Passes current at high frequency but
blocks at DC

2) Inductor: Acts as short circuit at DC but blocks current
at high frequency

3) Impedance introduced as a more general form to
describe V/I (magnitude & phase)

4) Im
5) Re
Im

Y 2005

pedance depends on frequency
present these as phasors so we can add up

pedances just like resistances in DC
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AC Circuit Analysis

1) Analysis with single source
e Methodology [Section 10.1]
o Two examples

Alexander & Sadiku,
“Fundamentals of Electric Circuits”
5t Edition Chapters 9 &10

2) Analysis with multiple sources (single frequency)

* Nodal analysis [Section 10.2] (1 example)

e Mesh analysis [Section 10.3] (1 example)

3) Analysis by superposition (multiple frequencies)
 Circuits containing DC sources and AC sources of a single

frequency (1 example)

 Circuits containing multiple AC sources with different frequencies

(1 example)
4) AC Power: Instantaneous vs. Average

EE2005
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General methodology

Y

1) Transform the circuit to the frequency domain

* Transform AC sources from time domain sinusoids to phasor
form

« Work out impedances for a given frequency o
2) Solve the problem using circuit techniques
3) Transform phasor form solutions back to time domain

TABLE 9.3

Impedances and admittances

of passive elements.
v(t) =V, cos(wt+0) =V =1,20 &
(Time-domain (Phasor-domain Element Impedance Admittance
representation) representation)

EE2005 33



1A) Single source analysis example 1

Alexander 9.50
Given that i (t) = 5cos(100t + 40°), determine v, (t)
j10 O-1H IX
211

Step 1a: Transform source to phasor

I = 5240° . ig(t) = 5c0s(100t +40°) - I, = 5,40° w = 100 =%
i (1) — 1 mF 20Q < o,

J10 ~ Step 1b: Work out the impedance values

1 mF = -j/(100*0.001) = -j10

0.1 H = j100*0.1 = j10

Step 2: Solve using circuit analysis methods

Using current divider rule,

I, = (_j — +’j 11(()) — O) (5240°) = (—j0.5)(5240°) = 2.5/ — 50°

V, =20I, =50z —50°

Step 3: Transform back to time domain

rad
V,=50—-50%w = IOOT — 1,(t) = 50 cos(100t — 50°)V

M EE2005 34



1B) Single source analysis example 2

Alexander 9.42
Determine v, (t) Step 1a: Transform source to phasor

0 50 Q : o rad

00 —AMM— 60sin(200t) - 602 — 90°, w = 200 :
—W— 60 cos(200t — 90°)
I
'
60 sin 200 v (*) :}‘1‘55 0.1 H g o Step 1b: Work out the impedance values
j20 | 50 uF - -j/(200*50*10°) = -j100
0.1 H = j200*0.1 = j20

Step 2: Solve using circuit analysis methods

. (50)(—;j100) .
50 Il =100 = =5 100y = 4020

Using voltage divider role,

j20
Vo = 602 —90°) = 17.1420°
? (40 —j20+ 30 +j20> ( )

Step 3: Transform back to time domain
rad
V,=17.1420° w = ZOOT - v, (t) = 17.14 cos(200t)V

W  Ee2005 3



2A) Single freg multiple sources example 1

Focus only on STEP 2 (solving by circuit techniques) in this example

Alexander 10.16
Use MESH CURRENT ANALYSIS to find V,

j4Q
A11%
V, -
2/0° A Dm%ﬂ; ;.f3£2——m<1‘ 3,/45° A
IX

Applying KVL around mesh L:
1,*(j4 - j3 +5) — (220°)*(5) + (32£45°)*(-j)3) =0
= |, =1.437248.94° A

V, = (1.437.248.94° )*(j4) = 5.749.,138.94° V

W  Ee2005 3



2B) Single freg multiple sources example 2

Alexander 10.26
Use nodal voltage analysis to find i (t)

Step la: Transform source to phasor
10 cos(103t) = 1020°, ® = 10° rad/s

2En V, LEF-1000 20 sin(10%t) > 20£-90°, ® = 10° rad/s
] [
1020 yio 20.£-90° .
10 cos 103 V (D 0.4 H @) o sin oty LR 1b._ Work out the Impedance values
j400 1 pF = -j/(10%*106) = -j1000
0.4 H - j10%*0.4 = j400

Y

Step 2: Solve using circuit analysis methods
Applying KCL at node V.,
(10£0°) -V, (202—-909-V, V,

2000 | —j1000 _ _ j400
=\, =15.8271.57°V
|, = (15.8271.57%)/j400 = 39.5.2-18.43° mA

Step 3: Transform back to time domain
I, =39.52£-18.43° mA, o = 10 rad/s = i (t) = 39.5 cos(10%t — 18.43°) mA

EE2005 37



3A) Superposition (multiple freq) example 1

Alexander 10.44 (Modified)
Given v (t) = 50cos(2t) and i, = 0.9 A, find v,(t)

iﬁfi %I{yl\ Method: Analyze circuit one frequency at
a time
+ -
i () 160 § " Op In the case, first analyze at DC ther_l at 2
- rad/s and then add up the two solutions
(superposition)

At DC, redraw circuit without v(t):
Replace voltage source with short circuit

Replace inductor with short circuit
20 Q

L+ Resistance across current source = 20 || 16 = 80/9 Q
V, = 0.9%80/9 = 8 VV (DC)
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3A) Superposition (multiple freq) example 1

Alexander 10.44 (Modified)

Given v (t) = 50cos(2t) and i, = 0.9 A, find v,(t) Step la: Transform source to phasor
20 Q 5H 50cos(2t) = 5040°, o = 2 rad/s
ANV 411

Step 1b: Work out the impedance values
i Q) 16 Q § v, C_D ¥s 5H-> j2*5 = le

Step 2: Solve using circuit analysis methods

At 2 rad/s, redraw circuit without i: Using voltage divider rule,

16
Replace current source with open circuit ~ Vx= (m)(5040°) =21.41£-15.52°

20Q 5H
R Step 3: Transform back to time domain
s 110 V, =21.41£-15.52° o = 2 rad/s
169 3 7 (£)%50£0° > v (t) = 21.41cos(2t — 15.52°) VV
B (NEVER SKIP THIS STEP)
Final step: Add up both solutions Note that there are 2 terms in the final

v, (t) = 21.41cos(2t — 15.52°) + 8 V form (one at DC and another at 2 rad/s)
a  eE2005 30




3B) Superposition (multiple freq) example 2

Alexander 10.45 Method: Analyze circuit one frequency at a time
Find i(t) i, 200 In the case, first analyze at 4 rad/s then 10 rad/s.
hiis Finally, add up the two solutions (superposition)
16 cos(10z7 + 30°) V C:) C_r)(wsin 4tV
2110
300 mH

At 4 rad/s, redraw circuit without 10 rad/s source:
Replace 10 rad/s voltage source with short circuit
i 20 Q

- Step 2: Solve using circuit analysis methods
1*(20 +}1.2) + 6£-90° =0
() 6sinarv | =0.2995,86.57° A
S1IR

WA Step 3: Transform back to time domain

| =0.2995286.57°, ® = 4 rad/s
Step la: Transform source to phasor o !
6sin(4t) > 6.2-90°, o = 4 rad/s = 1(t) = 0.2995 cos(4t + 86.57°) A

Step 1b: Work out the impedance values NEVER SKIP THIS STEP
300 MH = j4%0.3 = 1.2
B =T



3B) Superposition (multiple freq) example 2

Alexander 10.45 At 10 rad/s, redraw circuit without 4 rad/s source:
Find i(t) _ Replace 4 rad/s voltage source with short circuit
AW \
16230°
16 cos(10z +30°) V CD CI 6sin 4tV 16 cos(10r + 30°) V ”’:_‘j
411k j3
211)
300 mH 300 mH

Step 2: Solve using circuit analysis methods  Step 1a: Transform source to phasor
1*(20 + j3) = 164300 16 cos(10t + 30°) - 16£30°, @ = 10 rad/s

1=0.7911221.47° A Step 1b: Work out the impedance values
Step 3: Transform back to time domain 300 mH - j10*0.3 =j3

| =0.7911221.47° , 0 = 10 rad/s

= 1(t) = 0.7911 cos(10t + 21.47°) A

Final step: Add up both solutions
1(t) = 0.2995 cos(4t + 86.57°) + 0.7911 cos(10t + 21.47°) A

Note that there are 2 terms in the final form

gone at 4 rad/s and another at 10 rad/sz
W  Ee2005 2
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AC Power: Instantaneous vs. Average

Although the average voltage across a resistor with a sinusoidal AC voltage across
it is zero, note that the average power dissipated is not zero. Since P = V?/R, we
should consider the square of the voltage.

The following graph shows the voltage across a 1Q resistor in blue and the
corresponding square of this voltage in red. The red curve therefore shows the

INSTANTAngOUS F;OV%/ER- The instantaneous power is clearly
> V(1) = 5%cos*(2xt) V sinusoidal with a DC offset:
o V2(t) =52* 0.5 * (1 + cos(4nt))
20 ] = Vpeak2 *05* COS(4TCt) +
Vel * 0.5

= 12.5cos(4nt) + 12.5
Mean of V2= 12.5 (DC offset)
Average power of V2(t) is 12.5 W

Average power of V(1) = 0.5 * V2

10
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