MA1201 Calculus and Basic Linear Algebra ll Problem Set 5 Complex Number

Part A: Basic Concept

Problem 1
Simplify the following expression and express your answer in the form of a + bi.
(a) i°—i7+itf (b) 1—i
34+ 2i
(€ @+D*GB-D (d (@1-3)7"
Problem 2

Let z = a + bi be a complex numbers satisfying é = 1 + 3i. Find the value of z.

Problem 3
Express the following complex numbers in the Polar and Euler form. Write down the modulus and
principal argument of each of the complex numbers.

(@ z;=3-3i (b) z, =vV6++2i
(€) 2z3=—2i (d) 2z, =—-4—+/48i
(e) zg =—1_+5i (f) Z6=5—8i

(g) Zg = le% (h) Zg = —26%

. in ] : i
(i) Zg=¢e5 +e " 0 Zip=1—e4

Problem 4
Express the following complex number in the Euler form and polar form. Here, 0 < 8 < %

(@) —cosfB —isind (b) —sin@ +icosH
() 1—sinB+icoséb (d 1+ cosf —isinf
Problem 5

Simplify the following expression using suitable methods. Express your answer in the Polar form or Euler

form.
(@ 143 (b) z=(1+D7F
ST .
. . d 6
(C) 2y = <(1 - 1)2(\/§ + l)) ( ) Z, = —\/4_8 + 4
l
(e) 7 = 4 + 4i (f) Ze = (=2 — 21')%
(-2 +v12i)’

(8) z; = (sinf —icosh)® (h) 4 in
Zg = 1+e4

(Hint: For (g) and (h), you need to express the complex number inside the bracket in the polar form first.
The techniques used in Problem 3(g)-(j) and Problem 4 will be useful.)

Problem 6
Show that forany 0 < 8 < %, we have



(1+itant9)5 _ 1+ itan56
1—itanf/ 1—itan56

sin 6

(Hint: Note that tan @ =
cos @

).

Problem 7 (A bit harder)
Let z be a complex number with |z| =1 and z # +1.

(@) Show that the complex number z, = g is purely imaginary. (i.e. z, = bi for some real number
b.)
(Hint: You may consider the polar form of z: z = r(cos 8 + i sin#). What can you say about the
value of r?)

(b) Using the similar technique, show that if 8 # km, (k is integer) then z; = 2

is al rel
——, isalso purely

imaginary.

Problem 8
Let z =1+ 3i be a complex number, compute the following
(@) 3z (b) (z+32)?

1+7
() Vz—-2z

Problem 9
Using the fact that z + Z = 2Re(2) and z — Z = 2Im(z)i, where Re(z) and Im(z) represent the real
part and imaginary part of z respectively, evaluate
z—1 z—1
Re( ) and Im( ),
z+1 z+1

where z is the complex number with |z| = 1. Express your answer in terms of Re(z) and Im(z) if

necessary.

Problem 10
Let z; and z, be two complex numbers, show that

|21 + 231? — |21 — 2,]* = 4Re(2;2,).
(©Hint: |z]? = zz))

Application of Complex Number
Problem 11

Solve the following equations

(@) 2z6=-3+4++/3i

b) A-27"+0+2)7=0
(c) z19-5z°-6=0

(d z8-2V3z*+4=0

(e) z°
= /3.
1+ 25 vai
Problem 12

Solve the equation z* — 823 + 2722 — 50z + 50 = 0 given that 3 + i is one of the root.



Problem 13

(a) By considering the expression (cos @ + isin8)°, show that
cos 50 = 16 cos® 6 — 20 cos3 6 + 5 cos 6.

(b)  Using similar techniques as in (a), show that
sin360 = 3sin 0 — 4sin3 6.

Problem 14
(@) Welet z=-cosf +isinf beacomplex number.

5
By considering the expression (z - i) and using the fact that z" — zin = 2isinné,
show that

1
sin® @ = 1—6(sin 56 — 5sin 360 + 105sin ).

3 4
(b) By considering the expression (z - i) (z + i) and using the fact that z" — in =

zZ
2isinnf and z™ + zi” = 2 cosn@, show that

1
sin® 0 cos* 0 = ~Za (sin 70 + sin 56 — 3sin 30 — 3sin A).

(c)

T
Hence, compute the integral [2sin® 6 cos* 6 d#.



