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Linear equations in matrix form

Solution of linear equations by row operations

Echelon form

e (Gaussian elimination

Infinitely many solutions; no solutions

Consistent and inconsistent systems
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Linear Equations in Matrix Form

¢ We will illustrate the method of finding solutions to a system
of linear equations through row operations using a system
of three linear equations involving three variables x, x, x3.

¢ For example, consider the following system

X1 +x+x3=2
2x1 —xp + 3x3 = =7

X{+x—x3=06

¢ We can write the above equations more compactly in matrix
form Ax = b, where

1 1 X1 2
A=2 -1 3|, x=|x ]|, b= -7
1 —1 X3 6
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Augmented Matrix

e The augmented matrix of the system is

(Alb) =

—_ N =
|
—_



Linear Equations in Matrix Form
00®0000000000

Elementary Row Operations

It is a simple observation that the set of solutions of a system of
linear equations is unaltered by the following three operations:

¢ Multiply both sides of an equation by a non-zero constant
¢ Add a multiple of one equation to another

¢ Interchange two equations
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Method 1

* The augmented matrix is

where = indicates values (or numbers).

* The goal is to use elementary row operations to reduce the
augmented matrix to the following echelon form

%

%

1
0
0

S = O
- o O

*
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Method 1

¢ A general step-by-step method utilizes the following:

* ok % | ok %k ok | %k * % %
N — ¥ ok ok | % — 0 * =
* k% | % 0 = *|=* 0 = =
% % % | % N | %%
— 0 % x| =% — 0 * =% |=* — 0 =
0 0 == 0 0 = 00
x 0 0= 1 0 0=
— 0 = 0= |— 01 0=
0 0 =|= 0 0 1=
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Method 1: Example

¢ Consider the system of equations

X1 +x+x3=2
2x1 —xp + 3x3 = =7

X{+x—x3=26

¢ The augmented matrix is

1 1 1 2
2 -1 3| =7
1 -1 6

¢ We will now use elementary row operations to reduce the
augmented matrix to echelon form (see next page).
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Method 1: Example

11 1] 2 1 11| 2
2 -1 3| -7 |BR2R o 1 3|7
1 1 —1] 6 0 0 2|—-4
1 1 1] 2

2RARoR Ly 3 1 -1

0 0 2| —4

ptpon (11O 4

STl 0 =3 1| =11

0 0 2| —4

1 10| 4

R2RoR o g 6 0] 18

00 2|-4
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Method 1: Example

1o R>,—6R|—R
0 6 0] 18 | 225
0 0 2|4
_?IR1—>R1 & %Rz—)Rz & %R3—>R3
Therefore,
X1 = 1
Xy =

SO = OO

S = O OO

—_ o O N O O
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Method 2

¢ A more popular method is known as Gaussian elimination
with back substitution

* The augmented matrix is

where = indicates values (or numbers).

¢ The goal is to use elementary row operations to reduce the
augmented matrix to the following echelon form

%

1
0
0

O = %

*
® | ok
1

%
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Method 2: Gaussian Elimination with Back Substitution

e Gaussian elimination with back substitution involves the fol-
lowing:

* %k % | % 1 % % |=*
— 0 * = |=x* — 0 1 =x|=
0 0 =|= 0 0 1=

* Then, repeated back substitution will give the values of the
variables. Let’s go through an example.
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Gaussian Elimination with Back Substitution: Example

¢ Consider the system of equations

X1+ 2x—3x3 =1
21 —xp+x3 =1
X1 +4x —2x3 =9

¢ The augmented matrix is
1 2 =31
2 -1 1]1
1 4 =219

¢ We will now use elementary row operations to reduce the
augmented matrix to echelon form (see next page).
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Gaussian Elimination with Back Substitution: Example

1 31 1 2 —3]1
2 1 1|1 | BB 1 1
1 219 0 2 118
e, L2 3]0

2Rk g 5 701

02 1]8

2R, —5R3—R; b2 =3 !

il iR O T TR B |

00 —19|-38

sl & TRk (1) X —7/§ 1/;
00 1| 2
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Gaussian Elimination with Back Substitution: Example

* The final augmented matrix is in the following Echelon form
1 2 -3 1
0 1 —7/5|1/5
2

00 1
X1 +2x—3x3=1
xp—7/5x3 = 1/5
X3=2

¢ The above represents the system

¢ Then, the solution is obtained by back-substitution

=2, 1= 1/5+(;)(2) =3, 0 =1-2)3)+B3)(2) = 1
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Consistent and Inconsistent Systems

¢ We now know how to perform elementary row operations
on the augmented matrix representing a linear system and
reduce it to the standard echelon form.

e So far, we have systems with exactly one solution. How-
ever, a linear system may have no solutions at all or infinitely
many solutions.
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Inconsistent System: No Solutions
¢ Consider the system of equations

X1 +2x%+x3=1
2x1 +2x) =2
3x1 +4xp +x3 =2

¢ The augmented matrix is

1
2
3

EE N S I S

11
02
1|2

e Use elementary row operations to reduce the augmented
matrix to echelon form (see next page).
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Inconsistent System: No Solutions

12 1)1
2 2 0|2 | =Rk,
34 12

2R| 7R2~>R2
R

R3—R,—R;
_—

%RZ —>R2
R

SO = OO = OO~ O
O = N O NN DN
SO = = O = D= DO =
—_O = = O = = O = = N =
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Inconsistent System: No Solutions

* Thus, the original system of equations is equivalent to the
system

X1 +2x0+x3=1
xp+x3=0
Ox; +0xp +0x3 =1

¢ This system has no solutions since there are no values of
x1,X2,x3 which satisfy the last equation. It reduces to the
false statement 0 = 1, whatever values we give the un-
knowns.

¢ We deduce, therefore, that the original system has no solu-
tions.
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Inconsistent System

¢ In the preceding example it turned out that the echelon form
has a row of the kind (00 ...0 | a), with a # 0.

¢ This means that the original system is equivalent to one in
which there is an equation

Ox; +0xy +---+0x, =a (a #0)

¢ Clearly, the above equation cannot be satisfied by any val-
ues of the x;s, and we say that such a system is inconsis-
tent.

e [f there is no row of this kind, the system has at least one
solution, and we say that it is consistent.
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